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Preface

The objective of writing this book is to bring together in a coherent fashion the
foundations of and recent developments in finite temperature quantum field theory
and its applications to physical problems. The basic tool of our presentation is
symmetry.

Symmetry is the cornerstone of contemporary physics. It has played a funda-
mental role in our understanding, in particular, of elementary particles and their
interactions. This concept has been useful not only in ab initio theories, but also in
heuristic formulations, such as thermodynamics. In order to appreciate this point,
let us trace some elements of temperature dependent phenomena. Thermodynamics
is a theory describing macroscopic properties of matter without any microscopic dy-
namic input. For this reason, it was considered by many as a way of systematizing
the properties of measurements. However, it is quite amazing that the description
of entropy, free energy, specific heat and several types of phase transitions can be
related and some conceptual progress has developed. In these developments, a cru-
cial step was taken by Landau, guided by concepts of symmetry, who set forth his
theory of first and second-order phase transitions. This introduced notions such
as the order parameter and spontaneous symmetry breaking. In order to advance
with the Landau theory describing properties of critical phenomena in matter, the
methodology of the quantum field theory was borrowed by thermodynamics. This
was a two-way street. The quantum field theory, describing elementary particles,
adopted the concept of spontaneous symmetry breaking to justify, for instance, the
origin of mass, superconducting transitions and many other phenomena.

As the understanding of the microscopic nature of matter developed, it be-
came imperative to introduce dynamics to describe the thermodynamic properties
in terms of forces and a consistent theoretical structure. But the large number of
particles made it prohibitive to carry out a real microscopic calculation. This led to
ideas of statistical mechanics, starting with Boltzmann and Maxwell, and finding a
synthesis by Gibbs with the ensemble theory.

The last century saw a rapid growth of ideas and sophisticated methods to treat
microscopic systems. The developments of both quantum theory and relativity led
to the quantum field theory that incorporated these two ideas. Then this in turn
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provided results such as the spin-statistics theorem. These formulations, initially
considered to be useful in developing a theory for elementary particles, proved
in fact highly beneficial to an understanding of the properties and phenomena in
many-body physics. However, it still lacked the notion of temperature. Part of this
theoretical apparatus, such as the partition function in statistical mechanics and
Green function in quantum physics, was converted into a proper microscopic theory
at finite temperature by Matsubara in 1955 using the expedient of imaginary-time.

At about that time, there was a tremendous development of quantum field the-
ory with methods due to Feynman, Tomonaga and Schwinger, among others. There
were two other fundamental achievements. One was carried out by Wigner who, in
the late ninteen thirties, when studying representations of the Lorentz group, found
a way to classify elementary particles. The other step was due to Yang and Mills,
that extended the notion of gauge symmetry (due to Weyl) to describe the basic
interactions in nature. These findings of a theory at zero-temperature were enough
motivation for researchers to look for an extension of the Matsubara method. This
was carried out by Ezawa, Tomozawa and Umezawa, in order to describe processes
in relativistic physics, settling then a strong proximation of two different areas:
statistical mechanics and quantum field theory. The consequence was a diversity
of developments of practical and formal interest, such as the periodicity in time
described by the KMS (Kubo-Martin-Schwinger) conditions, with topological im-
plications, and the spontaneous symmetry breaking in particle physics by Dolan
and Jackiw. It is also important to state that many findings, first introduced in the
zero-temperature theories, were brought to the finite temperature theory. For exam-
ple, this is the case for the Ward-Takahashi (W-T) relations, where using symmetry
provides a way to carry out consistent perturbative calculations. Furthermore, the
W-T relations present the only non-perturbative method in quantum field theory,
at both zero and finite temperature.

The imaginary-time formalism is basically a theory for thermal equilibrium.
However, time is a crucial ingredient in many processes in relativistic and in many-
body physics. This led Schwinger, followed by Keldysh, to propose a method using
elements of the imaginary-time formalism with real time. A decade later, while
studying superconductivity, Umezawa and coworkers found that to transpose zero-
temperature methods to imaginary-time problems with field operators and their
products was difficult and cumbersome. The attempt to solve this led Takahashi
and Umezawa to propose a real-time operator field theory at finite temperature,
thermofield dynamics (TFD). This required the Hilbert space to be doubled. The
second Hilbert space was eventually related to the heat bath as the old thermo-
dynamics required a heat bath to have a system at constant temperature. TFD
brought to the realm of thermal theories two elements. One was the Bogoliubov
transformation, describing the temperature effect as a condensate of field in the
vacuum, and it was well-known for superconducting phase transitions. The other
was a Hilbert space structure associated to the thermal state. The latter is, in turn,
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connected to the concept of c¢*-algebras, the formal structure of statistical physics.
As a consequence, representations of symmetry groups for thermal theories could be
explored. In addition, these algebraic elements were combined with the KMS con-
ditions giving rise to representations of quantum fields in topological manifolds, say
S! x R3, describing a system in compactified regions of imaginary-time, where the
dimensions of the compactification, represented by the circle S!, is the temperature.
In this book, we explore in detail this symbiosis of symmetry and topology.

The book is divided into five parts. The first part treats fundamental principles.
We start, for the sake of completeness, by considering the status of thermodynamics.
Our goal is to show its connection with the elements of field theory by discussing the
Landau phenomenological description of first and second-order phase transitions.
Then, in the second chapter, basic elements of statistical mechanics are presented.
The Louiville-von Neumann equation and the von Neumann entropy are used to
arrive at the Gibbs ensembles using the variational principle. Starting again from
the Louiville-von Neumann equation, the Wigner function formalism is introduced.
In the third chapter the notion of partition function is explored, leading us to
consider the idea of a generating functional that has proved so very useful in the
perturbative approach for quantum systems; in particular the path integral method,
including gauges fields. Chapter 4 deals with the theory of interacting fields at
zero-temperature. Examples of scalar field and Yang-Mills theory are presented.
It provides a brief look at the set-up of the canonical theory and the perturbative
approach. In this brief review of so many topics, compactified in four chapters in
Part One, we have focussed on concepts that will be explored and developed at
finite temperature in the rest of the book.

Part Two deals with the thermal field theory. We start with some basic notions
of thermofield dynamics and statistical physics to introduce the concept of repre-
sentations of symmetries associated with thermal phenomena. This is called the
thermo-algebra. These ideas are illustrated with examples, by considering oscilla-
tors for bosons and fermions. The doubling of operators is interpreted physically. It
is followed by considering thermal groups based on kinematic symmetries: Poincaré
and Galilei, leading us to thermal Lagrangians. The representations of the kine-
matic groups provide, in particular, relativistic Liouville-von Neumann equations
for fermions and bosons. The relationship among TFD, Matsubara and Keldysh-
Schwinger formalisms is discussed in terms of symmetry, providing a unified view
of these diverse techniques. Finally, the path integral approach at finite tempera-
ture is introduced. This is followed with some examples of calculating decay rates
and cross sections at finite temperature and these are compared with those at zero
temperature. We close this Part with a discussion of topics on renormalization and
Ward-Takahashi relations at finite temperature.

Part Three contains applications to quantum optics. Exploring thermal rep-
resentations in TFD, various thermal states of a field mode are introduced and
defined consistently. In order to study the physical nature of such states, the sta-
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tistical properties are analyzed by considering the Mandel factor and Wigner and
P-functions. Finally bipartite states are introduced and their entanglement is con-
sidered, taking the TFD structure as a guide.

Part Four deals with compactified fields and their application. The basic idea is
to explore the topology associated with the KMS conditions to treat fields in con-
fined spatial regions at finite temperature. Starting with topological arguments, we
discuss how to generalize the Bogoliubov transfomations and the Matsubara imag-
inary time to allow a study of systems confined to finite regions, linear, surface and
volume, consistent with topologies I'4, = (S!)? x RP~4. Due to the close association
of the Bogoliubov transformation and the imaginary-time method, the process of
space compactification may be understood physically, in one case as in the other,
as a process of condensation of the field in the vaccum. The first example is the
Casimir effect for the electromagnetic field between plates, and in a parallelepiped
box. The generalized discussion implies that the Casimir effect may be viewed as
a condensation of the electromagnetic field in the vacuum. Then we consider the
example of fermions in different configurations. Some results for a simplified QCD
Lagrangian are obtained. This is followed by studying the case of the compact-
ified \¢* theory and an analysis of spontaneous symmetry breaking for spatially
confined systems at finite temperature. Then the examples of phase transitions
in superconducting material in films, wires and grains are considered. This is to
analyze the role of topology that may change the transition temperatures in these
confined systems. The case of first order phase transition in superconducting films
is also taken up. All these examples provide a strong support for the ideas, using
symmetry representations with topological ingredients, to treat compactified fields.

In Part Five, first we analyze representations of thermo-algebras in the phase
space. The Wigner function is then derived for relativisitic and non-relativistic
fields, followed by a study of the classical version of TFD. These results give us
elements of kinetic theory and stochastic processes from a perspective of the rep-
resentation theory of the kinematic groups, Poincaré and Galilei. Further chapters
provide some ideas about open systems, exploring methods of quantum field the-
ory. Systems in nonequilibrium states are considered only in a simple manner. An
exhaustive analysis of such a problem would require a separate monograph.

The book is structured in such a way that some topics can be studied indepen-
dently. For instance, a reader sufficiently trained in quantum field theory can start
from Chapter 5. Another reader interested in optics can start from reviewing some
basic concepts in Chapters 1 and 2, and then jump to Chapters 5, 6, 12, 13 and
14. Beyond Part One, other basic elements are introduced throughout the book to
make it convenient for beginners and students to study.

Finally, we wish to thank many colleagues and friends for contributing to the
developments in this book. Over the last fifteen years, they have shared their
expertise, their advice and their encouragement to undertake this project and to
take it to completion. Our discussions with many of them have been invaluable
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in clarifying and then implementing these ideas. We would like to express our
deep gratitude to some who have patiently and carefully brought the importance of
these ideas to our attention. They are: Hiroomi Umezawa (in memoriam), Yasushi
Takahashi, José David Mangueira Vianna and Arthur Matos Neto.

Special thanks to collaborators and students in our groups, in Brazil and Canada,
is also richly deserved. They have brought ideas, enthusiasm and energy to the
development and better understanding of this project. We are fortunate to have
them associate with us. They are: L.M. Abreu, A.A. Alves, M.C.B. Andrade,
M.A. Amato, R.G.G. Amorim, A.T. Avelar, B. Baseia, D. Bazeia, C. de Calan, F.
Caruzo-Neto, Y.C. Chang, H. Chu, R. Cuzinatto, M.V. Dantas, V.V. Dodonov, S.B.
Duarte, M.C.B. Fernandes, A.D. Figueiredo, E.G. Figueiredo, G. Flores-Hidalgo,
C.D. Fosco, H.X. He, S.P. Kim, T. Kopf, M. Leineker, C.A. Linhares, L. Losano,
L.A.C. Malbouisson, D. Matrasulov, G.R. Melo, Y.G. Milla, M. de Montigny, Y.
Musakhanov, P.T. Muzy, F.S. Nogueira, M.D. Oliveira, R.C. Pereira, N.S. Pereira,
P. Pompéia, T. Prudéncio, A. Queiroz, H. Queiroz, A.M. Rakhimov, M. Revzen,
A. Ribeiro-Filho, V. Rivasseau, T.M. da Rocha-Filho, I. Roditi, E.S. Santos, S.
Sengupta, F. Saradzhev, E.M. Silva, J.C. da Silva, F.P.F. Silva, L.M. da Silva-
Filho, C.A. Siqueira, L.A. Souza, J.R. Steiner, C. Valverde, P.A.F. Veiga, P. Weber
and U. Yakhshiev.

We convey our sincere thanks to C.A. Linhares for reading the book; S.P. Kim
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We thank our wives for support and thoughtful consideration during the writing
of this book.
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General Principles






Chapter 1

Elements of Thermodynamics

Thermodynamics provides a phenomenological description of nature, self-contained
from an axiomatic point of view, considering, as a principle, matter in an aggregated
form without any microscopic assumption. During the 20th Century, the common
presentation of this theory followed the historical developments, with laws and ex-
amples fundamentally based on and explained by considering the classical problems
of thermal engineering. Following this trend, it was, and still is, usual to see the
formulation of the second law based on the Kelvin and Clausius prescriptions. His-
torically, with such a law, by using the Carnot cycle and the Clausius theorem,
the existence of a state function called entropy (from the Greek, transformation)
is then formulated. Tisza [1] and Callen [2], in a rigorous presentation, used the
entropy function and the notion of an extremum principle as an ontological starting
point to build the thermodynamic theory. This procedure equips a physicist with a
readable formalism, providing a way to encompass the effect of time in the context
of thermal approaches and yet bringing notions of thermal laws to the realm of the
quantum field theory. We present an outline of the main elements of the equilibrium
thermodynamics along the lines introduced by Tisza and Callen.

We describe four formulations of thermodynamics and the compatibility among
them, that is: (i) the formulation based on the fundamental relation (or equation)
in which the function of state entropy, S, or the energy, E, is given explicitly; (ii)
the formulation using the Legendre transformation of S or E, giving rise to the
thermodynamical potentials, such as the Helmholtz free energy and enthalpy; (iii)
the formulation based on the set of equations of state, involving the first deriva-
tive of the extensive quantities as S or E. Such derivatives are zero-order homoge-
neous functions, and describe intensive variables such as pressure (P = —9E/JV),
temperature (I' = 0E/JS), and so on; and (iv) the formulation based on second
derivatives, describing quantities like specific heat, among others. The importance
of formulations (iii) and (iv) relies on the straightforward connection with experi-
ments.

Regarding the theoretical structure of the thermal formalism, it is worth em-
phasizing that it is similar to the theory of a mechanical system, in the sense that,
first a definition for the notion of thermal state is introduced, and subsequently
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the changes in the states are analyzed with causal laws. Although, in equilibrium,
thermodynamics time does not play a role as it does in mechanics, we can still
distinguish the kinematic and the dynamic aspects of the theory. The former is re-
lated to the definition of thermodynamic (thermal) variables, the measurability, the
definition of the state of a thermal system, and the definition of specific processes.
The dynamical aspects are related to changes in the state and laws regulating such
changes. This scheme also works when time is a relevant parameter, such that
nonequilibrium processes take place. For further readings, we suggest Refs. [1-7].

1.1 Kinematical aspects of thermal physics

The theoretical description of a physical system can be carried out by, first of all,
defining the points in space and time where processes of measurement and tests
of such a theory are supposed to take place. This leads us to the usual notion of
a reference frame, defined by the of transformation from one point to another in
space and time. One important aspect associated with the introduction of a ref-
erence frame is that the notion of space and time are defined simultaneously. For
equilibrium thermal processes space only plays a significant role and is defined by
a proper definition of a ruler. In this chapter we consider non-relativistic thermo-
dynamics, then we have Galilean reference frames. We assume as a reference frame
the laboratory system, without addressing to any change of coordinates. The char-
acterization of a thermal system will then be given by a set of macroscopic variables
selected in advance by an observer located in the laboratory. These variables are,
for example, internal energy (F), pressure (P), volume (V'), number of moles (N),
temperature (7'), among others. The definition of such thermal variables is given
in association with the measurement process through the use of constraints and
walls. Volume is measured by rulers; temperature, which is interpreted in a first
moment as a quantity providing the degree of warmth of a body, is measured by
thermometers. We say that walls define a volume when their sizes are fixed. Walls
restrictive to energy of any kind give rise to an isolated system. When the walls of a
system permit a very slow flow of energy to a system via mechanical work only, the
walls are called adiabatic. Walls are called diathermic when changes of the energy
between two systems are permitted via a difference of temperature.

There are two kinds of thermal variables. To realize that, consider a macroscopic
homogeneous system, divided into a number of similar subsystems. For instance,
a gas in a box can be seen as formed by a collection of sub-boxes. A variable is
said to be extensive when its value is equal to the sum of values of each subsystem.
Examples of such type of variables are energy, volume and number of moles. A
variable is said to be intensive if its value is independent of subsystems. As examples
we have temperature, pressure and all the densities defined from the extensive
variables as energy density, volume density, number of moles density (or simply,
density), and so on.
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The state of a macroscopic system is defined by specifying a set of thermal
variables, or in a more general sense, by a function of the state of the system.
Usually, the evolution of an isolated system is such that, after some time, the
system reaches a final state in which its variables no longer change in time. Such a
state is the so-called thermal equilibrium state, and is defined by a set of extensive
parameters, including energy necessarily. An equilibrium state will be denoted
by x = {zo, 21, ..., 2, }, with 2o = E. A simple system is defined by setting x1 =V,
r9 = Ny, 3 = N, ..., where N1, No,... are the number of moles of different
substances; this is the case, for instance, of a mixture of gases in a box with no
chemical reactions.

The measurability of the variables like V' and N, as we have said, follows stan-
dard methods. The measurement of the energy FE, however, requires a careful
discussion. To begin, we have to recall that the notion of energy has its origin in
mechanics. That is, energy is defined in terms of the notion of work, measured in
the MKS system in Joules, J, with 1 J = 1 Nm, such that the difference between
two energy levels of a system is physically associated with the change of the me-
chanical state. Therefore, even treating a thermal system, the internal energy has
to be measured by a process involving mechanical work. The concept of energy
conservation, however, is supported by the Joule experiment.

Consider a change in a system from a state a to a state b. The Joule experiment
assures that if we isolate this system by adiabatic walls, then always there exists a
mechanical procedure by which we can take the system from a to b or vice versa.
In this way the quantity of energy that the system receives from or liberates to
its neighborhood can be measured by a well defined mechanical method. Take,
for instance, a gas in a box of volume V, at pressure P, and temperature T,. The
system is set in contact with a block of ice, such that at the final equilibrium new
values for volume, temperature and pressure are, respectively, V3, T, and Py, with
T, > Tp. It is not so simple to generate a mechanical procedure to bring the system
from a to b, but is much more trivial to find a mechanical apparatus to raise the
temperature of the system from the state b, taken as the initial state, to the final
state a. In both situations we assume that the energy flow is the same. This is
an example where there are energy flows to or from a system conditioned by the
difference of temperature, via diathermic walls. This flow is called heat and was
initially measured in arbitrary units called calorie (Cal). With Joule, the energy
content of each cal was established experimentally resulting in 1 Cal = 4.184 J.

If we treat equilibrium states, we assume that two arbitrary states can be con-
nected to each other through a process composed of an infinity of intermediary
states. Processes like that are called quasi-static. This notion is necessary in order
to give a proper definition to a differentiable thermal quantity. The mechanical
work associated with a system described by the parameters ¢ = {E, 21, ...,z } can
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Table 1.1 Mechanical works and generalized forces

Infinitesimal work dW Type of force

—PdV Pressure P

Zé:l ;i dN; Chemical potential p;

HoHezt-dl; Magnetic field H
Ecyt-dp Electric field E

be written as
l
AW = f-de = fydx;, 1<, (1.1)
Jj=1

where f; is the applied generalized force and z; is the corresponding extensive
parameter modified by the action of f;. Expressions for mechanical work are given
in Sec. 1.1 for different systems, where P stands for pressure; p1; for the chemical
potential; g for the vacuum permissivity; He,: for the external magnetic field;
I; for the magnetic dipole moment, where poHe.: is the force associated with the
extensive variable 1;; E.,; for the electrical field and p the electric dipole moment.

Up to now the characterization of a thermal system has been based on aspects
involving the definition of a thermal state, without a specification of the laws de-
scribing the changes in the state. This dynamical characterization is the subject of
the following section.

1.2 Dynamical aspects of thermal physics

First law of thermodynamics

In order to establish laws controlling the evolution of a thermal equilibrium
state, first consider an infinitesimal energy flow to a system via work (dW) and
heat (d@), and let us assume the conservation of energy. Then from the Joule
experiment we can write infinitesimal changes in the internal energy (dFE) in the
following way

dE = dQ + dW. (1.2)

This expression is called the first law of thermodynamics, and it expresses the energy
conservation taken as a fundamental law. Observe that the content of the mathe-
matical differential can be assumed for dF, since E can be taken as a function of
variables of the thermal system — a function of state. But this is not the case for
d@ and dW, which express only small flows to or from the system.

Second law of thermodynamics

The first law is not enough to treat all the richness of thermal processes. For
instance, it is a well-established experimental result that if two simple systems are
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set forth in thermal contact with one another, the flow of heat will take place
from the hotter system to the colder one. The reversal of this process, without
any external intervention, is not observed, although it does not contradict the first
law. In order to address this question, let us consider a system in a state given
by the set x = {E,z1 ...,z,} and assume the existence of a state function S =
S(E,x1,...,z,) to be called entropy. The entropy S(E, 1, ...,x,) is, by definition,
an extensive, analytical and monotonically increasing function in the variable F.
Besides that, in the absence of internal constraints, values of extensive variables are
those that make S maximum for an equilibrium state. That is,

5S|equilibrium = Oa
2
] S|equilibrium < 0.

This principle is called the second law of thermodynamics.

With the second law, thermal processes can be classified as reversible or irre-
versible. An irreversible process is that one which, if taken as reversible, would tend
to minimize S, contradicting the second law. A typical example of such a process is
the free expansion of a gas, which is a nonequilibrium process. In the case of equi-
librium, a process is reversible when it can be recovered quasi-statically through a
set of equilibrium states. In this case, the entropy is constant, in agreement with
the second law.

Third law of thermodynamics

The third law states that by a number of finite steps, it is impossible to lower
the temperature to T' = 0. A consequence of this principle is that if a system, in a
state characterized by a variable x (finite), is cooled to another state characterized
by « + dx, then at T =0, 65|, =0, or

() - 0

An experimental result derived from this principle is that

lim 95 = — lim ov =0
T-0\0P ), ,  T-0\0T)p

This law, formulated by Nerst in 1905, is interpreted sometimes in statistical me-
chanics as an entropy condition, fixing the value of the entropy as S = 0 at
T=0]2 8]

1.3 Equations of state

Due to the second law, the entropy S is an analytical function in the energy variable.
Then we can write in a unique way

S=8(E,x. ..., 1) (1.4)
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or equivalently
E=E(Sz, ...,z.). (1.5)

Relations given by Egs. (1.4) and (1.5) are called fundamental equations (or re-
lations). “Fundamental” in the sense that if we know one of these relations, the
properties of a thermal system can be obtained. We write the fundamental equation
as

U =U(zo,21,...,2,) = ¥(x), (1.6)

such that taking ¥ = S and zg = E, Eq. (1.4) is recovered and the fundamental
equation is said to be in the entropy representation. On the contrary, taking ¥ = F
and xg = S, Eq. (1.5) is obtained and the description is referred to as the energy
representation.

Since S is an extensive function, it is a first-order homogeneous function. Indeed,
for a system composed of m subsystems, the entropy can be written as

S=8(F,z1,...,z)

=> S, (1.7)
k=1

where Sy is the entropy of the k-th system. Then taking for instance a system
characterized by the state E,z; ...,x,, with the fundamental equation given by
S(E,z1,...,z,), another system can be constructed by a dilation of the former one
by writing AE, Az, ..., Az, such that the new fundamental equation is AS. As a
result of Eq. (1.7), the entropy of the new system is given by

SOAE, Az1, ..., Axy) = AS(E, a1, ..., 2,). (1.8)

The same result is true for the fundamental equation in the energy representation,
that is,

E\S, Azq, ..., z,) = AE(S, 21, ..., xp). (1.9)
We have stated that ¥ is a first-order homogeneous function, that is
U (A2, AT1, s AL ) = AV (20, T1, -0y X)) - (1.10)
As a consequence, differentiating Eq. (1.10) with respect to A, we have
—r, =V ey Ty ) 1.11
30\96]) €L (I()v » L ) ( )

On the other hand, taking the differential of Eq. (1.6), we obtain
dv =" Fyda;, (1.12)
§=0

where

v
Fi:(;) B S (1.13)
TO--Li—1,T4i41---Tp
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The notation (...), means that y is held fixed. For simplicity, we drop this index.
Notice that X is an arbitrary parameter; then setting A = 1 in Eq. (1.11), and using
Eq. (1.13), we find

U=>" Fj;. (1.14)
§=0

This is a basic result showing that if we know the set of (r 4+ 1)-relations given
by Eq. (1.13), then we can solve, in principle, the thermodynamical problem by
writing the fundamental relation as given in Eq. (1.14). The (r + 1)-relations given
by Eq. (1.13) are called the set of equations of state.

The interest in equations of state lies in practical aspects. To see this, let us
analyze the physical content of the functions F; . Observe that since ¥ (zo, ..., zx)
is a first-order homogeneous function, its derivatives, F; = (9% /dz;), are zero-order
homogeneous functions, that is

F; (Axo, ..., \xy) = F; (zo, ..., xr) . (1.15)
The functions F; (xq, ..., x,), also called “forces,” are natural candidates to stand
for intensive variables, like temperature, pressure and density of moles. Then the
equations of states (1.13), relating intensive variables, are directly accessible by
experiment, which is not the case for W.
Since F; are zero-order homogeneous functions, we have

E = <8\IJ) = E (.TQ,...,./,CT)

dx;
= F;(A\xo, ..., A\x,.)
- F (@ xr‘1,1> L i=0,..,1 (1.16)
T, T,

where in the last line we have taken the arbitrary quantity A to be A = 1/z,. .
Therefore, we have r + 1 functions F;, each one depending on r intensive variables,
since a ratio like x,_1/z, is an intensive quantity. Thus Eq. (1.16) show that the
set of equations of state can be written exclusively in terms of intensive variables.
The decrease in the variable number (originally ¥ required (r 4 1) variables, while
each intensive function is written in terms of r variables) reflects the fact that,
for instance, the molar density, rather than the number of moles, is important in
this description. The elimination of the r variables from Eq. (1.16) gives rise to
a relation among the r + 1 intensive variables. This relation can be derived from
general arguments and it is called the Gibbs-Duhem relation. We proceed with the
physical identification of each intensive variable F; (zq, ..., z,) .

1.4 The meaning of intensive variables

We consider a simple isolated system composed of two subsystems, denoted by a
and b, such that V,, V,, N, and N, are kept fixed. Suppose there is a virtual flow
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of heat between a and b, that is F, and Ej, can suffer a variation, where the total
energy is given by

E=FE,+ Es. (1.17)
The equilibrium conditions are specified by considering S as constant at equilibrium.

Notice that E is constant since the system is isolated. Let us then analyze this fact
in the entropy representation. In this case we denote,

=5 and PO =95
J 833j
For the composite system, the entropy can be written as
S =5, (Ea) + Sy (Eb) .

If the system reaches equilibrium, the second law states that 65 = 0; therefore
95 _ 05, 08,08, _
0E, O0E, O0FE,0FE,
Using Eq. (1.17) with E being constant, i.e. dFE, = —JE}, we derive
S,  0Sp
0E, 0B,

(1.18)

In terms of the forces we write
() _ 95  p(s) _ 95
O.a (9Ea ’ 0, 8Eb ’

where Féil stands for the force in the entropy representation (s), considering o = a
or o = b. From Eq. (1.18) we obtain

Fy) =R (1.19)

a

This equation is the equilibrium condition written in terms of the intensive variable
F).

At this point, we have to analyze the stability conditions of the systems. That is,
suppose the system is virtually displaced from equilibrium with £ = constant, such
that two systems are set in thermal contact with each other. During the evolution
of the system up to the final equilibrium state, S increases, and this fact can be
expressed by 05 > 0. Under this condition we have

o505 o
0E, OFE,

= (Fy2) — Fy))0Eq > 0.

55:(55a+55b=<

Assuming Fo(sa) > Féi?, it follows that 6, > 0 and 6E, < 0. Writing
y 1

(s) _
FO,Q_E’

then we have

Ta < Tp- (1.20)
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Table 1.2 Extensive variables

OE/0S =T temperature
OE/0V = —P pressure
OE/ON = p chemical potential

In the reverse way, assuming Féiﬁ < Fofb), we have 0E, < 0 and dE, > 0. As a

consequence

Ta > Th- (1.21)
In conclusion, in either case, heat flows from a system with the higher 7 to the one
with lower 7; and at equilibrium, from Eq. (1.19) we obtain 7, = 75, implying that
there is no heat flow between the two systems. Therefore, since 7 is an intensive
quantity, it is the natural variable to represent the temperature, T', in accordance
with the intuitive notion of temperature as a measure of the perception of coldness
and warmness.

Recall that S increases monotonically with E, such that (0E/9S) = T > 0. This
result ensures that T is positive definite. The third law fixes, as stated, S = 0 for
the state at T' = 0. The temperature, T, is measured in Kelvin degrees, denoted
by K. Observe that this interpretation for (0S/9FE) = 1/T could be derived in the
energy representation. In this case, we use the notation Féi) =0FE/0S=T.

We proceed with this analysis for the sake of identification of the physical mean-
ing of other intensive variables. Some results are given in Sec. 1.2 for a simple
system. By this procedure, temperature is the “force” regulating the equilibrium
for the energy flow in the form of heat. Pressure is the “force” regulating the equi-
librium for the energy flow in the form of mechanical work defined via the variation
of volume, and the chemical potential regulates the equilibrium for the exchange of
matter among systems.

For a simple system in the energy representation, Egs. (1.12) and (1.14) are

given by
k
dE = TdS — PdV + ) i;dN; (1.22)
j=1
and
k
E=TS8—PV+> uNj (1.23)
j=1
Comparing Eq. (1.22) with Eq. (1.2), it results in
dQ = TdS. (1.24)

Therefore, a quasi-static flow of heat to a system is associated with the increasing
of the entropy.

With the result given in Eq. (1.24), the physical content of the second law as
enunciated by Kelvin and Clausius is [2, 3]:
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Kelvin: It is not possible to realize a process, in which the only effect is to
remove heat from a heat bath to give rise to an equivalent quantity of work.

Clausius: It is not possible to realize a process, in which the only effect is
to transfer heat from a colder body to another one that is hotter.

These two statements are equivalent to each other and can be derived from the
second law as presented by following the Clausius procedure. Clausius introduced
the entropy function as a theorem from the above enunciations. Here we have
reversed the order.

Finally, Egs. (1.12) and (1.14) in the entropy representation are given by

ds = 2ag+ Lav - 1 f 11;dN;. (1.25)
T T T~
and
0T szzl

1.5 Thermodynamical potentials

We find that the set of relations given in Eq. (1.13) provides an alternative procedure
to treat thermal systems. In addition, as already observed, an advantage of this
formalism based on r + 1 equations of state is that the intensive variables are more
easily handled from an experimental perspective. For instance, for a dilute and hot
gas, experiments shows that P ~ pT', where p = N/V is the density. This is a state
equation for the so-called ideal gas. The other equations for such a system are also
available experimentally. A problem here is that despite experimental advantages,
the full set of state equations remains inscrutable for a general situation. Such
a difficulty naturally suggests a search for other formulations of thermodynamics.
We can think of a thermal system considering the state defined by a set of mixed,
intensive and extensive, variables. To find such a formalism, a preliminary step
should be to define the fundamental equation via a function of state depending on a
set of mixed variables, keeping compatibility with the aforementioned formulation.

For a specific situation, consider a system described by the fundamental equation

E=E(S,z1,..,2).
Then we look for an equivalent representation for E, such that the state of the

system is characterized by the set of mixed variables {T, 1, ..., 2, }, being the fun-
damental equation described by

F=FTz1,..,2.).

Note that a formulation in terms of F' is of interest to describe the process of a
system with constant temperature (an isothermal process). In this case, the system
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is no longer isolated in reaching the equilibrium state, which is quite often the
experimental situation. Beyond that, we have a reduction in the number of variables
from r+1, with the fundamental equation for F, to r, with the fundamental equation
written in terms of F'.

Introducing the function F, observe that the difference between E and F' is
in the variable S: in the function E(S,z1,...,z,), the variable S was changed to
T = 0FE/O0S in F. Therefore, the function F can be introduced from E via a
Legendre transformation. Since the motivation and the solution for the problem
have been identified, there is no need to work with the specific energy representation.

Consider then the fundamental equation ¥ = ¥ (zq, 1, ...,z,). The Legendre
transformation of ¥ in r — k variables xy41, ..., z,, is defined by

L=%— > Fu, (1.27)
i=k+1

where F; = 0¥ /0x;. The differential of L is given by

T

k
dL =) Fdz;— > (z:)dF,. (1.28)
=0

i=k+1

This shows that L is a function in the variables (xo,..., g, Fxt1, ..., Fr), ie.
L = L(xg,...,xk, Fxt1,..., F;). The functions L are the thermodynamical poten-
tials, and F; is said to be the conjugate of x;. Therefore Eq. (1.27) defines the
potential, while Eq. (1.28) shows its dependence on the variables. In the following
the thermodynamical potentials for simple systems are identified explicitly using
Eqgs. (1.27) and (1.28) in the energy representation.

Helmholtz free energy

Define the Helmholtz free energy, F', as
F(T,V,Ny,...,Np)=E—-TS, (1.29)
such that
k
dF = —SdT — PdV + Y _ ;dNj. (1.30)
j=1

This free energy is useful to describe isothermal processes. Part of the internal
energy is then used to keep the temperature constant, and only the rest can be used
for the realization of mechanical work.

Enthalpy

Defining the function

H=H(S,P,Ny,..,Nx)=E+PV (1.31)
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we have

k
dH =TdS +VdP + Y 11;dN; . (1.32)
j=1

The enthalpy, H(S, P, N1, ..., Nk), is useful to describe processes at constant pres-
sure (isobaric process), as for instance a chemical reaction in an open container,
such that P is the atmospheric pressure.

Gibbs free energy

The Gibbs free energy is defined as

G(T,P,Ny,...,Ny) = E —TS + PV, (1.33)
so that
k
dG = —SdT + VdP + Y ;dNj. (1.34)
j=1

This free energy combines aspects of the Helmholtz free energy and enthalpy.
Grand thermodynamical potential

Finally the grand thermodynamical potential is given as

k
Qa(T,V, pa,s ..., i) :E—TS—ZuidNi (1.35)

i=1

with

k
Qg = —SdT — > N;dp; — PdV.
i=1
This potential is useful to determine the full set of state equations, as we will see
in the next section.

The Legendre transformations can be introduced in the entropy representation,
in which ¥ = S. Following the same procedure as in the energy representation, with
Egs. (1.27) and (1.28), we can derive the thermodynamical potentials in the entropy
representation. These potentials are called Massieu functions.

Previously the thermal state was introduced by a set of extensive variable. How-
ever, if the thermodynamic formalism is given in terms of potential functions, the
state is represented by a set of mixed, intensive and extensive, variables. In this
case, the restriction is that the state is not described by pairs of conjugate variables.
For instance (S, P, N) can be used to describe the state of a simple system. But
this is not the case for (S, T, N), since S and T are conjugate variables.
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1.6 Gibbs-Duhem relation

In this section we go back to the equations of state. We have seen that the funda-
mental equation, ¥ = ¥(xy,...,z,), can be written as in Eq. (1.14), that is

=0

Taking the differential of Eq. (1.14) we have
3=0

Using the differential of ¥ = ¥(xy, ..., x,),
i=0
we find the following relation among the intensive variables
i=0

This equation is the Gibbs-Duhem relation.

An immediate consequence of the Gibbs-Duhem relation is in the number of
state equations. As mentioned before, we have to find r + 1 state equations for the
F;, functions of r variables. For instance, for a simple system with (S, V,N) the
intensive variables are (7', P, u). Therefore, we have to look for three equations of
state. We can use experimental results to infer only two of them, since the third
one can be written by using the Gibbs-Duhem relation.

For a simple system in the energy representation with £ = E(S,V,N), the
Gibbs-Duhem relation, Eq. (1.36), reads

SdI'—VdP + Ndp = 0. (1.37)
Using Eq. (1.34), the differential for the Gibbs free energy, that is
dG = —SdT' + VdP + pdN,
and Eq. (1.37), we find d(uN) = dG. Writing ¢ = G/N , it follows that
9=
Therefore, for simple systems the density of the Gibbs free energy is the chemical
potential.

In the entropy representation, where ¥ = S = S(E,V, N), the Gibbs-Duhem
relation is given by

d(u/T) = =d(1/T) + -d(P/T),
where e = E/N and n = N/V.



16 Thermal Quantum Field Theory: Algebraic Aspects and Applications

1.7 Second derivatives

We analyze in this section the formulation of thermodynamics using second deriva-
tives of the fundamental relations. The importance of this is that it brings the
formulation of thermodynamics still closer to the experimental language.

The starting point of this formulation is an attempt to establish relations
involving the variation of extensive variables. Consider the variables F; =
Fi(zo,...,xj,...,2r) and F; = Fj(xo,...,2j,...,z,). Notice that by isolating z; in
the function Fj, and using this in F}, we obtain, for any 4,5 = 0,1,2,...,r, the
following equation

F; = Fj(xo,...,wj1, Fy, xj11...,2.);

or in terms of infinitesimals,
OF;
JF;

dF; = dF; ( >

TO,ee s Tj— 15T 1.y Ty
These equations can be solved for particular systems if we specify derivatives
OF;/0F;, which is just a function of second derivatives of the fundamental equation,
since we can write, for instance

o 8Fj (9331
or, - (25) (2 ar,

This result demands a carefully analysis of second derivatives and relations among

them. The connection among all second derivatives is known as Mazwell relations.
We consider a specific situation of a simple system.
Consider a simple system described by the fundamental equation

E = E(S,V,N), (1.38)

in a closed container of adiabatic walls, with the number of moles, N, fixed. Initially
the system is at a temperature T; with a pressure P;. The system is squeezed quasi-
statically up to a final pressure P;. The thermodynamical problem is then to find
final values for the volume, Vy, the temperature, T, the internal energy, Ey, the
entropy, Sr, and the chemical potential, jif.

As the process is quasi-static and adiabatic, then dQQ = 0. As a consequence
dS =dQ/T = 0, such that S; = Sy. Assuming that Eq. (1.38) is given, by taking
derivatives, we write equations of state, which are three in number. Two of them
are written as

T=T(S,V,N), (1.39)
P =P(S,V,N). (1.40)
The third equation for p is derived from the Gibbs-Duhem relation. An equation

between T' and P can be derived by elimination of V' in Egs. (1.39) and (1.40). The
result is written as

T =T(S,P,N).
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Since S and N are constant, the variation of T is

oT
dTl = (8—P>SNdP. (1.41)
Besides
oT oT ov
— = = — . 1.42
<8P>S7N <8V)S,N <aP>S7N ( )

Similarly, we verify changes in the temperature with volume, using Eq. (1.39), that
is,

dT = (8_T) dv. (1.43)
oV )on

These types of equations, as Egs. (1.41) and (1.43), are all we need to provide an

understanding of the thermodynamical problem; but above all, such relations are

very useful for experimental tests. On the other hand, if we assume that Eqgs. (1.41)

and (1.43) are given in advance, then we can reverse the reasoning and write the

state equations, as well as fundamental equations.

Relations as given by Egs. (1.41) and (1.43) can be determined if we find a
way, may be experimentally, to provide the derivatives like (07 /9V) s.n » which are
second derivatives of E or S. This requires an analysis of such second derivatives
and the relations among them.

For this simple system we have only three independent second derivatives, for
instance

0’FE . 0’FE ' 0’FE

882’ 9vas' oav?’
Any other relation can be written as a combination of these three derivatives. To see
that this is the case, consider for instance the derivative in Eq. (1.43), (9T'/0V) g v ,
which can be written as

oT 0 [(0OF oP
(a—vLN ~ v (%) = (%)V,N' (1.45)

By experimental necessity, for a simple system with N being constant, the set
of three independent second derivatives is usually the following.

(1.44)

Thermal expansion coefficient

The thermal expansion coefficient, ap, provides a measure for the fraction of volume
increased by raising the temperature, when N and P are fixed.

vy iy e
ap = V(&T)P_ v<8T)P’ v=V/N=n"". (1.46)
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Isothermal compressibility

The isothermal compressibility, x7, provides a measure for the fraction of the de-
creasing volume by an increase of pressure, when 7" and N are constant.

1 [0V 1/ 0v
Specific heat

The specific heat provides a measure for the heat flow by mole, necessary to increase
the temperature by one degree. As a matter of convenience, this measure is carried
out at constant pressure or at constant volume, that is

LT (OSY _p(2s) _1(de
=), -7 (), -~ (&), )
T ([0S ds 1 dQ)
Cy = — | — =T — = — | —= . 1.49
v N(aT)V (6T>v N<dT v 149

Observe that the second derivative (0T/0P)g  in Eq. (1.41) can be written as
((9T/8P)S’N = VTOzp/Op

and

such that
AT = VT2 ap. (1.50)
Cp
This result shows that a knowledge of the second derivatives C'p, ap and kp provides
an alternative way to introducing the thermodynamical theory.
We close this section with a brief discussion about a thermal magnetic system,
defined by the fundamental equation which is a function of S, V, M, N, that is

E=E(S,V,M,N).
where M is the magnetic dipole moment. The magnetic coefficients similar to ap,

k1, Cp and Cy are:

Coefficient of thermal variation of the magnetic moment
(analogous to ap)

0
_ (M . (1.51)
oT P,
Magnetic susceptibility, xp, and isothermal susceptibility xr
1 ( oM ) ( oM )
kP =7 | 55— =\| 55— . (1.52)
V \OHes ) 1 p OHew ) 1 p

Specific heat

oS oS
(& —r (& 1.
CpHer <6T)P7Hem o Cem <8T)P7M, (1.53)
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oS oS
=T == =T — . 1.54
v Her <8T>V7Hw o Cvm (6T>V7M (154)

The magnetic properties are often described by the susceptibility as a function
of temperature, that is
oM
XT,P = XT,P(T7 f:’7 Hem) = (—) . (155)
OH ) 1 p
Since the relation among H, H., and M is given, we can find the relation between
xt,p and k7, p, and the state equation

M = M(T, P, H,), (1.50)

by integration.

1.8 Example: ideal gas and generalizations

Now we treat an example, by considering a simple system as a model characterized
by a mono-component ideal gas, to exemplify the aforementioned thermodynamical
formalism. Later we treat the problem to find a prescription to derive generalized
state equations.

1.8.1 State equation for an ideal gas
An ideal gas is a chemically inert gas satisfying the following state equation
RT
P=— T =
” and 3 Rs,
where v = V/N and ¢ = E/N. The quantity R = 1,986 cal/mole K is called the

universal constant of gases. Another way to write the state equations is.
3
PV =NRT and FE= iNRT' (1.56)
These equations were established by experiments and are usually valid for a gas at
high temperature and low pressure.

In order to write the fundamental relations, thermodynamical potentials and
second derivatives, observe first of all that we have two state equations, but three
independent extensive variables, that is, F,V and N. Then in order to use Eq. (1.14)
to write the fundamental equation we have at our disposal another state equation
(since, in principle, we need three of them). The third equation can be found by
integrating the Gibbs-Duhem relation, Eq. (1.36), that is

L- (%) ~ 3pmE _rmY 1.57

T \T)y” 2" E W (1.57)
where Ey, Vj, Ny are the values for a reference state. Let us now write Eq. (1.14)
in the entropy representation. This gives rise to

1 P "
=—FE—- =V -—-=N. 1.
S T T T (1.58)
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Using the state equations, Egs. (1.56) and (1.57), we get the entropy function in
terms of extensive quantities, that is,

N 3 E vV 5 N
S = Sy +>NRIn— + NRIn — — >NRIn — 1.59
N o0 Tg it NI g — g N o (1.59)

where

From Eq. (1.59), writing in the energy representation and using the Legendre
transformation, thermodynamic potentials can be introduced. We leave these steps
for the reader. Let us write the second derivative functions ap, k7, Cy, Cp:

! 1
OéP_T7HT_P7
5 3

CP:§R, CV:§R

Therefore with this simple example we have established the usefulness of the differ-
ent thermodynamical formulations.

1.8.2 The van der Waals equation

Although thermodynamics presents a well-defined formal structure, it would be
interesting to find some prescription, at a theoretical level, to write down the fun-
damental equations or the equations of state, in particular, to describe more com-
plex systems other than the ideal gas. This situation is quite close in nature to
the mechanical problem to write Lagrangians explicitly. In this case the underlying
symmetries can be used as a guide to write, for instance, models for the interactions.
For thermal systems, such a prescription can be found if we recall that originally
thermodynamics did not say a word about the microscopic nature of matter. How-
ever, we can use this microscopic viewpoint, assuming that matter is composed of
particles, i.e. molecules, atoms, and so on, to implement thermodynamics. We
proceed with a naive example, just to provide some flavor to this kind of reasoning.

As we have seen, an ideal gas is described by Eq. (1.56), where V is the volume
of the gas container and P is the pressure. Taking into consideration that this gas is
made of particles, some corrections in the ideal gas equation should be considered,
resulting in a more general theory. In the case of the volume in Eq. (1.56), we can
write

V —V — Nb, (1.60)

where b is a constant measuring the volume of each particle.

Assuming a molecular attraction, we expect a decrease in the pressure. That
is, due to the attraction, collisions of particles with walls induce a reduction in the
change of momentum, thus reducing the force on the wall; as a consequence the
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pressure is lowered. Such a decrease in pressure can be considered as proportional
to the number of pairs of molecules near to the wall region, that is, proportional to
n? = (N/V)2. Then the pressure should be modified to

2

N

where a is a parameter related to the molecular interaction. Using the results of
Eq. (1.60) and (1.61) in Eq. (1.56), we find

2
(V — Nb) (P - %a) = NRT.

or
_ NkgT N 2a
T V-Nb V2
which is called the van der Waals equation. In Eq. (1.62) instead of R we have
written kg = R/N = 1.38065 x 10723J/K. And thus N is to be interpreted as
particle number, not moles. There is no need to use another notation since from
now on N will be taken for the particle number only. The constant kp is the
Boltzmann constant.

P (1.62)

1.9 Stability conditions and phase transitions

The second law ensures a maximum principle for the entropy, 65 = 0 and 625 < 0,
imposing stability conditions on thermodynamic systems. If the system is forced to
go along a way conflicting with these conditions, then a phase transition may take
place. We analyze some of these aspects in this section.

Consider a system receiving an infinitesimal amount of heat, d@, from a heat
bath at temperature Ty and pressure Py. In this case, as a consequence of the
second law of thermodynamics, the entropy change of the system, dS, is related to

d@ by
dQ < TydsS.

The equality sign holds for reversible processes. Writing dWW = — PydV for the work
done on the system by the heat bath and using the first law of thermodynamics,
dQ = dE — dW, we have

dA = dFE + PydV — TpdS <0,
where the quantity
A=F+ PV —1T,8,

called availability of the system, describes the maximum amount of work which may
be extracted from a system in contact with a heat bath. Any process taking place in
the system leads to a decrease of A, which has a minimum value at equilibrium. This
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stability condition can also be stated for thermodynamic potentials, implying that
Helmholtz and Gibbs free energies are a minimum at equilibrium. Such stability
conditions can be used to prove that Cy > 0 and Cp > 0 [7].

The equilibrium state of a simple system is determined by specifying a set of
thermodynamic variables such as (E, V, N). The specification of (E, V, N), however,
is not a sufficient condition to ensure a uniform state of the system. That means, we
can find different states coexisting in equilibrium, which belong to different phases
of the system. A well-known example is the coexistence of phases in water, as
liquid and vapor, or even three phases, liquid, solid and vapor. The phases can be

phase |

phase | |

Fig. 1.1 First-order phase transition.

considered as different thermodynamic systems in equilibrium with each other; and
thus, for a single system with two phases we have to state the following equilibrium
phase conditions:

T =T, =T, (1.63)
P =P =P (1.64)
pi (P, T) = p2 (P, T) = p. (1.65)

We have written Eq. (1.65) with the explicit dependence on T" and P to emphasize
that the two phases cannot be in equilibrium at arbitrary T and P.

In a P x T diagram a phase transition can be represented by a line, as given in
Fig. 1.1. If we go from region I to region II, crossing the line, we have an abrupt
change in the nature of the system. That is, we find a separation of phases, at each
point on the curve. The point (T, P.) is called a critical point. Beyond that point,
one can go from one region to another in a continuous way. In this case we do not
meet any abrupt discontinuity among the phases.

In this type of phase transitions, we identify some specific characteristics. While
the free energies of different phases are equal at the transition point, their first
derivatives are discontinuous. This happens, for example, when water turns into
vapor, in which case the discontinuity of entropy implies the existence of latent heat
associated with the transition. This is called a first-order phase transition.



Elements of Thermodynamics 23

If the first derivatives of the free energy are continuous at the transition point,
but not the thermodynamic quantities described by the second derivatives, like spe-
cific heat, compressibility and magnetization, then the system undergoes a second-
order phase transition. Well-known examples of this transition are normal-metal
to superconductor and para- to ferro-magnetic phases. In the later case, lower-
ing the temperature below a critical value, T., implies a non-null magnetization,
M, appearing in the system. This ferromagnetic phase corresponds to ordered
states, which have lower symmetry when compared with the disordered paramag-
netic phase, where M = 0. Distinctly from the first-order phase transition, no
coexistence of phases occurs in the second-order phase transition; that is, there are
no meta-stable states in either of the transition point.

The ordered phase is characterized by a non-vanishing order parameter, ¢, which
in the magnetic case can be identified with the magnetization. On the other hand,
the symmetric phase has ¢ = 0. Notice that the symmetry changes discontinuously
at the transition point, since if ¢ # 0 (no matter how small it is) the system presents
the symmetry of the full ordered phase. Nevertheless, decreasing the temperature, ¢
changes continuously from zero to non-vanishing values at T,.. The overall behavior
of order parameter with temperature is depicted in Fig. 1.2.

Fig. 1.2 Dependence of the order parameter with temperature.

A quantitative, phenomenological theory of second-order phase transition was
proposed by Landau [7] in 1937. At a given temperature T’ and pressure P, for a sys-
tem in equilibrium, the order parameter is determined in both phases. To describe
the transition, Landau generalized the free energy allowing it to be, a function of,
not only the state variables, but also of ¢, which is taken as an independent vari-
able. The actual value assumed by ¢ is determined by the equilibrium stability
conditions, requiring that the free energy be a minimum for the given values of T
and P. The next step is to assume an expansion of the generalized free energy,
é(P, T, ®), near the transition point, T' ~ T, in powers of the order parameter, as

G(T,¢) = Go(T) + A(T)¢* + B(T)¢*. (1.66)
For simplicity, we have taken P fixed. Notice that no monomial of odd order has
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been written, a fact that is justified by symmetry arguments [7]. Also the expansion
is truncated at the fourth power, since the order parameter is small, ¢ ~ 0, close to
T, and the second degree monomial alone is not enough to describe the transition.
In order to guarantee that G(T, ¢) is bounded from below, and thus has a minimum,
we take B(T) > 0. If A > 0, the minimum occurs at ¢ = 0, the disordered phase.
To have a minimum of CNJ(T7 @) for ¢ # 0, corresponding to ordered phase, we
should have A < 0. Since G (T, @) is continuous at the critical point, we must have
A(T;) = 0. Thus in the vicinity of T¢, we can expand A(T) up to the first order in
T —T,, that is

A(T) = a(T ~ T0),

where « > 0. With a similar reasoning, we find that at the critical point B(T) is a
positive constant, to be denoted by B(T.) = b. Therefore, Eq. (1.66) is written as

G(T, ¢) = Go(T) + a(T — T.)¢* + be*. (1.67)

The behavior of the Landau free energy as a function of the order parameter is
illustrated in Fig. 1.3.

T<Te

Fig. 1.3 Landau free energy, G(¢) = G(T, ¢) — Go(T), in a second-order phase transition.

The extrema of G (T, ¢) are determined by

0G(T,¢) _ 20(T — T.)p + 4bp> = 0,
¢
having solutions, ¢ = 0 and
2 _ a(T -1T,)
o= 26

corresponding to the minima for 7" > T, and T' < T,, respectively, since in both
cases
0*G(T, ¢)

3E 20(T — T.) + 12b¢* > 0.
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The entropy is given by

9G(T, ¢)

oT
and thus we observe that it varies continuously through the transition. On the other
hand, the specific heat for the ordered phase, ¢ # 0, is

as 9 Te

C:TG_T:CO—’—O[ ok

while for the symmetric phase, ¢ = 0, C = Cy. This shows that the specific heat
has a discontinuity at the critical temperature.

The main features of first-order phase transitions can also be cast within a

Landau thermodynamic theory. In this case, the expansion of the free energy is

taken in the form

S=- = Sy + ag?;

G(T, ¢) = Go(T) + a(T)$* — bd* + c¢°, (1.68)

where b and ¢ are positive constants and a(T') = «(T —Tp), Tp being a temperature
parameter that does not correspond to the critical temperature. The behavior of
this free energy, as a function of ¢, is presented in Fig. 1.4.

G(9)

Fig. 1.4 Landau free energy, G(¢) = G(T, ¢) — Go(T), in a first-order phase transition.

The free energy (1.68) has two local minima occurring at ¢ = 0 and

o(T) = % {b + /B 3a(T)c} ; (1.69)

which minimum value of G is the lowest one depends on the temperature. While the
absolute minimum prevails in the stable phase, the other local minimum corresponds
to metastable states that show up in the supercooling. The transition temperature,
at which the distinct phases can coexist in equilibrium, is determined by requiring
that the two minimum values of G are equal, i.e. by imposing that G (Te, p0(Te)) =
0. This condition is equivalent to a(T") = b*/4c,which implies that

b2

T. =T+ —. 1.70
ot dac ( )
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Note that, in a first order phase transition, the order parameter is discontinuous
at T, so that both the state and its symmetry change abruptly at the transition
point. We could find the discontinuity of the entropy at the transition point, thus
determining the latent heat, but we will not pursue this issue any further.

The Landau theory of phase transitions in thermodynamics can be extended
to consider inhomogeneous systems, taking into account spatial fluctuations of the
order parameter, such that ¢ is a field, that is ¢ = ¢(x). In this case, the expansion
of G(T,¢) has to include derivatives of ¢(x). For long-wavelength fluctuations,
we keep only the lowest derivative terms, which has the form (V¢)2. Hence, for
instance, concerning a second-order phase transition we write

G(T, ) = Go(T) + ao(T — T.)$* + bgs* + e(T.) (V)?. (1.71)

Such a free energy can be viewed as an Euclidian field theory. In the quantum
field theory, the thermodynamic description of the second-order phase transition
is analyzed in terms of spontaneous symmetry breaking, and gives rise to new
concepts such as Goldstone bosons that are related to collective states in many
body systems. We will elaborate this theory including the temperature effects in
the following chapters.



Chapter 2

Elements of Statistical Mechanics

Having described the macroscopic nature of matter, we turn to consider thermody-
namic properties from a microscopic point of view. The main emphasis is on the
microscopic definition of the Boltzmann entropy, the derivation of the Liouville-von
Neumann equation and the notion of an ensemble. Then using the Boltzmann en-
tropy and the second law of thermodynamics, we derive the Gibbs ensembles by
a variational principle. There are many outstanding books in the literature about
statistical mechanics; see for instance Refs. [2, 5-11].

2.1 Macro- and micro-physics

The heuristic derivation of the van der Waals equation in Chapter 1 has to be gener-
alized. The ideas involved in it point to a possible extension of the thermodynamic
concepts to encompass the notion of particles, such that a prescription to derive, for
instance, equations of state can be available in general. This requires a set of def-
initions connecting the macro-physics of thermodynamics, with the micro-physics
formulation of many-body systems. A theory like that is called statistical mechan-
ics, describing a thermodynamical system in equilibrium or out of equilibrium. Here
we concentrate on systems in equilibrium [9, 10].

In order to formulate statistical mechanics, we have to keep in mind two ele-
ments. First, considering that a macroscopic system is composed of a large number
of particles, a method has to be introduced to take into account the reduction of
the numerous microscopic degrees of freedom, specifying a system, to comparatively
very few macroscopic variables describing a thermal state. This can be implemented
by performing an average of microscopic variables. For instance, the internal energy,
E, can be taken as the sum of the average energy of each particle. This requires a
formulation of mechanics such that the state can be described in terms of a prob-
ability. Assuming the existence of such a formulation, the state of a system can
be represented by a density operator p, with Tr p = 1. A measurable macroscopic
quantity, say a, can be derived from its corresponding microscopic variable, say A,

27
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by the rule
a = (A) = Tr(pA), (2.1)

where the operation Tr stands for the trace and is responsible for the reduction of the
number of degrees of freedom. For instance, in the case of energy, the microscopic
variable is A = H, the Hamiltonian of a system of N particles, and a = E = (H) is
the internal energy. The 3N degrees of freedom are reduced to few degrees in the
dependence of E on, for instance, the variables T',V, N; three variables only! The
nature of p is not yet fully specified, but we can assume that it is an operator acting
in the same Hilbert space where A is defined. The operator p is called the density
operator or density matriz.

The next fundamental step to formulate statistical mechanics is to find a pre-
scription to calculate the entropy function. Entropy represents a very distinguish-
able quality of macroscopic world, as is the temperature, without a mechanical
counterpart. Therefore, from a microscopic standpoint, entropy and temperature
are collective manifestations of the system without the reduction to specific parts.
This is different from any other mechanical quantity, as that described by energy or
macroscopic density, which have their microscopic counterpart. It will be enough
here to focus on entropy, since any other thermodynamic variable, such as tem-
perature, can be derived from it. We then look for a way to write A in Eq. (2.1)
representing entropy. In this case, one way to do this is to use the state of the
system, represented by the density matrix p, itself to find an expression for the
entropy. Observe that by definition p describes the microscopic properties as well
as the macroscopic quantities. Thus we can think of A for the entropy as a function
of p, that is A = s(p), such that

Slpl = (s(p)) = Tr[ps(p)]. (2:2)
We can find a functional form for s(p), considering the properties of S. Recall that
S is an extensive variable; if we divide the system into two independent parts, say 1
and 2, then S = S7+ S5 while p = p1p2. Using Eq. (2.2), the required extensiveness
of S is satisfied if we assume that the function s(p) has the property that

s(p) = s(papy) = 5(pa) + 5(p);
resulting in
s(p) = —kpplnp,

where kp fixes the unit of S, and the minus sign makes S positive. As a consequence,

S =(s(p)) = —kpTr(plnp)

=51+ 5o, (2.3)

where

S1 = —kpTr(p1 Inp1),
Sy = —kpTr(p2 In p2).
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This definition for S is a central point of the theory, establishing a way to derive the
fundamental relation for an arbitrary thermal system in the entropy representation,
using microscopic information. The remaining aspect to be developed explicitly
is to find a formulation of the microscopic theory in terms of the density p. In
quantum mechanics we use p, the density matrix, which is the subject of the next
section. However, in classical statistical mechanics, we use the notion of distribution
function in phase space as a counterpart of p. In this case Tr implies an integration
in phase space.

2.2 Liouville-von Neumann equation

Our proposal here is to introduce the density matrix, using the notion of an ensem-
ble. For a gas in a box, for instance, we expect to find a large number of microscopic
states which are compatible with a given macroscopic description. Indeed,if by some
process, the velocity of only few particles in the gas is changed, virtually, no change
in the macroscopic condition is expected. In principle then we can think of many
such states. Some of them, however, are physically unacceptable. In fact, if by
some process, we change the velocity of all particles along one direction, then at
some moment we expect the gas occupying one side of the box, while the other
side would be empty. This situation is in contradiction with the second law. This
reasoning induces us to consider the set of all states compatible with a macroscopic
situation, such that each state plays a more or less important role in this case.
But this characteristic can be quantified by a proper definition of weight for each
state. Naturally all the microscopic states have to be compatible with macroscopic
constraints.

Consider a set of representative states. Such a set is called ensemble and the
states will be denoted by [¢%),i = 1,2, ..., each one satisfying the Schrédinger equa-
tion

0|y (1)) = HIW'(t); (24)
here i = 1. The expectation value of an observable A in the state [1)¢(t)) is given
by

(A = (W'|A]p"), (2.5)

with (¢t[1)?) = 1. The thermal (macroscopic) variable, say a, is associated with the
average value of the observable A by the following prescription,

a=(A) = Z”/(“ (4", (2.6)

where v(¥) is the weight for each state of the ensemble. The next step is to show
that the notion of ensemble used in Eq. (2.6) gives rise to Eq. (2.1), which describes
the state of the system by a density matrix.
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The vector [1(t)) is expressed as an expansion by

[0 = ), (2.7)

n

where |n) is an element of the Hilbert space basis. Using Eq. (2.7) in Eq. (2.6) we
obtain

= Zv(“ (| A[Y)
- zw S e lam

where
Pmn = Z"/(Z)CS)*CS.,? = <m|p|n>7 (28)

and A, = (n|A|m).
The matrix p can be written in terms of the states [¢)*) by using D = (Ytn)
and cf) = (m|y?) in Eq. (2.8), that is,

prn = Gmlpln) = 324 'y )
= leWm Y (' [m).
Hence we have
p=2_ 1V WN. (2.9)

From this result, the time evolution equation for p(t) can be obtained. Taking
the time derivative of Eq. (2.9), assuming v is time independent, and using the
Schrédinger equation, we have

ip(t) Zv“ (0" (V'] + [ ((1']iDy)]
= Zpyﬁ (H[")) (] = [¢") (| H))]

= Hp(t) — p(t)H;
i0ip(t) = [H, p(t)]. (2.10)

This is the Liouville-von Neumann equation, the basic equation in non-relativistic
statistical mechanics. This equation may be written as

i0ip(t) = Lp(t), (2.11)
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where L = [H, .] is the Liouvillian operator. The formal solution of Eq. (2.11) is
given by

p(t) = e T p(ty).

An important aspect of the density matrix, describing the state of a quan-
tum system, is that when () = §; . in Eq. (2.6), one microstate only, say [¢7),
plays a role in the set of representative states of the ensemble. In this case
p = Zi7(i)|¢i><¢i| = [¢") (|, and there is actually no ensemble at all. Then
Eq. (2.10) provides us the same information as the Schrodinger equation. In this
case p(t) describes a pure state. For a non-trivial ensemble, p(t) describes a mized
state. It is important to note that in order to describe thermal states, p(¢) has to
provide a convexity condition to S, i.e. S has to be an increasing function of F. For
any thermal or non-thermal system, the convexity of an entropy function establishes
that p stands for mixed states; otherwise, p describes a system in a pure state.

2.3 Gibbs ensembles

This section is devoted to finding solutions of Eq. (2.10) for the case of thermal
equilibrium, such that

[va] =0.

Then a solution for this equation is of the type p = p(H, C), where C is any set of
constants of motion. To find p, we have to recall that the prescription linking micro
physics to thermodynamics is that entropy is a functional of p(t) given by Eq. (2.2),

Slpl = —kpTr(pln p); (2.12)
in addition the equilibrium condition is characterized by the second law,
dS[p] = 0. (2.13)

Then p can be calculated from the extremum of the functional S under some con-
straints, as for instance the normalization of p, that is, Trp = 1. Different sets of
constraints give rise to different ensembles.

2.3.1 Micro-canonical ensemble
We consider a constraint, the normalization condition for p, given by
o1 =Trp—1=0. (2.14)

Then the variational principle is implemented by using the notion of Lagrange
multipliers, i.e. the variation of the functional S[p] is written as

0(S+a1¢1) =0,
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where a; is the Lagrange multiplier independent of p and associated with the con-
straint ¢;. Explicitly, we obtain,

0(=kpTr(plnp) + arTrp — 1) = Tr[—kplnp — kg + a1]dp = 0.
Since dp is arbitrary, this results in
—kglnp —kp+a; =0. (2.15)

We have then two unknown quantities, p and a1, and two equations, Eqgs. (2.14)
and (2.15), providing a solvable algebraic system. From Eq. (2.15), p can be written
as

Using Eq. (2.14), we obtain
Trp = exp(ﬂ —1)Trl
kp

= exp(ﬂ -1DHN =1
kp
where N = exp(1 — 7:1) is the total number of states of the ensemble. Hence

1
p= N
expressing the fact that each representative state of the ensemble has the same
probability; or all ¥ are equal in Eq. (2.6). This is the so-called micro-canonical
ensemble, or ensemble where each state has a priori equal probability.

2.3.2 Canonical ensemble

The canonical ensemble is derived by assuming the following set of constraints
¢r=Trp—-1=0, (2.16)
¢o =Tr(Hp) — (H) = 0. (2.17)

The constraint ¢, as before, expresses the normalization condition for p, whilst

@2 assures that the (thermal) internal energy, which is given by F = (H), is a

constant, that is, ' is explicitly a function of thermal variables, but not a function

of p. Using ¢1 and ¢2, Eq. (2.13) is written with two Lagrange multipliers, «; and
o associated to ¢1 and ¢, respectively, that is

(S + ar1¢1 + agpe) = 0Tr[—kpplnp + ar(p — 1) + ax(Hp — E)]
=Tr[—kplnp—kp+ a1 + asH]dp = 0.

Since §p is arbitrary, we obtain

—kplnp —kp+ a1 +asH = 0. (2.18)
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With the two constraint equations for ¢; and ¢2, p can be calculated. Multi-
plying Eq. (2.18) by p, taking the trace and using the definition for ¢; and ¢, we
have

1 —k
SR e S ) (2.19)
(65) (65
This equation is, by construction, a thermodynamic linear relation between S and
E. Tt is the Legendre transformation of F in its dependence on S, giving rise to, as

in Chapter 1, to the Helmholtz free energy,

F=E-TS. (2.20)
Comparing Eq. (2.19) with Eq. (2.20), we find that 1/ay = T,
pofEmo g (2.21)
s

where we have used a new parametrization for a;,
InZ = (kB — al)/kB.
But Z can be expressed by the condition ¢, writing from Eq. (2.18)

—kp + oy —-H
p = exp( . )exp(kBT)-

Using the normalization condition for p, we get
k‘B — (X1
kg

where 8 = 1/kpT. The function Z is called the partition function, and describes
the sum of states, each of which is weighted by exp(—GH). Finally

exp( ) = Z = Trlexp(—pH)],

p= %exp(—ﬁH). (2.22)

This form of p is the density matrix for a canonical ensemble.

2.3.3 Grand-canonical ensemble

The grand-canonical ensemble can be derived with the constraints ¢1, @2 given re-
spectively in Eqgs. (2.16) and (2.17), and the constraint,

¢3 = Tr(Np) — (N) =0,

expressing explicitly that the number of particles can fluctuate.
Using ¢1, ¢2 and ¢3, Eq. (2.13) can be calculated with three respective Lagrange
multipliers, a1, as and ag, that is
8(S + argn + azde + azps) = Trd[—kpplnp + ar(p — 1)
+az(Hp — E) + as(Np — (N))]
=Tr[—kplnp—kp+ a1 +axH + azN]ép = 0.
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Since §p is arbitrary, we obtain
—kplnp —kp + a1 +asH +a3N =0.
Proceeding as before, using the constraint equations and the grand thermody-
namical potential, the expression for p in the grand-canonical ensemble is

p= 5 expl-B(H — V),

where g is the chemical potential, that is the Lagrange multiplier associated with
P3.

Other constraints can be imposed on the variation of S, resulting in generalized
ensembles. For instance, we can introduce

¢4 = Tr(Pp) — (P) =0,

where (P) is a constant macroscopic momentum of the system. This type of en-
semble is appropriate to treat steady states; and the density matrix is given in the
form

p = expl-B(H — N — vP)], (2.23)

where v, the Lagrange multiplier associated with ¢4, is a macroscopic “force” con-
trolling the momentum flow to the system. This density matrix describes typical
cases in which the kinematical transformation of frames have to be addressed. (For
a discussion of generalized ensembles see references in [11].)

2.3.4 Equivalence among the ensembles

Using the Boltzmann entropy, as a functional of the density matrix, we have found
different expressions for p that, in principle, are appropriate to describe the thermal
equilibrium using the average of operators like (4) = Tr(pA). Of course, different
results emerge by the use of different formulas for p in different Gibbs-ensembles.
But this is not consistent with the physical situation of thermal equilibrium. We
expect equivalence among ensembles in a general situation. This equivalence is
achieved in the thermodynamic limit, the T-limit, defined as

lim — =n
NV50o V 0

where ng is a constant finite particle density. This limit expresses the physical result
that a macroscopic body, composed of a large number of particles (~ 1023) in a very
large volume compared to the volume of each particle, has a finite density, ng. One
consequence of the T-limit is the equivalence of the ensembles. Let us discuss this
fact in a heuristic way.

Consider a gas in a box of volume V,. We can describe the gas by the micro-
canonical ensemble, by calculating the thermal average of an observable described
by an operator A; that is we calculate (A)microcanon- On the other hand, consider a
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volume Vj, of gas within the original box, V, > V4. In the case of the volume V;,, we
can use the canonical ensemble to perform the average, i.e. (A)canon. We expect
that (A)microcanon = (A)canon only in the T-limit, when V,, V, — co.

Another important consequence of the T-limit is the appearance of phase tran-
sitions. We may understand this, if we consider, for instance, the canonical ensem-
ble. In this case we have to use p ~ exp(—fH), an analytical operator function, to
proceed with the thermal average. However, phase transition phenomena is char-
acterized by the loss of analyticity of some thermal functions. That can be reached
in some cases only in the T-limit.

In the following chapters other aspects about the nature of the Gibbs ensemble
are discussed. Now we turn to a study of the Wigner function formalism, within
quantum mechanics, leading to a consideration of quantum kinetic theory.

2.4 Wigner function formalism

The starting point of statistical mechanics is the Liouville-von Neumann equation,
as given in Eq. (2.10). By a Fourier-like transform the Liouville-von Neumann
equation may be expressed in phase space. This method was first presented by
Wigner [12] in order to study problems in quantum kinetic theory. Since then, the
usefulness of Wigner function has been established in a variety of fields. In this
section we set forth definitions and properties of Wigner function, developing the
approach in one dimension for simplicity. For further developments see for instance
Refs. [12-20].

The matrix elements of p corresponding to a given state of a quantum system,
in the coordinate space, are written as p(q,q’) = {(q|p|¢’). Introducing the linear
transformation

1
g — =
¢ = 4= 3
! +1v
. <
q ¢+ 359,

the Wigner function is defined by
1 7 1 1
. -3 2.24
fwlgp,t) = 5— ep<hpv> <q 5v p(t)‘q+ v>dv (2.24)

Let us analyze fi (g, p,t) exploring its physical content and its time evolution equa-
tion, using the phase-space version of Eq. (2.10). For simplicity, the Wigner function
is assumed to be associated with a pure state, p = |1) (1|, although the results may
be generalized to a mixed state.

The first property to be observed is that fy is real but not positive definite.
Consider two Wigner functions, fé;,p ) and fov (#)
states [¢) and |¢); then

(W | $)|* = Zﬂﬁ/fw) a0, 0, 0) 152 (4, p, )dgdp. (2.25)

, respectively associated with the pure
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The left-hand side is a positive definite number or zero. We can infer that
‘g;f )(q,p, t) and f‘%’)(q,p, t), being two independent and arbitrary functions, have
also to be real. Considering that Lw and |¢) are two orthogonal states, i.e.
(¥ | ¢) = 0, in the general case fé;f and fv({f) cannot be positive definite func-
tions. In this sense, the Wigner function fy cannot be interpreted as a probability

distribution in phase space, despite the fact that it is normalized, that is
/fw(%p)dqdp =1, (2.26)

a consequence of Trp = 1. This result implies a normalization factor, (27h) !, in
Eq. (2.24).
Compatible with this normalization, and useful for practical proposes, we have

[ (q)|” =/fw(q7p)dp7

and
W(p)|* = /fw(q,p)dq,

where [1(q)|* and |1(p)|? are, respectively, the distribution of probability in the
space and momentum space. Based on this result, fy (q,p) is called a quasi-
distribution of probability.

Since the average (A) = Tr(pA) is independent of representation, an operator A
can be represented in phase space as

i 1
Aw(q,p,t) = /eXp (ﬁpv) <q —5Y

(A) = Tr(pA) = / Aw(@,p.8) fov (¢, p)dadp.

At this point it is interesting to note that there is another way to represent an
operator in phase space. Using the identities [ |¢) (¢/dg = 1 and [ |p) (p|dp = 1,
an operator A we can written as

A= / ") (d" 1 9") | AlD) ' | ) () dpldp"dg'da". (2.28)

With the change of variables,

A ‘q + %v> dv, (2.27)

such that

2p=p' +p", 2¢=4¢+4",
u:pll_p/ U:qll_ql
Eq. (2.28) becomes
A= /Aw(q,p)A(q,p)dqdp, (2.29)

where

dv. (2.30)

1 i 1 1
Alg,p) = 5.7 | exp (gpv) ‘q + §v> <q —5v
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The operator A(q, p) is Hermitian, implying that if A is Hermitian, then Ay is real.
Using Eq. (2.29), the phase-space representation of a product of two operators
A and B is written as

(4B (0) = Awlap)exp (A ) Buvla ) (2.31)

where A is the Groenewold operator given by

—— =
o 0 g 0

_90 09 2.32
dqdp Opdq (2:32)
Defining the Moyal (or star) product by
h(9 9 9o
i
A(q,p) x B(q,p) = A(q,p) exp lg <8_q8_p - 8_p8_q>] B(q,p), (2.33)

where A(q,p) and B(q,p) are two arbitrary functions in phase space, Eq. (2.31) is
written as

The Moyal product is a mapping taking operators acting in the Hilbert space
of functions defined in phase space; that is, for operators A, B, C, D and a complex
constant A\, we have

* (AB + )\CD) — (AB + )\CD)W = Aw *x By + A\Cyw * Dyy.

This result is important to map equations among operators in the usual Hilbert
space to the equivalent relations in phase space. For the case of the Liouville-von
Neumann equation, Eq. (2.10), we obtain

iﬁ%fw(q,n t) = Hw(q,p,t) * fw(q,p,t) — fw(q,p,t) x Hw(q,p,t)

where

{A(q,p), B(q,p)} s = Alq, p) * B(q,p) — B(q,p) * A(q,p), (2.36)

The quantity {A(q,p), B(q,p)}a is called the Moyal bracket, which can also be
written, by expanding the exponential in the definition of the star product, as
2 (o9 a0
A I 7B ) :_A ) i a a . a. a _a_ B 5 . 237
{A(a,), Blg:p)}ar = 7 Alg, p) sin [2 (aqap apaqﬂ (¢,p) (2.37)

An immediate consequence of Wigner function formalism is in the analysis of
the classical limit, where i can be considered very small. Up to the first order, we

i ih  ihf(o0 90
. 1 1 1

write
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Therefore, we find

ofw _ OHw Ofw  OHw Ofw _

where {-, -} is the classical Poisson bracket; and Eq. (2.39) is the Liouville equation,
the starting point of the classical statistical mechanics and the kinetic theory.

It is to be noted that Hy is the phase space representation of the Hamiltonian
operator, which is equal to the classical Hamiltonian for a broad class of systems, but
not in general. This is a consequence of a property of the phase space representation
establishing that, for an operator function of momentum, say A(P), the Wigner
approach leads to Ay (P) = A(p), where A(p) is a function in phase space depending
only on p, with the same functional form as the operator A(P). The same is true
for a function of the position only. As an example, it is the case for the Hamiltonian
in the form

P2
H(Q,P) =5 +V(Q),
since V(Q) — V(Q)w = V(q) and P? — (P?)w = p?. Then H(Q, P)w = H(q,p)
is the classical Hamiltonian. Nevertheless this is not valid in general; and a counter
example is the case of a potential depending on position and momentum.

In addition, for a quadratic potential, V(Q) = a + bQ + cQ?, Eq. (2.35) reduces
to Eq. (2.39) but we still have fy (g, p) describing a quantum harmonic oscillator.
This is so since the content of the Liouville equation for such a potential is of a drift
in phase space in the presence of an external field; a result that can be explicitly
expressed by

0
% ={Hw, fw}

po

anfw-

0
=(b+ QCQ)a—hW -

This is an expected result for both classical and quantum systems. Therefore, in
the analysis of the classical limit using the Wigner representation, we have to be
careful with the state of the quantum system, described by fw (g, p). Due to these
properties regarding the classical limit, despite the fact that fu (g,p) is only a
quasi-probability, Eq. (2.35) is the natural candidate to be the starting point of the
quantum kinetic theory.

In this brief summary of some aspects of the statistical mechanics we have
stressed the variation method to construct ensembles and the Wigner representa-
tion. The first aspect will be used in Chapter 14 to construct maximally entangled
states for boson and fermion bipartite systems, while the Wigner representation will
be important in the discussion of open systems.



Chapter 3

Partition Function and Path Integral

The central goal of this chapter is to show that the partition function can be used
to introduce the notion of generating functional, an important tool to carry out
calculations in quantum systems, giving rise to powerful perturbative methods. This
fact opens doors to bring thermodynamics to the realm of quantum field theory.

The concept of path integral was first presented by Wiener [21, 22], in the con-
text of stochastic problems. Feynman [23, 24], based on a generalization of Dirac’s
work [25], developed the idea of path integral as a general scheme for quantization.
The concept of generating functional was introduced by Heisenberg and Euler [26];
and Schwinger [27] used such a notion with the path integral formalism, propos-
ing a theory of particles and sources. It was also Schwinger [28] who, intending
to describe fermions through a path integral formalism, introduced the Grassmann
numbers in physics.

The importance of path integral for contemporary physics, in spite of the re-
maining difficulties, is immeasurable. Here we present an outline for using the
generating functional method, with its extension to quantum fields at zero tem-
perature [29-33]. The effect of temperature will be analyzed in a later chapter.

3.1 Partition function and the propagator

The statistical average of an observable A, as stated in Chapter 2, in the canonical
ensemble is given by

(A) = Trlp(B)A] = ——Trle ™ 4],

1
Z(P)
where the partition function is

Z(B) = Tr(e PH), (3.1)

B = 1/T is the inverse of temperature (we take kg = 1 everywhere), and H is the
Hamiltonian. The primary role played by the partition function is to work as a sum
of states, supplying the normalization of p.

39
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The partition function provides also a way for calculating the ground state en-
ergy at zero temperature. For a basis in which the Hamiltonian is diagonal we
have

o0

L ) S (0] e e Hn
<H>_Z(ﬂ)T H Z(ﬂ)n:0< | H| >
1 e %) s
= 70) [eoe Beo 4 E ene P ] (3.2)

n=1
Considering 8 = 1/T — oo (equivalent to taking T — 0), the leading term in
Eq. (3.2) is just the ground state energy.
Some basic quantities such as free energy, pressure and entropy are calculated
directly from Z. Indeed, from the definition of the internal energy, we have
0
Tr(e PP H) = 35 In Z(p). (3.3)

1
H =
=z
The Helmholtz free energy reads
1
F=—-=InZ(3),
3 (8)

which is consistent with the entropy given by

1, 1,0
S=F+pE=0g55F

_ _52% (%mz@) .

The pressure is then written as

0 10
P=—av" = 5av
Another important result regarding the nature of the canonical (or even the
grand canonical) ensemble is the Kubo-Martin-Schwinger (KMS) [34, 35] conditions
stating that the statistical average of an operator in the Heisenberg picture, say
Ap(t) = e " A(0)eH | is periodic in time with a period i3 (the subscript “H” in
Ap(t) stands for the Heiserberg picture). This result can be proved directly from
the statistical average:

(A () = THo(B) A = 5
L i g it
OB A

1 _ 1 :
— Z(B)Tr [e " A (t —iB)] = (Au(t —ip)).

The change in the argument of Ay, ¢t — ¢t —if is called a Wick rotation of the time
axis.

In Z(3).

Tr [e PP A(t)]
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Let us investigate the consequence of the KMS condition for the partition func-
tion. For that, take the trace in Eq. (3 1) using the position representation; i.e.

2(9) = Tee 1 = [ dg gle™*"g). (3.4)
Defining
Zba = <Qb|eiﬁH|qa>7 (35)
we find

Now examine the meaning of the quantity Z,;. For this purpose, introduce a Wick
rotation, defined by the identification

08— i(tb — ta),
such that

Zya = (@le ™ |qa) = (gole™ " |g,) = (quty|qata), (3.6)
where

|data) = €""lga) , lavts) = e |av).
The set of states |q t) = e¥|g) form a complete basis, with the completeness
relation

/dq|q><q| = /dqlq g tl=1.

Such a basis may be used to build a Schrédinger-picture state |¢(¢)), in the position
representation, from a state in the Heisenberg picture |¢) . In fact, since

[¥()) = e " [(0)) = ™" [¥)m,

we have

U(g,t) = (qlv(t)) = (q t|)m
This result shows the physical content of Eq. (3.6), i.e. Zps = {(qvts|qats) is a tran-
sition amplitude from |g,t,) to |gyts)-
The function Zy, is called the propagator, for considering an arbitrary amplitude
at a time tq, ¥(qa,ta) = (¢a ta|t), and using the completeness relation, we obtain

<Qb tb|1/)> = /an<thb|Qa ta><Qa ta|1/)>
:/anZba¢(Qa;ta)-

In this expression Z3, describes how the state |1(t)) evolves from |¢) at ¢, and g,
to |[¢) at t, and ¢,. With ¢, > t, we insure causality. The fundamental quantity
here is then the propagator Zp,. With this understanding for Zj,, we find that Z,,
is the propagator in a closed-time interval. In the case of the partition function, we
have then a Wick rotation, with period 3.

The results presented above show a close association of Z not only to the thermal
but also to the non-thermal quantities, demanding then a detailed analysis of Zp,.
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3.2 Path integral in quantum mechanics

In order to calculate the propagator Z,, we split the time interval from ¢, to ¢ in
n-point, resulting in n + 1-pieces of size dt; =t;11 —t;; j = 1,2,...,n, with n — oo,
and 0t — 0. At each point j, characterized by t; and ¢;, we use a completeness
relation [ dg;|q; t;){(g; t;| =1 in (gpts|qa ta), resulting in the expression

(@to|ga ta) = /dQ1---dqn<thb|qn tn)(@ntnldn-1tn—1)..(q1t1|qa ta)- (3.7)
The propagator in an arbitrary small interval d¢; results in
Zjv1, = (@j+1tj41lq5 t5)
= (gj1le™ g5 ) = (gj41[1 — idt;H|g; )
= 0(gj+1 — q;) — i6t;{qj+1|Hlg; ). (3.8)

For simplicity we consider one-dimensional one-particle system in a potential V' (g).

Then the Hamiltonian reads
~2

~ p ~

where §Gl¢; ) = gjl¢; ) and plp; ) = pj|p; ), with

eiqui

<Qj Ipi) =

)

V2T
and

(a514:) = (g, l/@eqﬂm (3.9)

Hence we obtain,
/\ 1 ) V p2
— d ipdq;
<qJ+1| |(IJ )= 27T/ e om’

(G+11V(@)g; ) = V(Qj)% /dpeipéqj

where d¢; = ¢j4+1 — ¢j, and Q; = (gj4+1 + g;)/2. Gathering together these results,
we get

1 .
(alHla;) = 5 [ dpe? s H(Q;.p).

Using the integral representation for the d-function, Eq. (3.9), we obtain from
Eq. (3.8),

. 1 inSas
Zjt1,; = alpe”"sqJ zétj%/dpe p‘quH(Qj,p)

o
%/dpe“"s’“[l —i6t; H(Qj, p)]
i/dpeiétj[:vﬁqj/&j—H(Qjap)]

1 / et — B V(@)
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Completing the square in the integration variable p, and using the Gaussian integral

o0
2
/ dge=o® Tbete _ exp <b— + c) \/g,
dac a
—o0

1/2
Zix15 = M / exp { 16t lmvz - V@)l -
T\ 2midt T2 !

Substituting this result in Eq. (3.7), and taking the limit n — oo, we obtain

we obtain

Zba = <qbtb|qa ta> = lim

n—oo

X/quj exp iZ5T Bmd?—V(Qj)} , (3.10)
j=1 §=0

where we have defined: é7 = 6t;, g» = ¢ny1 and g, = go. This limit leads to

()

Zba = (@blb]qa ta) = N/Dq etSar (3.11)

where N is a normalization factor,

Dqg = lim quj
7j=1

n—00 -

is the measure od integration and

ty
S = [ dt Liaa) (3.12)
ta
is the action defined by the Lagrangian
. 1 .2
L(g,q) = 5ma —V(a)- (3.13)

It is worth emphasizing that this derivation of Z;, expresses a sum (a functional
integration) over different trajectories of a classical system; and in turn a quantiza-
tion scheme is provided by using the classical action S,;. Such a procedure is called
the path integral formalism and can be generalized to quantum fields.

3.3 Classical fields

The action given in Eq. (3.12) is, in classical physics, the fundamental tool for
deriving equations of motion through an extremum principle. Indeed, assuming the
condition §S,, = 0, we obtain



44 Thermal Quantum Field Theory: Algebraic Aspects and Applications

ty ty

5Su — / dt 5L(q.q) = / dHL(q + 54,4+ 64) — L(q,0)
a ta

ty

oL oL .
= /dt(—dq +— 0q) =0, (3.14)
Jq oq
ta

where we define dq(t) = eo(t), with € being an infinitesimal quantity and o(t) is an
arbitrary but analytical function of ¢, such that

» dg(t) _

dq(t) = 0——= 6

i) = 6“5 = 5q(r).

Using this result in Eq. (3.14) and performing an integral by parts, we obtain

OL d OL
5Sus = /dta_q‘a 52 Ja=0,

where the fixed extremum condition, that is, dq(t,) = dq(t,) = 0, has been used.
Since dq(t) = ec(t) is an arbitrary quantity, we get the Euler-Lagrange equation,
d oL 0L
dt g g’

For L given in Eq. (3.13) we obtain the Newton’s second law: mq = —9V/dq.

This procedure can be generalized for an arbitrary number of parameters,
considering ¢(7) = q(7°,7%,....,7"), and L(q,0q) = L(q,00q, 1q,-..,0rq), where
O0nq = 0q/0T*. The action is written as

S = /drT L(q,0q), (3.15)

where £(gq, 9q) is the Lagrangian density. As before, assume the extremum condition
now defined by a hyper-surface ', d¢(7)|r = 0. From §5 = 0, we derive

oL oL
am = a=0,1,..r, (3.16)
where there is a sum over the repeated indices. If ¢, has more than one component,
then in Eq. (3.16) we have to replace ¢ by g;, where the subindex j = 1,2, ... stands
for the number of components of g.
A physical interpretation of this method is realized when we specify the nature
of the parameters 7 and the function ¢. For that, we assume that 7 is a 4-vector in

the Minkowski space-time (M3*1) with 7° = 20 = ct; 7! = 2!, 72 = 22, 73 = 23,

that is o = (20, 2!, 22, 2%). The metric tensor is given by
10 0 O
0-10 0
by
(") 00 -10 |’

00 0 -1
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such that g = g~1; with (g")~! = uv> Ty = Gur”, and x# = g"x,. The general-
ized canonical coordinate, g(x), is then a field, defining some quantity at a point z
of space-time. For a scalar field, instead of ¢, a Greek letter ¢(z) = ¢(¢,x) is used.
In this case, Eq. (3.16) reads
0.2k _ 9L (3.17)

0ag) 09
where « = 0,1,2,3. The Lagrangian density is specified by symmetry conditions,
imposing restrictions on the form of different models. For relativistic fields the
Lorentz invariance is the basic symmetry to be taken into account. This corresponds
to invariance under a set of linear transformations in M3*1 that preserves the scalar
product between vectors, x - y = g,,x”x”. Writing the linear transformation as

't = AP, 2,
the invariance of the scalar product requires the invariance of the metric, ATgA = g,
where AT is the transpose of the matriz A, with components given by
A, = 92

ox¥

Then we have det A = +1. For det A = 1 the Lorentz map is called the proper
Lorentz transformations, which is the group connected to the identity. For proper
infinitesimal transformations we write

't =zt ot
where w,, = gpuw*, is an anti-symmetric matrix. In this case, a finite Lorentz

transformation in an infinite-dimensional representation (i.e. acting on, for example,
analytical functions defined in M3*1) can be written as

A = explwp, M),
where M* are the generators of Lorentz transformations given by
M* =iq(zh0” — z¥ o).
Using this symmetry and requiring that the Lagrangian density be a real Lorentz
scalar, a variety of models can be proposed. A simple one, for a real scalar field, is

1 1
L= 5 W PO — §m2¢2 + Jo. (3.18)
Using the Euler-Lagrange equation, we derive
0a,0%¢ +m?¢ = J,
which is the Klein-Gordon equation describing a particle with a mass m, with a
source term, J.

We have then identified a general scheme to treat a classical field as a mechanical
system described by a Lagrangian. Our goal here is to extend the path integral
approach to various fields, and then to construct a quantum field theory. For this
purpose it is useful, first of all, to analyze the canonical quantization of fields,

based on the Dirac correspondence principle. The central ingredient to develop this
method is the Hamiltonian theory.
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3.4 Canonical quantization of scalar fields

In order to introduce the Hamiltonian formalism for a field theory, we define the
canonical momentum density in terms of the Lagrangian density by

m(r) = ———= = ¢(x).

(x) 9% ¢(x)
The Hamiltonian is defined by a generalization of the usual Legendre transformation
of the Lagrangian, that is,

i [ @i = [ Paina)dl) - £0,00) (3.19)

where d®z = daxldz?dx® = dx. For the Klein-Gordon field in the presence of a
source, J, the Hamiltonian density is

H(6,m) = 37 + 5(VO) + 2m? — Jo.

A quantum field theory is 1ntr0duced followmg the Dirac’s prescription for the
pair of canonical variables, that in the case of a real scalar field are ¢ and w. We
then demand that at a time ¢ the following commutation relations are fulfilled,

[¢(t,x),7(t,y)] = i6(x —y), (3.20)
[6(t,%),¢(t,y)] = [r(t,x),7(t, y)] = 0. (3.21)

The fields ¢ and 7w are now operators defined in a Hilbert space to be specified
(we keep the notation for the case of c-number functions for simplicity, since there
is no risk of confusion). The energy spectrum of the scalar field is analyzed by
introducing Fourier components. Thus the real scalar field, ¢(x), is written as

3
o(x) :/%2—;} (a(k)e*”” —I—aT(k)e“’”) (3.22)
and
. 3 . .
m(x) = ¢(x) = / %(—z) % (a(k)e—lkz _ aT(k)ezkm) :
such that from Egs. (3.20) and (3.21), we require
[a(k),al (k)] = (27)32kod (k — K'),

and all other commutation relations being zero. The four-vector k = (k°, k!,
k2, k3) = (ko, k) satisfies the mass-shell condition
kg =k* +m?>.

Here a(k) and af(k) are the annihilation and creation operators, respectively, for
particles with momentum k
In terms of operators a(k) and af(k), the Hamiltonian is

3
H= / ‘“2, kola! (K)a(k) + a(k)a’ (k)]
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Using the commutation relations, it can be shown that this Hamiltonian is defined
up to an infinite constant. The suppression of this is achieved by normal ordering,
which is defined by taking all creation operators to the left, keeping in mind the
sign from the commutation relations, in a product of basic operators. For instance,
: a(k)a’(k): = a’(k)a(k). The normal ordering is indicated by the colons. With
this ordering, the Hamiltonian is written as

3k
H= [ —=ko a'(k)a(k).
| o al(hyath

The vacuum (ground) state, |0), for a free field in the Minkowski space is defined
by (0|H|0) = 0. Requiring

a(k)|0) =0 and (0]0) =1,
a basis in this Hilbert space, called the Fock space, is built from vectors given by
[a® (k1)]"...[af (k)] ™(0).

Let us define, for a real field, the following function
Go(z —y) = —i{0|T[¢(x)(y)]|0),
where T' is the time ordering operator, such that Go(xz — y) can be written as
Go(z —y) = 0(2° —y°)G(z —y) +0(y° — 2")G(y — 2),

with the step function 0(x) defined by 6(x) = 1, for x > 1, 6(x) = 0, for x < 1,
and G(z —y) = —i{0]|¢(z)@(y)|0). Using Eq. (3.22), G(z — y) reads

Gz —vy) = |/ R 2w (p)e*“’w + aT(p)eim)

d3k 1 —iky CLT eiky
y / G (@) () 0

:/ Pk (=) _ik@—y)
(27‘(‘)3 2wy, ’

and then

[Pk 1 o
Golw =) = i [ g lfla® —y)e ")

+0(y° — 20)eir (@’ v ik (=),

Using Cauchy theorem, the #-functions in these expressions can be written as

e—po(z°—y°) )
/d = —2772'6_””’“@0_3’0)9(3:0 — 949,
po — (wy, —ig)

e~po(a’—y°) ; 0_,0
—— ¥ P L C L T Y ,
/ P po — (—wy +ig) W )
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with infinitesimal € resulting in

N R ST
Go(m—y):(—Z)/WTkOe k@—y)

-1 1
X — + -
[ko — (wg —ie) ko — (—wg + i€)
_/L efik(xiy)
= d*k . 2
(2m)4 / k% —m? +ie (3:23)

Then Go(x — y) is the Green’s function for the inhomogeneous Klein-Gordon equa-
tion with a point source

(O+mH)Go(x —y) = —id(z —y), (3.24)

where O = 0,0% = 9y0° — V.
For m = 0, using the integrals

2 1 /1 , i

— dre™ ¢ = =/ —, dze'™® = —|

2w 2V ma a
—00 0

the Green’s function for a scalar particle takes the simple form
i 1

Go(z —y) = (2m)% (x —y)? +ie

(3.25)

3.5 Path integral for a scalar field

In this section we generalize Eq. (3.11) to a scalar field, using S given in Eq. (3.15)
and the Lagrangian in Eq. (3.18), resulting in

ZolJ] :N/Dqﬁeisf”’ :N/Dqs exp{i/d4x Baaa;a%;— %m2¢2 +J¢]}

:N/Dqs exp{—z‘/d‘lx[%qu +m?)p — qu]}, (3.26)

where we have used the index 0 in Zy[J] to indicate free fields. To handle this
expression, we develop some elements of the functional integration.
The product of r Gaussian integrals is given by

(2m)r/?

T 9
1/2
a;
=1

/e*alw%/267‘12w§/2 e 20w, = (3.27)

where a; > 0, for i = 1,...,r. Defining
ai --- O w1
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(w, Aw) Z wiAjjw; = Zaiwf (3.28)
ij=1 i=1
and Eq. (3.27) reads
1
—(wAw)/2q,, — ___ — 3.29
/e YT et A) 172 (3:29)

where the measure of the integral is given by dw = dw; - - - dw,./(2m)"/2.
Let us go further by analyzing integrals of the type [ dwexp(—f(w)), where

Flw) = %(w,Aw) + (W) + e, (3.30)

with b and ¢ being r-component vectors. The minimum of f(w) is calculated by

T

dfzzlg—ujldwl: Z wiAij+ZCi:O,

i,j=1 i=1

that has the solution w® = —A~!b. Then Eq. (3.30) is written as

Flw) = Fu®) + X

§(w —w?, A(w —w)),
and from Eq. (3.29) we have

—[(w,Aw)/2+(byw)+e] g, _ (bA )2 L
/e dw=e (et A)12°

Taking the continuum limit, we write w; — w(x); A;; — A(z,y) such that

(Aw); = ZwZA” — (Ab)( /A x,y)b(y)dy,

=1

T

(w, Aw) = wlA”wJ — / (y)dzdy
1

i,j=

/dw...z/dwl---dwr/(27r)r/2—>/Dw(a:)

These results are generalized to more than one parameter, such that x can be taken
as a four-vector. Therefore Eq. (3.26) by identifying: w(z) = ¢(z); A =i(O0+m?);
b= —1iJ; ¢ =0, becomes,

and

Zo|J] = N exp [%/J(x)(lj + mQ)_lJ(y)d4xd4y] [deti(d4m?)]Y2,  (3.31)
where

[deti(0 +m?)]"/2 = /D¢ eXp{—Z/d4 o0 +m )fb]}
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This factor can be incorporated in the normalization factor A/. In addition, using
the notation above, Eq. (3.24) is written in an operator form as

Go(z —y) = —(O+m?)~
Then Eq. (3.31) reads

ZolJ) = N exp [; [ I@Gate — I wiatad'y

Here J is arbitrary. This fact is used to take Zy[J] as a generating functional for
the propagator. This is achieved by taking functional derivatives.

A functional Fw(x)] is a mapping of analytical functions in the real field. The
derivative of Flw(z)] with respect to w(y) is defined as a generalization of the
ordinary derivative of functions, by

Pt — ti L Flufa) + (e — )] - Flo(e)]).

Let us test the consistency of such a definition using two examples.

Consider
x)] = /H(x,y)w x)dx

where H(z,y) is a given arbitrary function. Then we have

Bt = ot [ Hetota) + <ot otz = [ He oo

= /H(x, y)ed(x — z)dx = H(z,y).
Now take
Flu] = Plw(z)] = exp[/H(m,y)w(x)dx].

In this case we have

gﬂ )] =i {eXP [/H 2, y)[w(z) +ed(z - 2)] 4 —exp {/H(x,y)w(x)dx]}
= H(z,y)exp {/H(a:,y)w(x)dx} = H(z,y)F[w].

These results can be applied to calculate the derivatives of Zy[J] with respect to J,
involving now a double integral:

KZTO([ZJ)] _ {'/\?/ exp [_72 /[J(a:) +ed(z — 2)]Go(x — y)[J(y) +d(y — Z)]d4xd4y]

5 [ @Gt - y)J(y)d4xd4y] }H)
= {%Z / J(2)Go(z — y)d(y — 2)d*zd*y

o]
— —exp
€
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5 [ 3 = (e~ Iwated's] 2l

= —i/J(x)Go(x — 2)d*x Zy[J)

and

52 Zo1J]

E@ﬁmﬁ:”%@—”%M+@ﬂﬂ/ﬂm%m—mm}%m,

From these expressions, Zy[.J] is considered a generating functional for Go(z—z’)
if we define the normalization constant as A/ = 1, such that, Zy[J = 0] = 1; then
we find

82 Zo[J]

WL}:O =1iGo(z — 2') = (0|T[d(2)9(z)]|0).

3.6 Canonical quantization of the Dirac field

The Klein-Gordon equation expresses the mass-shell condition, since it is written
in the momentum representation as (p? — m?)¢(z) = 0, which implies p? = m?2. As
a result of the Lorentz invariance, the Lagrangian is a scalar. These facts are used
to search for other Lorentz invariant equations. Let us assume a Lorentz invariant
form iy*0,. Then we compose the equation

"0y (x) = k(). (3.32)

The meaning of the 4-vector v* and the constant k are determined by requiring
consistency of this equation with the mass-shell condition. Multiplying Eq. (3.32)
by iv*0,, we get

—("0u)*Y(x) = k in" (),
or
(V4" 9,,0, + k*)(x) = 0.

Since 0,0, is symmetric, only the symmetric part of v#~", i.e. %{7“,7"}, gives a
non-null contribution

1 v
(5177 10,0, + K)u(e) =0,
where
{77 ="y
Consistency with the mass-shell condition is obtained by identifying

(") =29 (3.33)
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and vy, k" = m. Thus we obtain the Dirac equation
(iv*0,, —m)y(z) = 0. (3.34)

To study this equation, representations of Eq. (3.33), establishing a Clifford algebra,
have to be presented. An irreducible representation of v* is given in terms of the
following 4 x 4 matrices,

0171 0 ot 0 o2 0 o3
0 _ 1_ 2 _ 3 _
P=(70) (%) = (%) = (50)
where
(10 1 (01 o (0 —t 3 (10
=(o1): 7=(00) 7= (00) #=(a5)

In this case ¥(x) is a 4-component object called the Dirac spinor.
To obtain a similar equation in the dual space, the adjoint spinor is defined by

U(x) =o' (2))",

and the adjoint Dirac equation is given by

D(2) (7D +m) =0. (3.35)

To assure the invariance of Eqgs. (3.34) and (3.35) under the Lorentz transformation,
specified by z/# = A¥,z¥, we take

W) = S(A)Y (),

where
S(A) =exp (_Zlam,w‘“’) ,

with w#” being an antisymmetric tensor determining the 6 parameters of the Lorentz
transformation and

:3 v

2

Each Dirac matrix is transformed as
S(AHSTHA) = (A0

and from Eq. (3.35), ¥(z) is transformed as ¥ (z') = P(2)S~L(A).

In order to introduce Lorentz invariant terms that take into account interactions,
it is interesting at this point to evaluate the different ways that a bilinear form of
the type (z)F(y)¥(z) is transformed by a Lorentz transformation, where F(v)
is some function of y-matrices. For instance, for F(y) = 1, it is easy to find that
(x)(z) is a Lorentz scalar. In general we have

ot Y] = s (7 =),

N | .
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with a basic set of combinations that have different properties under the transfor-
mation. These are

3 (@) (@) = Py scalar
E (2" )y’ (o ) = E(l“)’yl%ﬁ(l“) vector
(ic’)ai“’@/} () = AV cp(x)orSep(z)  antisymmetic tensor
U ()Y (2') = ( Y(2)75(z) pseudo — scalar
(2 )Py (2) = det(A)AM,P(x)75 v p(x)  pseudo — vector

where

satisfying the properties
{(".2°r =0, (*)?=1.
The Lagrangian density for the Dirac field is given by

L= ST i 0 9(w) — mp(a)i(e),
where

@)y i 0 P(x) = i(x)y*Oub(x) — i0up(z)y" ().
The canonical field momentum densities are derived from the Lagrangian density,

m(x za.—czi Tz

) = 35 = @)

@)= 25— i),
()

and the Hamiltonian density reads

H = n(z)(z) + 7 (2)d(z) — L. (3.36)
The quantization is introduced by equal-time anti-commutation relations,
{(t,x),m(t,y)} =id(x —y), (3.37)
{m(t,x),m(t,y)} = {¥(t,x),¥(t,y)} =0. (3.38)
Equal-time anti-commutation relations are needed to introduce a positive definite
Hamiltonian in the theory.

A general solution of the free Dirac equation is written in terms of plane waves,
a Fourier basis, and a basis for the spinor, i.e.,

3L m 2 )
(z) = / %k— Do R+ (o ) (3.39)

and

2
P(z) = / @k kﬁ D L (k) a™ (k)™ + dy (k)o™ (k)e =], (3.40)
A=1
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where byx(k) (dx(k)) and bl(k) (d;(k)) are annihilation and creation operators
for particles (antiparticles), with momentum k, respectively, and satisfy the anti-
commutation relations:

{ba(k),bE(K')} = {da(k),d}(K")} = (2m)

All the other anti-commutation relations are zero.
The spinor basis in Egs. (3.39) and (3.40) is given by

3 ko

m

S(k — K)oxe.

1 1
W 0 @) 0
u' (k) = A(ko;m) K3 , u (k)= Alkoym) | p_az |, (3.41)
k10+.m2 k0+gn
k_+ik —k
ko+m ko+m
K k' —ik?
k1°+.m2 k0+ﬂ%
k_+ik —k
v (k) = A(ko;m) ko{m , V@ (k) = A(ko;m) koo+m . (3.42)
0 1

with A(ko;m) =/ (ko +m)/2, and
7 (k) = uf O (k)y% TV (k) = o' (k).
These spinors satisfy the orthonormalization conditions
a™ (k) u® (k) = dxe,

and the projection operators are

2
3w (k) (k) = wj
=1

: ) (1A y-k—m

;U( ) (koW (k) = o

These results can be obtained by analyzing the free Dirac equation in momentum
space.

Now the Hamiltonian is obtained. Here the normal ordering, respecting the
sign of the anti-commutation relations, is used changing the sign for each change of
operator order; for instance, : b,\(k)bg(k’) D= —bg(k/)bA(k'). Then from Eq. (3.36)
we get

H=: /d%H(x) :

Bk 2
- / @3 " > BN (k)oA (k) + db (k)da ().

A=1
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The charge is calculated from the charge density operator jo = : ¥ (x)y(x) :, result-
ing in

Q= / Bz @) (z)

/ Bk m & ; )
ALY Z[bA(k)bA(k) —d)\(k)dx (k)] .

The vacuum is defined by
bA(k)[0) = dx(k)|0) = 0.

Since [by(k)]? = [dx(k)]? = 0, there are only states with 0 or 1 particle or antipar-
ticle, respectively, with the same momentum k and the same spin label A. One
particle states are introduced by b;(k)|0> and dJ; (k)|0).

The propagator is given as

S(x —y) = —i{0|T[1(x)¢(y)]]0)
B d*k Cik(a—y) V" k+m
- / (2m)i° K2 —m2 + ic
= (iv- 0+ m)Go(z — y),

where Go(x — y) is given by Eq. (3.23).

3.7 Path integral for the Dirac field

In order to construct a generating functional for the Dirac field a crucial observation
has to be made: the Dirac field satisfies anti-commutation relations. The nature
of a generating functional is to work with c-number functions instead of operators.
Then we have to be careful in the case of fermions, due to the anti-commuting
property. This difficulty is overcome with the use of Grassmann numbers.

A set of Grassmann numbers is denoted by G = {a,n,%,...}; a one-mode
fermion operator is described by the algebra {a,a’} = 1; complex number will be
denoted by c¢. The Grassmann variables are characterized by the following proper-
ties:

an = —na,
a(n + cx) = an + cox.
Concerning the operators a and af we have
t

aaq = —aq, OéCl'r = —a C.

The complex conjugation of Grassmann variable is defined by an anti-linear mapping
fulfilling the property,

(4 cana’x*)T = a* + yan*a'c*.
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The Grassmann variables o and o are considered independent of each other. When
a = a*, a is a real Grassmann variable.
An arbitrary function f(«) of a Grassmann variable is of the form

f(O[) :f0+.flav

where fy and f; are complex numbers. This is indeed like that, since a? = 0. The

integration is defined by
/adazl, /ala:O7

where the symbol [ is linear. From this result we have

/f(a)daz/(fo+f1a)da:f1

This definition for integration is equivalent to a right-side derivative, defined by the
linear operation

o) _

O '

This integration is also enough to define in a consistent way a d-function. Indeed,

a 0-function of the Grassmann variables, d(a — 7), is defined by

/ 5o — 1) f(a)da = f(n).

Then §(ow — 1) = o — 7, which is no longer an even function.
The scalar product involving two Grassmann functions f(«) and g(«) is defined
by

(.9) = [ F*(@gla)e *da,
where f*(a) = fi + fio. A basis is given by ¢g =1 and 1 = o, such that

((Pna Spm) = 6nma

a’po = 1, a1 =0,
o0 o
a0 T o P T YO

This provides a representation for the operators a = ag* and af = o*.

Consider a normal-ordered general operator written as

: A(a, CLT)I = Ago + .A(nClT + Agra + AllaTa,

with A, € C, m,n = 0,1 In terms of Grassmann variables two functions can be
defined and associated with : A(a,a’) :. The first is the normal ordering symbol
and the other is the kernel, given respectively by

.A(OZ,OZ*) = Z Anm(a*)n(a)mv

m,n=0,1

A(O{7OZ*) = Z Anm(a*)n(a)7n7

m,n=0,1
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where A, = (¢n, Apm) is the matrix element of the operator A in the Grassmann
basis. The relation between A(«, a*) and A(a, o) is

Aa, a*) = e “ Ao, ),

and the representation of the normal-ordered product of two operators A; Ay in the
normal order is given by

A1 Ay (o, 0f) = /Al(a*a A (n*, )™ " dy,
where we have used the relation
/(n*)"nme’”*”dn*dn = bum-
Another important result is
/e_"*A"dn*dn = det A.

An infinite-dimensional Grassmann function in the Minkowski space-time is de-
noted by n(z) and satisfies:

{n(z).n(w)} = 0; / n(@)dn(z) =1, / dn(z) =

on(x)
on(y)

and

S — 3 () ~ ()l — =)

These results give rise to a definition of the functional derivative.
Let us write the Lagrangian for the Dirac field as

L= %@(@7 <0y () — mp(2)Y(x) + () (z) + P(2)n(z),

where 7(z) and 7j(z) are the sources for the independent fields +(x) and (),
respectively. The generating functional for the fermion field is defined by

Zoln. T = N / DDV expli / dz 7,4},

where

f0, 9] = ¥(@)(iv - 0 = m)v(z) +Tj(2)(x) + 9 (@)n(z)
= —7j(x)(iy - 0 —m)~'n(x)
+(W(2) = Do () (17 - = m)(P(x) — Yo(x)).
The functional Zy[n, 7] reads

Zoln. ] = exp {—z' [ dstataysie - y>n<x>} N det(~i5~),
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where
S(x —y) = (iv- 9+ m)Go(z — y).
The normalized functional is defined by Z([n, 7j]y=0,7—0 = 1, such that

Zaln7] = exp {1 [ aeli@s(e vyt }.

As a result we obtain
6% Zo[n,7)
on(x)om(y)
These results provides a practical tool for calculations, that can be generalized to
more intricate interactions.

=0 = 15(x —y) = (0|T[p(x)o(y)]|0).

The path integral formalism and generating functionals will be the fundamental
tools to construct quantum theories for boson, fermion and gauge fields both at zero
and finite temperature. Given a specific interaction, perturbative series for physical
quantities are obtained. In the following chapter the generating function will lead
to the Green function to be used to calculate the scattering amplitudes. Methods
for working at finite temperature will be elaborated in Chapter 8.



Chapter 4

Zero Temperature Interacting Fields

We generalize here the notion of generating functional developed in the previous
Chapter to treat interacting fields [30-33, 36-39]. Initially the basic elements are
developed for the A¢*-theory. Subsequently fermions and gauge fields are consid-
ered.

4.1 Generating functional for bosons

For a system of noninteracting bosons, the generating functional is given, up to a
normalization factor, by

Zy ~ / Dge'® = / D¢ expli / dzLo()] (4.1)

i
—exp( [ dudylJ(@)Gole ~ 1)) (12)
Considering the interacting Lagrangian density in the form
1 2
L(6:T) = L+ 6 = 50,0(x)0"6(x) = =" + L1(6) + To,

we define the generating functional as

Z[J) ~ /ch@is
_ / Déexpli / dwL(g;.])].

This functional satisfies the following equation

© +m2>;f§[(f) Lo (1%) 210) = J(x)Z1J);

Z17] = exp [z / Lo G%)] ZolJ].

The n-point Green function is written as,
1 0" Z|J]
in 0J(x1)0J (x2) -+ - 0J(xy)

with a solution

G(”)(xl,xg, ...,xn) =

J=0

59
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Let us study the specific example where
Lil9) = 50"
The 2-point and the 4-point functions to first-order in A are given respectively by
GO (21, 25) = Golwr — w2) — %M/deo(azl —2)Go(r — )Golw — ) (4.3)
and
G(4)(x1,x2,x3,m4) = Gg4) (x1,%9,%3,%4) — %i/\ (Go(xl — mz)/daj
xGo(rs — x)Go(x — x)Go(r — 4)
+Go(x3 — x4) / dzGo(z1 — 2)Go(z — )Go(x — x2)

+Golar — 3) / daGol(ws — 2)Golz — 2)Golx — w4)
+Golas — x2) / daGola1 — 2)Golz — 2)Gol — w3)
+Golz1 — 74) / dwGo(ws — )Go(x — 2)Co(z — 73)
+Golws — 73) / deGo(z1 — 2)Go(x — 2)Co(z — 74)
_in / doGo(wr — 2)Gols — 2)Co(ws — 2)Gola — )

where G((34) (z1,22,23,24) is the 4-point function for the free field theory,
Gé4)($1,$2,$3,$4) = (i)?[ Go(z1 — 22)Go(z3 — 24)
+Go(x1 — 23)Go(r2 — 14)
+G0($1 - $4)G0($2 - $3)] (44)

We may represent these expressions in a diagrammatic way: we use a line with
the end points x1 and x9 to represent the propagator Go(z1—x2), Fig. 4.1. Then the

G()(CBl — xg) :

T T9

Fig. 4.1 Free propagator.

Green function G® (z; — ), up to the first order, given in Eq. (4.3), is represented
diagrammatically in Fig. 4.2. A factor —i\ at each vertex is included, as indicated
in Fig. 4.3, to recover the expressions. The free 4-point function Gg4) (1 — 2),
given in Eq. (4.4), is presented in Fig. 4.4. For a closed line, a loop, as in the second
diagram in Fig. 4.2, the expression of the Green function includes an integration
over z of G(z — ).
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+ Q
T

1 ) T2
Fig. 4.2 Propagator G(?) (z; — z2) up to first order in .
—iA: ><
Fig. 4.3 Vertex.
1 2
1 2
3 4 3 }

Fig. 4.4 4-point function G’(()4) (z1 — x2) at zero order.

We find from these examples that there are two classes of diagrams: the con-
nected, like each diagram in Fig. 4.2 and the unconnected, as each of the diagrams
in Fig. 4.4. All the connected Green functions can be derived from a function, say,
W1J], defined by

iW[J] =InZ[J].
The connected n-point Green functions are obtained by functional derivative, i.e.

1 i0"W([J]
i 0J(x1)0J (x2)...00 (xn) | ;g

ng)(xl,xg, ,ﬂjn) =

These are the relevant Green functions for the calculation of cross sections. To first
order, G given in Fig. 4.2 contains only connected parts, and so G? = G®. The
connected 4-point function, up to the first order, is given by the vertex diagram, in
Fig. 4.3.
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4.1.1 Feynman rules in momentum space

Taking the Fourier transform of G (z1, x5, ..., x,), the Green function in momen-
tum space is defined. Considering translation invariance, we have

G (1, ... pn)27)*(p1 + -+ pn) = /d”xG(")(ﬂcl,---,xn)e‘i(”””ﬁ“'“’"z"),

where d"x = dx1 - - - dx,,. The diagrammatic representation of Feynman rules in the
momentum space are,

(1) Each oriented line carries a momentum p and a factor —(p? — m? +ig) 1,
=1
p2—m24-ie

(2) Each vertex has a factor of —i\ and has momentum conservation:

p1+p2—p3—ps=0,

Vv : —iA

(3) Integrate over each internal loop momentum, k, with the factor (27)~*d*k.

Consider as an example the 2-point Green function up to first order, i.e.

—1
GPp,—p)= —
¢ (ps—p) P

i)\/ d*k -1 -1 -1
2 ) 2m)*p2—m2+ick?—m2+icp? —m?+ic

This is represented in Fig. 4.5.

Fig. 4.5 2-point function G’£2)(p7 —p) at first order.
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4.2 The effective action

Using a Legendre transform of the functional W[J] in the variable J, the functional
T[¢.] is defined,

Do = W) = [ das(@)o (o), (4.)
where the classical field (see below) is,
o) = Sk (4.6)

Let us analyze the meaning of ¢.(z) and I'[¢.] from a physical point of view. The
field ¢.(x), from Eq. (4.6), is given by

{0[¢(2)10).1
¢c($) - <0|0> )

where (0|0) ; = Z[J]. Now consider a free-field theory. Then
WiI) == [ dhad'yIw)Gate — 9)J (@),
such that
dc(x) = —/d4xGo(x —y)J(z),
which is a solution of the inhomogeneous Klein-Gordon equation,

(@O +m*)ge(x) = J(@).

Thus ¢.(z) is a classical field.
Using these results in Eq. (4.5), the functional T'[¢.] is written as

(6 =5 [ @60+ m*)o (o),

describing the classical action for the field ¢.(x). The functional I'[¢.] is called the
effective action.
Expanding I'[¢,] in terms of ¢., we have

D] = Z [t de D)) o), (47)

where the ') (21, ...,2,,) are called one-particle irreducible (1PT) Green functions.
The Feynman diagram of an 1PI Green function is a connected graph such that it
cannot be made disconnected by cutting just one of its internal lines. The 1PI Green
functions are basic structures to be used to construct classes of other connected
diagrams. For the free field theory the only non-trivial 1PI Green function is

T@ (), 25) = (A4 m?)d(x; — x2).
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In momentum space, the 1PI Green function is given by
T (pr, .. pn)(2m) 6 (pr + - + pn) = /d”xf(”) (%10, mp e 1T AP,

(4.8)
This equation is used to expand I'™ around zero-momentum. Reverting to the
space-time coordinates, such an expansion is written in the form,

rod = [ ate (<vio) + 50,0000, 4 ).

where the quantity V(¢.) is called the effective potential. For a constant classical

field, ¢¢, (o] = [ d*z[-V(¢.)], and from Eq. (4.5)
_ Ol _ dV(ge)
T =0 = b

dV(¢e)
de.

This equation is solved to find the vacuum expectation value of the field operator.
Using Egs. (4.7) and (4.8), we obtain
o (0" L n

Vipe) = — Zl TF( )(0,...,0)¢",
where we have introduced for later convenience, the Plack constant /. As an exam-
ple, consider the scalar free field. We have

1“(2) (p7 _p) = _(p2 - m2)7

such that I'®(0,0) = m? and

If the source term is zero, then

=0.

2
This gives the potential for the classical field; this is why V' (¢..) is called the effective
potential.

Now we wish to calculate the effective potential to order £, i.e. one-loop order.
We start from the generating functional,

Z|J] :N/Dgoe_%(’c’u‘p), (4.9)
where N is a normalization factor, and we shift the integration variable ¢ by,
p(z) = @c + ¢1(z) (4.10)

where . is the zeroth order approximation in A, the classical field. Then we sub-
stitute this expression in

/d4m(/3 +Jp) = /d4x(£0 + Joe) + /d4m [0up10" 01 — mPp1p,
A
—6901802 + JQPI:|

A A
+/d4$ {ﬁz(%%) — g@a?wc — ﬂw‘f] :

(4.11)
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where

1 1 A
Ly = S0up10" g1 — 5mPpT — el (4.12)

We rescale the field ¢1 by 1 = A2y, and use Eq. (4.11), so that the functional
integral, Eq. (4.9), is written as

201N [ Dpesp {1 [ doltte + 70

i A hA
X/Dwexp{—ﬁ/d“x {Ez(wc)— oh o — ﬂw‘é]}.

[N

(4.13)
Neglecting terms proportional to hz and h we write
/d4xﬁg(g0,cpc) = —%/d4xd4x'g0(x')A(x’,x,gpc)go(;v), (4.14)
where
A, 00) = <—8$/,,55 +m? + g@§> 5(a’ — z). (4.15)

Then to one-loop order, the generating functional of connected Green functions,
W1Jl, is W[J] = Wy[J] + W1[J], where

Wold) = [ d'z(Lo(e) + T
WhlJ] = %Trln [A(2', z,0.)/A(x, 2,0)]. (4.16)

We diagonalize the matrix A(z’,z, ¢.) by using in Eq. (4.15) the Fourier represen-
tation of the d-function,

d4k )\ ik-(z' —x
Az, pc) = / W <—8r/u85 +m? + —‘P?z> e ).

We have

4
TrinA = /d4x/ (;ZWI;L In (—kQ +m? + %@i) . (4.17)

Hence, dividing by the total volume [ d*z, we get the one-loop correction to the
effective potential,

_kQ + mQ

i A p?
= Im(1-2 P ).
2“( 2k2—m2>

—k? +m® + 3¢
VI(SDC):_§ID< .

(4.18)
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The total effective potential to one-loop order is,
V(pe) = Volpe) + Vilpe)
2 2
ms 5 A Ao
_ _ _1 - _Trec . 4.1
TR ( 2k2—m2> (4.19)

Under the assumption that X\ is small, we develop the logarithm term. The
one-loop correction to the effective potential is written as,

b= (21 (AQ2\° [ dYk 1
Vl(‘”’c)__Eszl 2s ( 2 ) /(2@4 (k2 —m2 + ie)s’ (420)

In Euclidian space we have,

A= (21 A2\ [ d'k 1
Vilee) =5~ < ; ) /(%)4 o (4.21)

s=1

The s-order contribution to the sums in these equations is represented diagramati-
cally in Fig. 4.6.

Fig. 4.6 Effective potential: s-vertex term.

4.3 Gauge fields

The study of gauge symmetries started with Weyl [40] as an attempt to write the
electromagnetic field in a geometrical way, following the scheme of general relativity.
The use of gauge transformations in particle physics was introduced by Yang and
Mills [41]. The gauge invariance of the electromagnetic field described by the group
U(1) was generalized to the SU(2) symmetry, the isospin group describing the
nucleon. The formal results achieved by Yang and Mills were then analyzed from
a geometric point of view [29]. Significant advances with the Yang-Mills fields
occurred with the proof of renormalizabibity of such theories. Yang-Mills fields
provides a general unified structure for the description of all known elementary
particles in the context of the the standard model.
The Lagrangian density of N free Dirac fermions is written as

Lo(4,09) = P(x)ly - i0 — mip(x)
N
Z )y - 10 — mldijv;(x), (4.22)
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where the indices ¢ and j stand for the NV types of fermions. This Lagrangian is
invariant under the Poincaré group. Besides we find that Ly is also invariant under
the global phase transformation ¢’ (x) = Ut (z), where U = e*}, with A being a real
constant quantity. The central characteristics of U are the following: (i) U(A) is
unitary and is an element of the U(1) group; (ii) the phase transformation does not
affect the space-time coordinates. This last aspect results in the fact that the indices
of the y-matrices are unchanged by the transformation U. These characteristics are
present in any Lagrangian of a complex field describing matter. We implement two
generalizations of this symmetry. One is associated with the components of 9;(x),
since we have analyzed the phase transformation U = e** as being the same for
any type of fermions, that is for all ¢ = 1,2,..., N. In this case, U is an N x N
matrix. The other possible extension is to consider U as being dependent on points
of space-time. With these characteristics, a transformation of ¢;(z) can be formally
written as

Vi(x) = Uy (e)(z)  and () = ¥, (2)U); (x), (4.23)
where we have assumed the sum over repeated Latin indices. This gauge transfor-
mation, U;;(x), has to be connected to the identity; thus we write it as

U(JE) _ efigA(ac) _ efigAT(w)tr

where A, (x) are real functions of space-time coordinates, g is a constant to fix the

units and the operators t; are the generators of the gauge group. These generators
satisfy the Lie algebra

[tra ts] = c'rsltla

where ¢, are the structure constants of the Lie group, with 7, 5,0l =1,2,...,£. The
quantity ¢ specifies the maximal number of independent elements in the Lie algebra;
or equivalently, the dimension of the algebra. The simplest finite dimensional rep-
resentation for a Lie algebra is its adjoint representation. In the case of the gauge
group, each matrix ¢; reads

(tr)sl = (crsl ) .

For instance, for the the su(2) algebra we have ¢, = igi;r 4, = 1,2, 3, such that

000 00-1
S1=(i€1ik)=i 001 5 ng(i€27ik)=i 00 0 s
0-10 100
010
532 (ié‘g,ik)zi —-100 s
000

The transformation given by Eq. (4.23) does not leave the Lagrangian £y in-
variant, i.e.

Lo(¥',00") = Lo(v, ) + ()3 [U™ ()i0,U (2)]iv5 ().
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In order to cancel the extra term,
Lzt = V()7 [U™H(2)id,U ()]s (@),

another term has to be added to the original Lagrangian. This new term involves
a new field, say A, defined in such a way that: (i) the Lagrangian describing the
field A is invariant under the gauge transformation and the Poicaré group, then the

components of the field A are written as Aj; (i) the field Aj; transforms under

the gauge transformation in such a way so as to cancel any non-gauge invariant
term coming from L. This requires a third term in the original Lagrangian with
the interaction between A and ;(z). To take into account the extra term Loz, we
introduce the Lagrangian term,

L1(v,00) = —;(x)g(Ap) i7" ); (),

requiring that under the gauge transformation the new field is
A4 (1) = U@ Au (@)U @) + - 0,U ()0 @),

If we consider an infinitesimal transformation, A,, U(x) can be written as

U(zx) = I +igAat,.
Then we write

AL (2) = Au(x) = 0pA(z) +ig[A(x), Ap()]. (4.24)

Observe that A(x) = A, (z)t,. The field A,(x) is

Au(x) = Aj(o)t",
such that

[A(z), Ap(@)] = [Ar(z)tr, Ay s(2)ts]
= A (2)Ap s (2)[tr, ts] = Ar(2)Ap s (T)Crsity.

This is a matrix equation, since each ¢; is an N x N-matrix. The partial gauge-
invariant Lagrangian is

Lo+ L1 = ;(x)[10:;0u7" — g(Ap)iy" — mdijlib; (z)
= P (@)[iv" Dy — mly(z),
where D,,(A), the covariant derivative, is
D, =0,+1igA,.
This derivative is such that D1 transforms as ¢ in Eq. (4.23); that is, the covariant

derivative does not change the phase factor in a term with D, (as it was the case
of 9, for A independent of x), such that

(D) = (0 +igAl ) = UD,p.
Then the term 79 (x)y* D3 (x) is invariant.
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Another term in the Lagrangian is needed to derive the equation of motion for
A, (). This extra term has to be Poincaré and gauge invariant. Using the fact that
D,, is gauge invariant, we define

Fu =D,A, — DA, =0,A, —0,A, + glAu(x), Ay (x)]. (4.25)

Then the simplest gauge invariant Lagrangian is

1 v
EQ — _ZF‘MVFN .

The full invariant Lagrangian, £ = Lo + £1 + L2, is given by
— 1 ,
L =Y)(iDyy* —m)(z) — ZFWFN .

This expression is written in terms of quantities involving different matrix indices.
Indeed we have indices describing the space-time (u, v, ..), generators of the gauge
group (1, s,..) and for the representation of the generators (i, 7,...). Considering
these indices, the explicit expressions for D,, and F,,, using A, (z) = A}, (z)t", are

Dy, =0, +igA, = 0y +igAj(z)t",

or
(Dp)ij = 0ij0u +ig AL (2)ty;,
such that
[Dy, D] = igFlfl,tT,
where

Fp, = 0uA(2) — 0,4 (x) + g™ A (2) A ().
In Eq. (4.25) F,, is
F = Ft"
and g[A,(x), A, ()] reads
9lAu (), Ay ()] = g A3 (2) Ay (2)[t°, £'] = ige"™ A} (x) Ay (2)t".
Now Eq. (4.24) becomes
Al () = A}, (z) — O, A" (2) + gcTSlAZ(a:)Afj (). (4.26)

Observe that there is an arbitrariness in the definition of A, due to its A-
dependence in the gauge transformation. It can be fixed by a proper choice of
A"(z), that means, imposing some constraints on the field Aj (z). The Lorentz
invariance gives us a simple option,

oA () =0

This is called the Lorentz gauge condition.
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We include the gauge fixing condition in the Lagrangian using an arbitrary
Lagrange multiplier, say, 1/2«. Therefore, the full Lagrangian, is
L= P@)iDur ~ ml(a) - §
Using this Lagrangian, the physical results have to be independent of the arbitrary
constant a.. For a = 1, the condition is called the Feynman gauge; for « — 0, one has
the Landau gauge. This term in the Lagrangian establishing the gauge condition
is called gauge fixing term. This Lagrangian is useful, for example, to obtain the
quantization of the electromagnetic field, where the gauge group is U(1). However,
as the gauge fixing term is not gauge invariant, in general, we find inconsistencies.
This type of difficulty is overcome with a proper definition of a generating functional.
In the next section we address this problem.

1
F, Fr — %(8*‘14;(3:))2.

4.4 Generating functional for gauge fields

Consider the following generating functional for a gauge field
210 = / DAexp(iS[J), (4.27)
with

1
S[J] = /dx4[£+AMJ“] L L= F

and DA = [[ DAj,. Let us analyze the gauge invariance of Z[J]. £ is gauge invariant,
W,
and so is DA. Indeed,

0A’s
r_
DA —DAdet<8Ar>.

But up to the first order in the gauge parameter A", we have

814/5 _ rs rslaly 2
det(aAr>—det(6 —c"™A) =14+ O(A%).

Observe that the source term is not gauge invariant, but it is not a major problem
since at the end of the calculations J — 0. Then we can work with Z[0] first. The
basic problem is how to take into account the gauge fixing term in a gauge invariant
way. We proceed as follows. The gauge condition is written as

h* A7, =",
where h* and b" are to be specified As an example, in the case of the Lorentz gauge
h#* = 0" and b" = 0. Define the functional relation

AglA] / [Tdnrs™(n Ay —v7) =1, (4.28)

where Ajl = A7(A) is given in Eq. (4.26) and the integration is carried over the
elements of the gauge group manifold. Each element is characterized by the set
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of parameters A", and the measure [[dA" is gauge invariant. In the integral, A7,
acts on A, in such a way that Ag[A], defined in Eq. (4.28), is also gauge invariant.
Inserting Eq. (4.28) into Eq. (4.27), we obtain

Z[0) = / DATJdA"6™ (" A} — ") Ac[A] exp(iS[0)).

All terms in this functional integral are gauge invariant. Then by a proper gauge
transformation, Z[0] is written as

Z[0] = (H dAT) / DAS™ (1" A7, — b") A A] exp(iS[0]).

The quantity []dA” provides only an overall factor to the generating functional,

and thus it canr be discarded. Therefore, we take the functional in the form
Z[0] = /DA(S”(h“AL —b")Ag[A] exp(iS[0]). (4.29)

For a generating functional this is not sufficient, since we expect to have a functional
integral of the exponential of an action. For that we have to treat the J-function
and the functional Ag appropriately.

In Eq. (4.29), we have to specify Ag and fix the parameters b”. From the
definition of Ag, Eq. (4.28), we have

™ sn T T AG[A]
AG[A]/HdA S (RFAT —b7) = eyl

ie. AglA] = det Mg, with

S(h" AL (x))
5(A*(y))
Using Eq. (4.26), let us write the matrix M¢ for some gauges.

Mg (z,y) =

Coulomb gauge: h* = (0,V),

ME (z,y) = (675V2 — g™ AL - V)d(z — ). (4.30)
Lorentz gauge: h* = 0¥,
ME (z,y) = (070 — gc”l@“Az)d(a: — ). (4.31)
Temporal gauge: h* =1t = (1,0,0,0),
ME (z,y) = (070 — gchla“AL)d(;v —9). (4.32)

We use the arbitrariness of " in Eq. (4.29), to rewrite the d-function as an expo-
nential function. We multiply Eq. (4.29) by the factor

exp (;—;/d4mb2)
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and integrate over b. The result is
Z[0] = /DA det Mg exp (iS[O] - 2i /d‘*x(g“AL)Q) .
«

The final step is to write det Mg as an exponential. This can be achieved by
using the Grassmann variables. For the operator M¢, we write

det Mg = /dxdx* exp {—i/d4xd4yxr*(x)MEf(x,y)xs(y)},

where x(x) is an ancillary field, called the Faddeev-Popov ghost [42]. It is a scalar
field, but satisfies anti-commutation relation, i.e. it behaves like a fermion. Using
MZ(x,y) in the Lorentz gauge, Eq. (4.31), an integration is carried out in the
exponential, resulting in

det Mg = /dxdx* exp {i/d4xd4y8“xr*(x)DLSXS(y)} ,

where DJ® is the covariant derivative.
The Faddeev-Popov ghost, although non-physical, is a field with a dynamics of
its own. The Lagrangian is

Lrp = 0"X""(2)D,;*x*(y)
= O"X"™(2)9u X" (y) + igd"x " (z)c"* AL X* ().

Discarding the interaction term in this Lagrangian, we find that the ghost field
satisfies a massless Klein-Gordon equation, that shows its bosonic characteristic.
On the other hand, x is a Grassmann variable, playing the role of a fermion-like
field. So to write the final expression for the generating functional, including sources,
we have to take sources for ghosts in terms of Grassmann variables as it is the case
for fermions. The final result, including the gauge, fermion and ghost fields, the
gauge-fixing term and sources, is

210766 = [ DADUDIDDY
X exp [i/d4x(E—I—AJ—i—ﬁi/)-&-En-l-f*X-f-X*ﬁ) )

where £ and £ are Grassmann variables describing sources for ghost fields. In
Z[J,n,m, &, £*], the Lagrangian density is

£ = Fa)iD,* = m)p(a) — 7 F PP
(9" A7) + 0"X™ () DX (1)

i

2
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4.5 U(1) gauge theory

Let us consider the U(1)-gauge theory, quantum electrodynamics (QED). In this

case ¢"*t = 0, i.e. the theory is abelian, and gti; = —e, where e is the magnitude

of the charge of the particle. For spin 1/2 particles, the QED Lagrangian density
is L=Ly+ L with Ly = Eg; + Eg, Eg; being the free gauge field,

1 1
L5 = ~(OuA, — 0, An (0" A" — DV A) — (D 4,)?,

where A, (z) is the vector potential and « is the electromagnetic gauge parameter.
LY describes the matter field.

L§ = P(x)[y -0 — m]y(x).
The interaction Lagrangian density is
Lr= —6@7“14“(%)1#-

For the free gauge field the generating functional is

Z§[J) = exp{2 /dxdy JH(2) Doy (v —y)JV(y)},

where
DNV(x) _ 1 /d4ke—ikxd;u/(k) 1
0 (27)4 k2 + i’
with
v v pHp”

The generating functional for the interacting fields is given by
exp i [ duty (2,15 L )] Zol,70)
exp |i [ dwy (25,45 L) Zol )l e

with Zo[J,7,n] = Z§[J1ZE[J, 7, 7], where ZE'[J, 7, 7] is the generating functional
for fermions, given in Chapter 3.

The Feynman rules in the momentum space for QED are given in Fig. 4.7.
The basic loops in QED are the fermion-photon, which corresponds to an integral
—i [d*p/(2m)*, and the pure fermion-loop, giving an integral i [ d*p/(27)*. These
loops are represented in Fig. 4.8. Sum over spin-projection for the final state and
spin average for the initial state must be done.

Another model for the U(1)-gauge theory describes the interaction of photons
with charged scalar mesons, with the interaction Lagrangian given by

oAkt Y 2 AR i
Lint = —ieA 9" 0 ¢ + e A" AL P .

Z['L ﬁ? 77] -

There are two vertices in this theory. One with scalar mesons interacting with a
single photon and a second where the interaction is with two photons. The Feynman
rules for these vertices are presented in Fig. 4.9 [36].
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fermion (m—~p)~!
photon .\ \ A A AAAA d" (p; ) (p* + ie) !
vertex —ey

Fig. 4.7 Feynman rules for the Green functions in QED.

fermion — photon

fermion WV@VWM

Fig. 4.8 Basic loops in QED.

—ie(p, +p,,)(2m)*(p —p' — q)

\ 2ieg,(2m)*0(p —p' —q—¢')

Fig. 4.9 Feynman rules for charged scalar mesons.

4.6 SU(3) gauge theory

Now we turn to a study of the non-abelian gauge theory where the commutator
of generators are non-zero. Taking now the SU(3) gauge theory in particular, the
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Lagrangian density is
L=Ly+ Ly,
where the non-interacting Lagrangian density is,
Lo=LS+ 8+ cf,
with
Ly =

(O AL — 0, AuT) (O AT — 9" APT) — — (9" AT )2,

1 1
4 2a
LEP is the Faddeev-Popov term [42],
LET = (0"x) (0},
and L} describes the matter field,
L§ = P(x)[y -0 — m]y(x).

The interaction Lagrangian density is

Lr==5c(0,4; — 0, A7) A" A
g2 rst ult AT AS AU, v

_70 c ANAVA rA

—gc" ("X ) ALXE (y) + gty A,
where ¢! are the structure constants of the SU(3) gauge group. The superscripts
r,s and [ vary from 1 to 8 and refer to the quantum number for color. In addition
the fermion (quark) field ¥ has six known flavors (the different types of fermions,
indicated by 4,7 = 1,2,..., N). In the Lagrangian density £, we refer to fermions
with color and flavor; the gauge field quanta being called gluons. Such a formulation
provides the non-abelian theory of quarks and gluons, called Quantum Chromody-

namics (QCD), the theory of strong interactions.
The generating functional for the non-interacting gauge field is

s Z’ s 14
25 = exp {5 [ sty (@062 1)) |

where
D(()TS)NV(x) _ (271T)4 /d4ke_ik””D((fs)W(k)
with
DF " (k) = 67 d" (k) 7 1“.8,

where d*” (k) is given by Eq. (4.33). For the Fadeev-Popov fields the generating
functional is

Zérp(rs) [€,€] = exp {% /dxdy E(m)D(()TS) (z — y)é(y)} ’
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where € and ¢ are Grassmann variables and D{™ (z — y) = 6"™Go(z — y) is the
propagator for the Fadeev-Popov field. The full generating functional for the non-
abelian gauge field is
o e ifdats (3t A Y b)) | el 6l
219,860 = 16 16 16 16 136
exp{ JdzLy (za—vzg—gvzﬁﬁﬁﬁﬁ)
. - G(rs rS)[rE s —

with Zo[J,&,671,n) = 25" 19125 "V €, €125 7 I -

As an example, the contribution of the 3-gluon coupling to first order is
53 1 0

Drirars — ()2 d4 £3G - ZG J -
a1a2a3(mlam25m3) ( Z) (SJ]_(SJQ(SJ:;/ Thy (i(SJTO‘) O[ ]|J—0

where J; = J"% ¢ =1,2,3. The 3-point function for the gluon field is

K12 3 v

Dii"2™s (1q, 29, 23) = igc”t/d4x{8 Dyl (x —x1) = 0, D) (x — 1)}
X D52t (x — x9) DY (x — x3)

(
+g TSt/d4x{8 D" (x —xo) — 0, D]'2 (x — x2)}

Vit Hp2

x Dyt (z — x3) Dt“”(a: x1)

st / A {0, D175 (& — 23) — 0, D7 (2 — w3)}

Vs 3
x Dyt (x — xl)Df;?”(x — T2).

In momentum space, this propagator is written as

prirars ( ) i aT1T2T3 d4p1 d4p2 i(p12z1+p2x2+p3T3)
T1,%2,23) = igc e
Hip2ps 7 g (27‘(‘)4 (27‘(‘)4

» Ay, (pl)duzxé(p;)dug.,\g (p3)

p1paP3
x[(p1 — p2)*2 g™ + (p2 — p3)*t g2
+(ps — p1)*2 g™

with p3 = —p1 — pa.

The Feynman rules for the SU(3) gauge theory are given below. The three
propagators, for the quark, gluon and ghost fields, are diagramatically represented
in Fig. 4.10.

In this theory we have four types of vertices, that are given in Fig. 4.11 where

VA8 (p po,ps) = [(p1 — p2) M g™ + (p2 — p3) M g™
+(p3 — p1)*2 g™

and

rirer3re  _ (13,24 _ 14,32
WM1M2M3M4 - (C ¢ )g#1#2gﬂ3#4
12,34 14,23
-|-(C -cC )gM1N39M2M4
13,42 12,34
+(C —-cC )g,u1;t4g#3#27
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quark p ‘ Sij(m — vp) !
) J
p
gluon TTTTTTTT Srsdur(p)p~
T sV
ghost o +p o 8, p2
r s

Fig. 4.10 Quark, gluon and ghost propagators.

with Cij,kl — fT’iTijf’kT’LT.

For the loops, shown in Fig. 4.12, we have to integrate over the internal momenta,
k, as —i [ d*k/(2m)*. For each type of loop we have an additional symmetry factor
as indicated in Fig. 4.13. There is a sum over the indices for the final state and an
average over the indices of the initial state.

4.7 Scattering amplitudes

In order to calculate transition amplitudes, we have to estimate the behavior of
fields as the interaction turns off asymptotically. We consider here only scalar fields
such that ¢(t,x) ~ ¢in(t,x), as t — —00, @(t,X) ~ ¢out(t,x), as t — 00, where
Din(t,x) and ¢out(t, x) satisfy the free Klein-Gordon equation

(D + mQ)(bin,out (t, X) =0.

These fields are associated with the positive and negative frequencies, respec-
tively [39], such that

3
¢in(t,X) :/(La(p)efipz

27)32pg
and
,X) = | ——==—a"(p)eP".
out (27T)32p0 p

The underlying idea for the introduction of in and out asymptotic fields relies on
the fact that interacting fields obey in general coupled non-linear equations which
cannot be solved analytically. So, no realistic possibility of having closed solutions
for problems in field theory is actually available. The main analytical method used
to deal with situations in field theory is, except for a few special cases, perturbation
theory. Actually this is not a particular situation of quantum theories. In fact this
method has been used since the 19th century in problems of celestial mechanics;
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Fig. 4.11 The basic vertices in QCD.

the discovery of Neptune by Le Verrier as a “perturbation” to the orbit of Uranus is
an outstanding example. In this framework, the approach is carried out by means
of the definition of free fields; the interaction being introduced order by order in
powers of the coupling constant in the perturbative series for the observables, in the
present case, cross-sections for collision processes. This happens at both quantum
and classical levels. Indeed perturbation theory was originally introduced to solve
problems in celestial mechanics in the 19th century.
Using the definition of Z[.J], the generating functional, we introduce

21001 = [ Doesp i [ i+ 00
where the interacting field ¢ is such that

o(x) = pin(x) as t — —oo,
() = Gout(z) as t — oc.



Zero Temperature Interacting Fields 79
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Fig. 4.12 The basic loops in QCD.

Consider the A¢* theory. Define a field ¢o(z), such that ¢o(z) — @in(x) ast — —oco
and ¢o(x) — ¢out(x) as t — +oo. Then we write

S[J, ¢o] = exp [z / d*zL; (%) So[, qbo]} :
where
SolJ, po] = /D¢ exp {i/d‘lm(ﬁo + quo)} . (4.34)

Define

¢(x) = o(x) + ¢o(x),
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1
WQZ}WW 2!

D=

Fig. 4.13 Symmetry factors for basic diagrams in QCD.

where ¢(z) — 0 as t — Fo0. Hence, from Eq. (4.34), we obtain
Sol.onl = [ D3 exp =i [ b 0w 34 5
< exp [z / d4yJ(y)¢0(y)]
= exp {z / d'yJ (y)¢o(y)} Zo[J]).

From the definition of Zy[J], we write

(O+m? )f(SZJO([g = J(x)Zo[J).
Then
So[J, do] = exp < / d*zdo( O+ m?) 5 Ji@) ZolJ]
and
S[J, do] = exp (/ d*z¢o( O+ m? )M‘zx))
<onli [t (53=)]

S[J, o] = exp (/ d*zgo( O+ m?) 0 ) Z[J). (4.35)
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This expression gives the transition between incoming and outgoing states, in the
presence of the source J(x).
Expanding the exponential in Eq. (4.35), we obtain

S[J, ¢o] = Z % /d45€1 cdrTado(zr) - do(w)
n=0 "

XKy, Ky, G™ (21, .., 20),

where K, = 0, + m? . In the momentum space this expression is given by

dp dpn n
Jd)O Zn'/ 1 o )4G( )(plv---apn)

x(2m)*5(p1 + -+ - Jrfvn)(m2 —p1?) - (m? = p,?)
- /d4x1 o At e PIEHIT , () - - g ().

In this expression, each field ¢¢(z;) is expressed as
1 ,
et [ e onle) = [ SRS~ 1)+ 0" (1505 + B

where p? = m?, k? = m? and p(k) = [(27)32k] !
For a scattering process, with m initial particles, with momenta ps, ..., p.,, and
n — m outgoing particles with momenta py,+1, .., pn, the amplitude is given as
1 6" S[J, ¢o]
p(p1) -+ p(pn) da(p1) -+ 6a(pm)da*(Pm+1) -+ 6a*(Pn) | 4mgrmo

Spi =

Notice that S[J, ¢o] describes all the transition processes; while Sy; represents a
specific scattering process from S[J, ¢o], such that the mass-shell condition for in-
going and outgoing particles as well as the conservation of energy and momen-
tum are satisfied. The expression is explicitly Lorentz covariant due to the factor
[p(p1)...p(pn)] L. Finally, S¢; is an element of the S-matrix. From the definition of
Sy; we obtain

Spi= (2m)*(pr+ - + pm — Pmi1 — - — pn) i,
60 pi— Y pH) T,
i f
where

Ty = ()" (m® — %) - (m® — )
XG(")(pl, e esDms —Pm4ly -5 —Dn)-

The transition probability is given by

|sz|2 sz pr |Tf1 )
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where (2m)*0(p) = [ d*ze™?®; this gives us (2m)*0(0) = [d*z = VT, the infinite
space-time volume. Therefore the transition probablhty per unit volume per unit
time is given as

Ppi= 206> _pi— Y o)\ Tpl?
i f

The differential cross section is defined by
d 1 dN
Ofi = — (2]
fi = ANy

where dNy;, the number of particles scattered by a single target particle, is

Wi = Pf H 27T 32pfo

and the incident flux of particles, F', is

F:2|P1|~

Let us consider the simpler situation of a single incident particle of momentum
p1 scattered by a target particle of mass msy. The differential cross section in the
laboratory frame is,

_ dpy
dos; = (27) § y § Tpil?
ofi = (2m)'6()_ pi P9 3 2|p 3y Ll H (2m)32ps0”

This relation is valid for spin-zero particles. For particles with non-null spin we have
to average over the initial spin directions and sum over the final spin directions. The
factor mo|p1| may be written in a Lorentz covariant form as

malpi| = ma/(p10)? = m3 = \/(p1 - p2)?2 — mim,

where ps = (m2,0,0,0) in the laboratory frame. Let us consider some examples
[36, 38]

e The scattering of two scalar particles
In the A¢* theory, up to order A the 4-point Green functions are given by
the Feynman diagrams in Fig. 4.3. Observe that only the connected diagram
contributes to the transition matrix element, which is then given by T's; = —i\.
Then the differential cross-section reads

dei o )\2
dQs  64w2s’

where s = (p; + p2)? = 4E2. Here E is the centre-of-mass energy, such that
b1 = (E7p) and b2 = (E7 _p)
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Scattering of two charged scalar particles
In the center-of-mass frame, the scattering of two charged bosons is described
by the differential cross-section, that up to order a2, is given as

doy; a? 9
a0, 1682 il
where
pl'pQ—pl'p/Q p1‘p2—p1'p/1
|Tyi* = 4 +4 :
" (p1 — p})? (p1 — P})?

and « = e?/4rhc is the fine-structure constant.

Electron-electron scattering

Considering the scattering process given in Fig. 4.14, in the center-of-mass
frame, the differential cross-section to order o? is [36]

dog;  m2a? 9
dQs = 2 |Tfi| )
with
Ty = 1 {(pl -p2)? +p1-py)? +2mP(py - ph — p1 - p2)
2m* [(p} — p1)?]?
+(]91 p2)? +p1-ph)? +2mP(py - P — p1 - p2)
[(py — p1)?]?
i) (p1 - p2)? — 2m?%(p1 - p2) } ' (4.36)
(P — p1)* = (py — p1)?

Writing all invariants in terms of the energy F and the scattering angle 6,

p1-pe =2E% —m? pi-p) = E*(1 —cosf) +m?cosh,
p1 - ph = E*(1 4 cosf) — m? cos¥, (4.37)

results in the Moller formula
dog;  o*(2E? —m?)? [ 4 3

dQs — AE2(E2 —m?)? |sin*0  sin?6

) e

ete™ annihilation (eTe™ — ¢q)

Consider the Feynman graph given in Fig. 4.15, in the center-of-mass frame,
describing the lowest order approximation to the ete™ annihilation. The scat-
tering amplitude is given by

ITri = (q@|T]e™e™) = Ux; (p7)(—Qe)v vxy (Ph)

Ay _
%Uiz (p2)e ux, (p1),
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Pi(E, p')

pi(E,p) p2(E, —p)

Po(E, —p)

Fig. 4.14 Electron-electron scattering.

where Qe is the charge of the quark and g = p; 4+ p2. The total cross-section is
written as,

d3p) d?

=i, L | e e

8y/s(s —4m )\1)\ N 2m)32p, (2m)32ph,
x(2m) 54(19/1 +py —p1— ]92)|<(]§|T|e+e_>|2

The differential cross-section to order o reads,

d_o_Q2a2 s — 4m? 1+4(m2+m§)
dQ  4s s — 4m?2

€

) ()

The total cross-section is,

41Q%*a? s — 4m?2 2m? 2(m?
= 1 14+ ——= 4.
? 35\ s—4m? < T + s )7 (4.39)

where ¢* = (/5,0,0,0), m(m,) is the mass of the quark (electron), s = ¢? and
k= (0,k).

S

P1 p/1
Y

P2 N

Fig. 4.15 ete™ annihilation.
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4.8 S-matrix in the canonical approach

In this section we briefly review the notion of S-matrix in the canonical formalism.
Consider a field operator ¢(x) such that

im_6(z) = Gin(a),
Jim 6(x) = dou(x),
where ¢y, () and ¢oyt () stand for the field before and after interaction takes place.
For a discussion on how these limites are performed and precise definitions we refer

to [37]. These two fields are assumed to be related to each other by a canonical
transformation

¢out(x) = S_1¢in(x)sa

where S is an unitary operator.
Now we define the evolution operator, U(t,t'), which relates the interacting field
to the incoming and outgoing fields, that is

¢(x) = U™ (t, —00)pin (2)U (t, —00)
(]5(CE) = U71(+007t)¢0ut($)U(+007t). (440)

The operator U reduces to the unit operator for t = ¢/, U(t,t) = 1. The field
operator ¢(x) satisfies the Heisenberg equation

—i0i(x) = [H, ¢(z)],

where H = Hy + Hy,with Hy being the free-particle Hamiltonian and H; the inter-
action. The fields ¢, (z) and ¢oue(x) satisfy

—i0ypin(x) = [Ho, ¢in ()] (4.41)
and

—i0tdout () = [Ho, pout ()] (4.42)

Requiring the unitarity of U(t,t'), we obtain

(U, YU (t, ') =0.

In addition, from Eq. (4.40) we obtain
Oein(x) = O[UT(t, —00)(a)U (t, —00)]
= [U(t,—00)0 U (t, —00) + iH, din ()]

Comparing with Eq. (4.41), we get

i0:U(t,t') = Hi()U(t,t).

This equation is solved by iteration of the integral equation,
t

Ut,ty=1—1i [ dt;H(t1)U(t1,t")

+
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resulting in
t t t1
U(t,t’):l—i/ dtlH(tl)—i—(—i)z/ / dtvdtaH (1) H(ts) + -
t’ —o0 J —oo

t tno1
+(_Z)n// dty---dt, H(ty) - H(tp) + -+
t’ t/

Each product of the interaction Hamiltonian terms in Eq. (4.43) is time ordered,
since t; > tg > -+ > t,. Then we can write T'(H (t1)--- H(t,)) for H(t1)--- H(ty,)
in Eq. (4.43) and

U(t,t') = Texp [—z‘/ﬂt dt’H(t’)} , (4.43)

where T is the time-ordering operator.
The S-matrix operator is defined by

o0
S =U(co,—0) = T exp [—z/ dt’H(t')] :
—0o0
The transition operator is defined by T = S — I. The expectation values of the oper-
ator T between incoming and outgoing states are elements of the transition matrix.
To obtain explicit expressions for these, the use of the LSZ reduction formulas is
required [37]. The elements of the S-matrix give the probability amplitudes for
specific scattering processes, defined by the incoming and outgoing fields and states
we choose.

With this chapter, we close the brief review of the fundamental grounds we have
to rely on to build thermal quantum field theories. Such a construction starts in the
next chapter by introducing the algebraic basis of the operator formalism known as
thermofield dynamics.
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Chapter 5

Thermofield Dynamics: Kinematical
Symmetry Algebraic Basis

The derivation of statistical mechanics, based on a constrained variational method,
provides an elegant structure ready to be applied to any system since we are able
to define the density matrix and solve the Liouville-von Neumann equation. This
is not feasible when we have a system described by an interacting quantum field
theory, like many-body systems and relativistic objects in particle physics. One way
to proceed is to look for methods paralleling temperature-independent formalisms
(T'" = 0 theories). For instance, if we take the Liouville-von Neumann equation
as the equation of motion for the state of a system, then pure and mixed states
can, in principle, be considered at the same level. This observation suggests that
for equilibrium we can think of the operation (A) = Tr(Ap) = Z~1(8)Tr(4e PH),
with a Wick rotation 8 — —ir, as an alternative way to solve problems using,
for instance, perturbative and diagramatic techniques. Another possibility is that
the operator average (A) would be performed in a Hilbert state, with temperature
dependent states |0(3)), such that (A) = (0(5)|A|0(5)).

Using these ideas, several methods have been proposed. The first systematic ap-
proach to treat a quantum field theory at finite temperature was presented by Mat-
subara [43], the imaginary-time formalism, using the Wick rotation. Since then the
development of the thermal quantum field formalism has followed the achievements
of the T = 0 quantum field theory. The first generalization of the imaginary-time
formalism was carried out by Ezawa, Tomozawa and Umezawa [44], who extended
the Matsubara’s work to the relativistic quantum field theory, and discovered, in
particular, periodicity (anti-periodicity) conditions for the Green functions of boson
(fermion) fields, a concept that later became known as the KMS (Kubo, Martin and
Schwinger) condition. Some ideas, developing the imaginary-time approach, have
been proposed [45-48], and others, originally introduced in 7' = 0 theories, have
been considered with the counterpart notions at finite temperature. We can list,
as examples, the thermal Ward-Takahashi relations, the Goldstone theorem, renor-
malization procedures, the notion of non-abelian gauge field among others, with all
its consequences for particles physics [49-52].

Despite the successes, even with its generalizations, difficulties in thermal field
theory remain to be overcome in order to treat experimental and theoretical de-

89
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mands. In fact, numerous studies particularly in lattice quantum chromodynam-
ics (QCD) [53], have been carried out in attempts to understand, for instance,
the quark-gluon plasma at finite temperature; and in this effort, some underly-
ing aspects have been identified. For example, the coupling constants for m, o, w
and p mesons decrease to zero at certain critical temperatures, which are, re-
spectively, given by: T7 = 360 MeV, T7 = 95 MeV, T = 175 MeV and
TP = 200 MeV [54, 55]. These results require general and consistent calculations
to establish the existence of a phase transition. This reinforces the need for the de-
velopment of a finite temperature field theory for the standard model, which would
provide answers about the transition from hadrons to the quark-gluon plasma. In
this realm, effective models have been largely employed in trials to obtain clues to
the behavior of interacting particles. This is the case of the Gross-Neveu model [56],
dealing with the direct four-fermion interaction, which has also been analyzed at
finite temperature, as an effective model for QCD and for superconducting sys-
tems [57-59]. Along these lines, some achievements have been seminal, as the
paper by Dolan and Jackiw [60], which performs the calculations for the effective
potential at finite temperature to study spontaneous symmetry breaking.

Beyond that, despite the numerous instances in high energy physics and in con-
densed matted physics where (real) time dependance is essential, a nonequilibrium
theory has not been fully developed as yet. This difficulty was recognized early as
a flaw in the Matsubara equilibrium formalism and has been motivating attempts
to construct real-time formalisms at finite temperature [61-66].

One of these real-time methods is the closed-time path formulation due to
Schwinger [67], Mahanthapa and Bakshi [68, 69], and Keldysh [70]. The approach
uses a closed path in the complex-time plane such that the contour goes along the
real axis and then back. From this procedure an effective doubling of the degrees of
freedom emerges, such that the Green functions are represented by 2 x 2 matrices.
Actually, this type of doubling has been recognized as an intrinsic characteristic
of real-time theories, providing in turn a correct definition for perturbative series,
which is not the case of the Matsubara method [51].

The fact that a quantum formalism is strongly founded on the basis of repre-
sentations of linear algebras suggests that a T' # 0 field theory needs a real-time
operator structure. Such a theory, based on the state |0(3)), was presented by
Takahashi and Umezawa [71-73] and they called it Thermofield Dynamics (TFD).
As a consequence of the real-time requirement, a doubling is defined in the original
Hilbert space of the system, such that the temperature is introduced by a Bogoli-
ubov transformation.

The Takahashi and Umezawa approach has been developed for practical pur-
poses and some results should be mentioned, as the proof of the Goldstone theorem
within this formalism with a quite amazing physical and mathematical appeal, and
the perturbative scheme with Feynman rules established to carry out calculations
completely in parallel with the zero-temperature quantum field theory [72]. Thus it
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has been successfully applied to study magnetic superconductors [73], magnetic sys-
tems like ferromagnets and paramagnets [74], in quantum optics [75-79], transport
phenomena [80] and d-branes [81, 82], among others. Furthermore, the propagators
are 2 x 2 matrices; from this fact the association of the Matsubara and Schwinger-
Keldysh methods has been analyzed in a unified way [72, 83].

Formally the thermal theory can be established, via TFD, within ¢* alge-
bras [84, 85, 18] and symmetry groups [87, 18, 86], opening a broad spectrum
of possibilities for the study of thermal effects. For instance, the kinetic theory has
been formulated for the first time from the analysis of representations of kinematical
groups [18] and elements of the g-group have been considered, where the effects of
temperature is related to a deformation in the Weyl-Heisenberg algebra [88, 86, 89].
The analysis of thermal theories via c* algebras was carried out long ago [90, 91],
resulting in the doubled structure of the Tomita-Takesaki (standard) representation
that can be immediately used to construct several aspects of TFD. It is worth notic-
ing that the structure of TFD was envisaged in a paper by Leplae, Mancini and
Umezawa [92] studying superconductors; but much earlier the doubled structure
was also explored by Verboven [93, 94], studying thermal oscillators.

Considering topological aspects of a thermal formalism, we can realize that the
final prescription results in a scheme of compactification in time of the 7" = 0 theory.
That is, the Matsubara formalism is equivalent to a path-integral calculated on
St x RP~1 where S! is a circumference of length 3 = 1/7. In a generalized way the
thermal field theory compactification can be extended to spatial coordinates as it
is valid for finite temperature. These ideas have been developed for the Matsubara
formalism [95, 96] as well as for TFD and applied to the Casimir effect considering
the electromagnetic and fermion fields within a constrained geometry [97, 98], to
the A¢* model as the Ginsburg-Landau theory of superconductors [99, 100], and to
the Gross-Neveu model at 7' = 0 [101-103].

In this chapter the main ideas of TFD are introduced, following initially along
the historical developments. Later, we present a derivation of the theory based on
general arguments of symmetry. This provides not only a symmetry basis for TFD,
but also for statistical mechanics, since we can derive the Liouville-von Neumann
equation. This procedure points to the way to explore representations of group
theory to derive properties of thermal (relativistic and non relativistic) physics.
The central aspect is then to present the formalism of statistical physics as a closed
theoretical framework, starting from symmetry.

5.1 Thermal Hilbert space

For a system in thermal equilibrium, the ensemble average of an operator A is given
by

1
Z(pB)

(A) = Tr(e M A). (5.1)
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Then assuming that H|n) = E,|n) with (n|m) = §,,,,we write
1
A) = —= e PEn(n|Aln).
() = 5 Sl
We are looking for a state |0(5)) such that [71, 73]
(4) = (0 ( )IA[0(B))
Ze " (n|Aln). (5.2)

Let us initially investigate whether |0( )) may be a vector in the Hilbert space; i.e.

Z [n){nl0(3 Zgn

This implies that (0(5)|A|0(8)) = >, gn(ﬂ)gm( )(n|A|m), and the requirement
given by Eq. (5.2) imposes the following condition on the coefficients g,,(5) and
95 (B);

92(B)gm(B) = %Ma

But we know that such a relation cannot be satisfied by c-numbers. Therefore
|0(8)) cannot be an element of the original Hilbert space. The above condition is
like an orthogonality condition, thus suggesting that g,,(3) should be an element
of a vector space. The simplest way to achieve this is by introducing a doubling
of the Hilbert space. Let us do this, resulting in a tensor product of spaces, such
that a vector of the basis is given by |n,m) = |n) ® |m). In the present case, taking

9m(B) = fm(B)|m), we write
an )|n, i)

such that
(0(B)Aj0(3 an B)(n, 7| Alm, m)

= Zf B)(n|An),

where we have assumed that the operator A acts only on non-tilde vectors, i.e.
(n,n|Alm, m) = (n| ® (2| A|m) @ |m) = (n|A|lm)(n|m) = Anmbnm.
The tilde in a vector |m,m) indicates that |m) is the replica of |m), with m and
m standing for the same number: m = m. This is why we have written (n|m) =
Onm, without reference to the tilde in the 0,,,. In a vector like |m,n), the tilde
emphasizes the element of the tilde-Hilbert space only. In order to reproduce the
thermal average now we have f*(3)fn(8) = Z71(8) e #E», which has the solution
fn(B) = Z71/2(3) e PEn/2, Therefore, the thermal state can be written as

0(0)) *BE“/gnn
10(8)) = \/—Z |
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The vector |0(8)) is then a pure state, defined in this doubled Hilbert space, equiv-
alent to a mixed state describing the thermal equilibrium of a system as far as the
averages are concerned.

Doubling is not a characteristic of TFD only, but rather an ingredient present in
all thermal theories. In terms of the density matrix, the doubling is present when
we write p(t) as a projector, that is, p =~ |){(¢|, and the Liouville-von Neumann
equation is written in the form

idp(t) = Hp(t). (5.3)
The time evolution is controlled by H= [H,.], the Liouvillian, which is an object
associated with, but different from, the Hamiltonian operator, H. In TFD as in the
density matrix formalism, this doubling, at first, looks like an artificial procedure.
But this is no longer true and can be understood by exploring the fact that TFD
is a thermal formalism based on a vector Hilbert space, which can be used as the
carrier space for representations of Lie groups.

5.2 The meaning of the doubling: thermo-algebras

An important point now concerns with the interpretation of the doubling in the
Hilbert space, necessary to introduce the thermal state [0(3)). We address this
problem from the point of view of symmetry.

5.2.1 Generators of symmetry and observables

In order to introduce a formalism based on states |0(3)) from general assumptions,
we assume that the set of kinematical variables, say V, is a vector space of mappings
in a Hilbert space denoted by Hp. The set V is composed of two subspaces and is
written as V = Vops @ Vyen, where Vops stands for the set of kinematical observables
while Vg, is the set of kinematical generators of symmetries.

Both, in quantum and classical theory, usually Vs and Vgey, are identical with
each other and with V. Let us discuss this point a little bit more. Often, to
each generator of symmetry there exists a corresponding observable and both are
described by the same algebraic element. For instance, consider the generator of
rotations Lg = ix10/0xo — ix20/0x1 and the generator of space translation P; =
—i 9/0x1. As we know, L3 and P; are also considered as physical observables, an
angular momentum and a linear momentum components, respectively. The effect
of an infinitesimal rotation « around the x3-axis on the observable momentum P;
is

exp(iaL3) Py exp(iaLs) ~ (1 +iaLs) P (1 —ials)
=P + iOé[L;;, Pl]
The commutator, expressing the effect of how much P; has changed, is given by
[Ls, P\] = LsPy — Py Lg = iPxs.
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Proceeding similarly with other components, we write in general,

[Li, Pj] = ieijkPk~
This expression shows that P = (Py, P, P3) is transformed as a vector by a rotation.
In other words, the generator L; changes P; through the commutator operation
giving rise to another observable, i€; ;1 Px. In this operation L; has to be thought as a

simple generator of symmetry, not as an observable. The same type of interpretation
is valid when we consider

[Li, Lj] = ieijkLk, (54)
the Lie algebra of the rotation group. In this case, the same object, the vector
L = (L1, Lo, L3), is used with two different meanings: L; in the commutator is the
generator of an infinitesimal rotation over the physical observable L, resulting of
course in another physical quantity, i€;;;Ly.

It has to be emphasized that, although the one-to-one correspondence among
observables and generators of symmetry is based on physical grounds, there exists no
a priori dynamical or kinematical imposition to consider a generator of symmetry
and the corresponding observable as being described by the same mathematical
quantity. Actually we are free to assume a more general situation; and we have
already observed this separation in the Liouville-von Neumann equation written in
the form of Eq. (5.3). There we have two different objects associated with the time
evolution: H, the Hamiltonian, that describes the observable energy of a system,
and H , the Liouvillian, the generator of time evolution.

Here we consider the same one-to-one correspondence among generators and
observables, but exploring the case in which Vips and Ve, are different from each
other. That is, Vops and Vge,, correspond to different mappings in Hr. To emphasize
these aspects, we denote an arbitrary element of V.5 by A and by A the correspond-
ing element in Vye,,. Now we analyze the consequences of such separability condition
for an arbitrary symmetry group.

5.2.2 Doubled Lie algebra

Let us denote by £ = {a;,i = 1,-- -, s} the set of generators that span a Lie algebra
over R, the real field. In the set ¢ there exists a product, (-, -), called the Lie product,
given by
(ai,a;) = ijak,
where the sum over repeated indices is assumed. The c-numbers C’fj are the struc-
ture constants, which characterize the nature of the symmetry group associated
with ¢,. The Lie product satisfies the condition of antisymmetry,
(ai,a;) = —(a;,a:),

and the Jacoby identity,

(aia (Clj, Clk)) + (aka (aiv a‘j)) + (aja (Clk, al)) =0.
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A well-known example is the Lie algebra of the rotation group given in Eq. (5.4)
where the Lie product is a commutator.
Taking H7 as the carrier space for representations of ¢, we write

[A;, Aj] = iC Ay, (5.5)

where A\i € Vyen. The imaginary ¢ in Eq. (5.5) is to characterize that we are
treating a unitary representation. Although Eq. (5.5) provides a representation for
£, operators of type A have to be taken into consideration in a representation in
the full Hilbert space Hr, otherwise the representations will be restricted to the set
of hat operators, Vgey; resulting in the usual unitary representation. Therefore we
have additional commutation relations among A and A operators, and among the
operators of type A. Let us then write

[Ai, Aj] = iD}; Ay, (5.6)
[Ai, Aj] = iE}; Ay, (5.7)

where DF; and EJ; are constants to be fixed with the following reasoning. Observe
that Egs. (5.5)—(5.7) describe a Lie algebra, to be denoted by ¢r, which is the
definition of a semidirect product of two subalgebras, Vge, and Vs, characterized
by the fact that V,,s is an invariant subalgebra. The motive for that is a physical
imposition. Since non-hat operators describe kinematical observables, Eq. (5.6)
is interpreted as the infinitesimal action of a symmetry generated by A; on the
observable A;, resulting in another observable given by injAk. This is found from
the relation

¢ gyemioh = A (a).
Considering o < 1, we write
0A; ()
Aj(le) =4+« <8JT>Q_O

and

eiaAiAjeiiaA\i ~ Aj + ia[zzl\i, AJ]

Thus, taking a — 0, we have

[Ai, Aj] = _ia“‘aﬂ;“).
The important thing in this relation is that
94 ()

foJe}
is another observable specified by the commutation relation. On the other hand,
the content of Eq. (5.7) is the nature of commutativity among observables. Before
going further, we give an example.

Let ¢ = {a; = s;,4 = 1,2,3} be the Lie algebra of the group SU(2), such that

[ll', lj] = ieijklk.
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A representation of su(2)r is given by

[Si, S;] = 1€k,
[Si, sj] = t€ijiSk,

[si, 8] = i€k Sk, (5.10)

where S; (equivalent to a hat operator) describe a rotation, while s; (equivalent
to a non-hat operator) is the observable of spin. The fact that spin transforms as
a vector under rotations is represented by Eq. (5.9). The components of spin do
not commute with one another, according to Eq. (5.10), as a consequence of the
measurement imposition. In this case we have ij = ij = Efj = €jk-

With the example above, we find that symmetries can also be used to define the
results of commutation relations among observables, and as such we assume that in
Egs. (5.5)—(5.7) ij = ij = Efj . Gathering these comments, we write

[A;, Aj] = iCE Ay, (5.11)
[A;, Aj] = iC Ay, (5.12)
[A;, Aj] = iC}; Ag. (5.13)

These relations define the Lie algebra in the thermal Hilbert space Hp. This repre-
sentation will be called thermo Lie algebra [87]. Notice that this procedure opens
the possibility to explore the notion of Hilbert space in the context of classical
physics, if we consider Efj =0 in Eq. (5.7) [104]. Such a classical formalism will be
developed in the last Part of this book.

5.2.3 Tilde conjugation rules

Some properties of {1 can be derived. Defining the variable
A=A—A4, (5.14)

we show that Egs. (5.11)—(5.13) are written as

[4;, Aj] = iCJ; Ag, (5.15)
[A;, Aj] = —iCE Ay, (5.16)
[Ai, A;] =0 (5.17)

This result shows that a doubling of degrees of freedom has been introduced, in
the form of a direct product. This is a consequence of the algebraic separability
between mappings in Hr describing the generators of symmetry and those of the
observables.

Such a doubling can be considered as a mapping in V = Vops © Vgen, say J :



Thermofield Dynamics: Kinematical Symmetry Algebraic Basis 97

Y — V, denoted by JAJ = ﬁ, fulfilling the following conditions

(AiA;) = A4, 5.18
(CA@ + Aj)~= C*;‘L’ + Aj, 5.19
(Al = (4

These properties, called tilde conjugation rules, are introduced as a consequence of
Egs. (5.15)—(5.17). For instance, comparing Eq. (5.15), written as

A Aj — AjA; = iCE Ay,
and Eq. (5.16), written as
A A — AjA; = —iCE Ay,

we find (4;4;) = ﬁzﬂj. The other relations follow from such comparisons.

5.3 Tilde and non-tilde operators

In this section we analyze, with examples, representations for the tilde and non-tilde
operators. We consider the Hilbert space H, as a Fock space with a basis vector
denoted by

1

Viml

where |0) is the vacuum state and a' is a boson creation operator fulfilling the
algebra [a,a'] = 1, with the other commutation relations being zero. We consider
then the thermal Hilbert space as a direct product Hr = H ® H. The meaning of
the tilde space, 7-{, has to be specified by the tilde conjugation rules regarding the
representation space. An arbitrary basis vector in Hyr is obtained by first taking
the tilde conjugation of H, that is JH = H. For a vector [m) in H we have
B 1 fymypay L

where the results .J2 =1land J atJ = a' are used. We have to define the following
conjugation J|0) = |0). The simplest choice is

Im) = (ah)™0),

(ahm.Jjo),

J|0) = |0). (5.23)
Therefore, we have J|m) = |m) and a basis vector in Hy is given by
1 ~
jm. ) (ah)™(@")"]0,0),

~ Vvl
where |m, @) = |m) ® |) and, in particular, |0,0) = |0) ® |0). Using this, we obtain

Jlm,n) = |n,m).
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Given an operator A in H, then we can construct a corresponding non-tilde
operator, say A, in Hr by defining its action on a vector |m,n), as

Alm,n) = (Ajm)) @ |n).

In the same way, given A in H we have A in Hp, such that
Alm, i) = |m) @ Aln).

Using the completeness relation 1 =3 |r,$)(3,r|, we have

Alm, i)y = > |r,8)(5,r|Alt, @) (@, tm, i)

r,8,t,u

= Z g,r|Alm,n)|r, §)
= ZArm|7' n) = (Alm))|n), (5.24)

where A, = (r|Ajm). We get the tilde of A taking the tilde conjugation of
Eq. (5.24), resulting in

Alm, 7y = An, m) = ZA:mm, 7,

where we have used (A,.,,) = A%, , since A, is a c-number, and |m,n) = |n,m).

On the other hand we have
Aln,iy = > |, 8)(5, v Alt, @) (@, tn, i)

r,8,t,u

= (vl Aln,m)|r,3) = > (3| Alm)n, 3).

S

rm’

Then we obtain
(3AlR) = AL = (AT gn = (AN s, (5.25)

where ATT is the transpose (T') and the Hermitian conjugate (1) of A.
Writing
(3,7l Alm, ) = Asrmi = Armsn,
we have
Armsn = ArmOns. (5.26)
For the tilde operator we define
(5r|Almi) = Asrma = Asprm,
resulting in
Asrirm = Orm (AN s (5.27)
From Egs. (5.26) and (5.27), we can write
A=A®1 and A=1® Al
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For example, consider the Pauli matrices:

1/01 i (01 1/10
Sl_i(lo)’ 52_§<10)’ S3_§<0—1)' (5.28)

satisfying the Lie algebra
[si,85]. = iefjsk. (5.29)
The representation for the corresponding operators A =S and A = g, can be

obtained using the Hermitian Pauli matrices; we have S; = s5; ® 1 and §J =1®s;
with ¢ = 1,2, 3, that is

0100 0-i0 0
1{1000 1lioo0o0
S1=% 10001 | 72 000-¢]"
0010 000

1000 0010
1{o-100 ~ 1{o001
S=%10010 | 7 3(1000]"

000-1 0100

00 —i 0 100 0
~ 1 ]000 —i -~ 1]l010 0
2= 1000 | = 32|o0-10

0i 0 0 000 —1

These matrices satisfy the algebra given by
[Si, Sj] = i€ijkSk,
[Si, S;] = —i€ijrSk
[Siv ‘§J] =0.
We construct another representation for A =S and A=3S8 using Eq. (5.25),
that is (§|A|m) = A%, with an embedding in the higher dimensional space Hr. In
the case of the Pauli matrices, we have

0100 0-i00
1{1000 1lio000
S1=%10010| 2|00 10|

0001 0001
1000 1000
1{o-100 ~ 1fo100
S=310010] 30001 |
0001 0010
1000 100 0
~ 1 |o100 ~ 1]0100
2=3 looo0i| = 32|001 0

00—:0 000-1



100 Thermal Quantum Field Theory: Algebraic Aspects and Applications

A useful result for the tilde and non-tilde operators is derived by considering
the vector

1) =" m,m) (5.30)
Then we have, from Eq. (5.24), for the non-tilde operator

and for the tilde operator

Ay =" Ajm, ) =3 Ap|m, 7). (5.32)

Taking the tilde conjugation of Eq. (5.31) we have
A = ALy = (r| ATV m) = (m] AT|r).

Inserting this result into Eq. (5.32) we obtain

Ally = " (Afjm))|). (5.33)
Taking A = BC, such that A = BC, then we have
BC|1) = (BO)H|1) = ¢t BH|1). (5.34)

5.4 Liouville-von Neumann equation

Let us analyze the effect of time transformations of an arbitrary observable A(t),
generated by H,

A(t) = et A(0)e= M, (5.35)
Taking the derivative of Eq. (5.35) with respect to time, we get
0. A(t) = [A(t), H). (5.36)

Assume that the state of a system is given by a vector |1 (¢,)) € Hr and the average
of an observable A(t) in a state |1(0)) is given by

(A) = ((0)[A(B)[4(0)),
with (10(0)]1(0)) = 1. Then from Eq. (5.35) we write (A) = (¢(¢)].4(0)|1(t)), where
|1(t)) satisfies the equation
i0h(t)) = HJ (1), (5.37)

Despite the appearance, this equation is not the Schrédinger equation in quantum
mechanics due to Hr, that provides reducible representations. However, Eq. (5.36)
is in a Heisenberg picture and Eq. (5.37) is in a Schrodinger picture.
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In this section, we use a representation for [¢(¢)) from |1), in the following way.
Consider a time-dependent operator F(t) acting in H. In the space Hr we have a
vector |F'(t)) defined by the association F'(t) — |F(t)), with

F(t)]1) = |F(t)).
Let us verify the scalar product in Hp, with the vector constructed in this way.
Consider another vector |G(t)) = G(t)|1); then we have

(G|F) = (i1, n|G"Flm, m) (5.38)
= (m|G'F|m) = Tr(G'F) (5.39)

As far as a state of a quantum system is concerned, we take |¢(¢)) in Eq. (5.37)
to be | (t)) = |F(t)). If [¢(t)) is a normalized state, then Tr(FTF) = 1. It is
then convenient to represent F'(¢) as the square root of another operator, writing,
F(t) = p*/3(t). In this case

W) = [p"2(8)) = p2(D)11).

Since
H=H-H=Hol-10oH =He1-1 H,
we have
Hlw(t)) = Hp'2(t)|1) = (H — H)p'/?(t)]1)
= Hp'2(t)|1) — Hp'/*(1)[1)
= [Hp'*(t) — p"/*(t)H]|1)
= [Hp'2(t) - p' () H'||1) = [H, p'*(£)]|1);

thus we find
(1) = iep"2(1)1) = [H, p2(D)]]1).
This leads to
i /2(t) = [H, p/2(¢)).

We can find the time evolution for p(t) = p'/2t(t)p'/2(t), by calculating i0;p(t).
The result is

i0ip(t) = [H, p(t)],

the original Liouville-von Neumann equation, since p(t), a Hermitian operator with
Trp = 1, can be interpreted as the density matrix.

Let us take p'/? diagonal in the basis |n,m), such that the state |¢(t)) is ex-
panded as

Zpl/ 2 (5.40)
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Hence, the average of an observable A is

(4) = WO AR )
= 2O e m Al

= an (n|Aln) = Tr(pA).
Then the canonical average can be derived. For that let us write
12 _ eI
! Z(pB)

resulting in the canonical ensemble if we calculate p = p/2p/2. Beyond that, from
Eq. (5.40) the state |0(3)), defining the equilibrium average, is

10(8)) =

)

2|n, 7).

In short, considering general aspects of symmetries, the Liouville-von Neumann
equation is derived, but with an additional ingredient: Eq. (5.37) is an amplitude
density matrix equation, such that |¢)) = p'/?|1) is associated with the square root
of the density matrix. In this sense, the theory of Lie groups, so often used in the
case of T' = 0 theories, is useful for thermal physics through the doubled repre-
sentation, or the thermo-algebra. This makes statistical mechanics a self-contained
theoretical structure starting from group theory, for with Liouville-von Neumann
equation, we introduce the entropy in the standard way and follow with the proper
connection with thermodynamics. The self-contained elements are reflected in the
fact that no mention to the Schriédinger equation or even the notion of ensemble
has been necessary to develop the statistical mechanics. Some algebraic aspects
that we have derived in this chapter were earlier found but implicitly presented
in the axiomatic structure of quantum statistical mechanics based on c*-algebra.
Actually the concept of thermo Lie group discussed here is a way to bring part of
the c*-algebra formalism to the language of Lie groups [85, 86].

5.5 Physical implications of thermo-algebras

In this chapter, the fundamental result has been the notion of thermo-algebra, i.e.
the scheme of representations of Lie algebras, based on the fact that the dynamical
variables of symmetry are composed of two classes of operators. One set describes
the observables, and others are generators of symmetry. Although there is a one-
to-one association among these sets, they are described by different mathematical
objects, each one with its proper physical interpretation. The known example in
statistical physics of this separability is the Liouvillian, describing the evolution of
the system in Liouville-von Neumann equation, and the Hamiltonian.
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From this dichotomy arises a duplication in the original Hilbert space. Here
these elements are related to the language of group theory, and we explore this
fact in depth in following chapters. However, some aspects can be emphasized and
anticipated .

First, it is worth making an additional comment regarding tilde operators. Ac-
cording to Eq. (5.14), a tilde operator is introduced by the difference among gen-
erators of symmetry and observables. On the other hand, in the literature, tilde
operators, when used to define generators of time evolution, are referred to as heat-
bath variables; and this is the case for some specific examples [104]. If the tilde
operators, however, are not interpreted in a consistent way, their use would be con-
sidered somewhat artificial, and for this reason such variables have been, at times,
designated as ghost variables. But this artificiality is removed, since the content
of doubling degrees of freedom in thermal theories is related to symmetries as we
have seen. Beyond that, once there is a connection between the Matsubara formal-
ism and real-time approaches, with the proper interpretation of the doubling, we
understand better the real meaning of working with an imaginary time formalism.

We observe that the role played by tilde variables is to give rise to physical states
described by density matrices, in the sense that we have: |m,m) — |m)(m|. The
meaning of the thermal states introduced from this duplication is interpreted in
terms of this association with the density matrix states; an aspect to be discussed
in Chapter 12. There are other consequences. Since we have a doubling in the de-
grees of freedom, we can explore linear mappings of the type given by a Bogoliubov
transformation in this doubled Hilbert space. Actually, this will be the mecha-
nism to introduce temperature, and thus the thermal phenomena can be viewed
as a condensate process. Furthermore, using the KMS condition with Bogoliubov
transformations, we can extend this method to describe compactification in space
coordinates of a field theory in topologies such as (S!)¢ x RP~4 where d (< D)
is the number of compactified dimensions in a D-dimensional manifold [105, 106].
These developments will arise from representations of kinematical groups, Poincaré
and Galilei, and will be applied to describe processes such as spontaneous symmetry
breaking and phase transitions for compactified fields in space, at finite temperature.

In order to develop the ideas of symmetry, we initiate our discussion by consider-
ing a simple system with boson and fermion oscillators. Bogoliubov transformations
and the doubled Hilbert space are introduced. This gives us a clear idea about the
nature of TFD in such a system and, thus, prepares us for considering the problem
of fields in TFD.
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Chapter 6

Thermal Oscillators: Bosons and
Fermions

The algebraic approach is applied to bosonic and fermionic oscillators. This provides
new elements for the formalism which will be useful for the study of thermal fields.
In particular the process of thermalization will be implemented via a Bogoliubov
transformation in a doublet notation.

6.1 Boson oscillators

A boson oscillator is described by a Hamiltonian (we use /i = 1),
H= waTa,

neglecting the zero-point energy. The creation and destruction operators, o' and a
respectively, satisfy the algebra

[a,a'] =1; [a,a] = [a',al] = 0. (6.1)
The eigenvalues and eigenstates of H are specified by
H|n) = nw|n),

where the vacuum state |0) is such that

al0) =0 (6.2)
(a')"]0) = Vnl[n), (6.3)
aln) = /n|n —1).

These states are orthonormal, i.e. (m|n) = d,,,,, and the number operator, N = a'a,
is such that

N|n) = n|n).

The eigenvalues of N, the integers n = 0,1,2,..., determine the energy levels of
the oscillator, nw. Since a' and a describe bosons, |n) is a state with n bosons.

105
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6.1.1 Thermal vacuum

To double degrees of freedom, tilde operators @' and @ are introduced. Applying
the tilde conjugation rule to the algebra given in Eq. (6.1) we obtain

(aa’ —alay=1=1,

[a,a'l =1, [a,a =[al,a’]=0, (6.5)

and with similar relations as in Eqgs. (6.2)—(6.4). The generator of time translations
H is given by

H=H-H=uw'a-a'a),

and the thermal state |0(53)) is

10(8)) =

e nﬁw/2|n TL
NP
#Ze‘"‘“”” ST @, (o

It follows that

0(3)|0(3)) = ﬁ (m, e vt/ )
_ 1 N Bunimye
Z(ﬂ) 5“7?’157?’7.?1

e~ Pun,

[
2
-
7

(8

Using (0(5)|0(3)) = 1 and the geometric series expansion 1/(1 —xz) = > z", we
find

1

Z(B) = 1w

(6.7)

Observe that in these calculations the tilde in the state |n,7) is just to indicate
the vector on which a tilde operator acts, but n and n are the same number as in
the sum. Finally, from Eq. (6.6) we have

nﬁw/2

=/1—eBuw Z ah™(@hr)o,0). (6.8)

In this way we are able to proceed with calculations in statistical mechanics using,
instead of the canonical density matrix, the state |0(3)). To explore this possibility,
Eq. (6.8) is written in the form |0(3)) = U(8)|0, 0), where U () is a unitary operator.
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6.1.2 Bogoliubov transformation

The sum in Eq. (6.8) is an exponential, that is

0(8)) = V1 — ePv exp(e7*/?aa")|0,0).
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(6.9)

This result is written as an exponential function only, and as such a unitary operator,

by taking into account the operator relation
ea(A+B) _ etanh aBelncosh aCetanh aA

)

where C' = [A, B]. First we define

cosh0(3) = \/ﬁ = u(p),
efﬁw/2
sinh 6(8) = W= =v(p),

which is a consistent definition since
u?(3) — v?(3) = cosh? §(3) — sinh? §(3) = 1.
A result of these definitions is that
tanh 0(3) = e Pv/2,
Using then Egs. (6.11) and (6.14), Eq. (6.9) reads
0(8)) = cosh ™" (B)e"* D" 0,0)

= exp [tanh GaTdT] exp [~ Incosh f(aa’ + aTa)] exp [tanh 0(—a

where we have used the commutation relation [@,af] = 1 and
/330,05y = ejo, 0) = |0, 0),

where f(0) is an arbitrary function of 6.
Considering Eq. (6.10) with

A= —aa, B=d'al,
C =[A, B]=—aa" —a'a,
a=0=0(0),
Eq. (6.15) reads
08)) = e=*“?]0,0),
where

G(B) = —i0(B)(aa — a'al).

Hence the unitary operator, transforming |0, 0) into [0(3)), is given by

U(B) =e "¢

The operator U(f) is called a Bogoliubov transformation.

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

a)][0,0),

(6.15)

(6.16)

(6.17)

(6.18)
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6.1.3 Thermal operators
Using U(3) let us introduce the following thermal operators through the relations
a(B) = U(B)aUT(3)

a'(8) = U(B)a'U(B),
a(B) =U(B)aut(p),
a'(8) =U(Ba'ut(g).

The importance of these operators lies in the fact that
a()[0(8)) = U(B)aU T (B)U(H)]0,0)
=U(3)al0,0) =0,
and

a(p)|o(g)) = 0.

Then |0(8)) is a vacuum for a(8) and a(8), but it is not a vacuum for a and a.
In this sense, |0(8)) is a pure state for thermal operators, and a thermal state for
non-thermal operators; this is why |0(3)) is called a thermal vacuum.

Since U(f) is a unitary transformation, the algebra of the original operators a
and @ is kept invariant, that is, the operators a(8) and a(8) satisfy the following
commutation relations

la(B),a"(B)] =1; [a(B).a"(B)] =1, (6.19)

with all the other commutation relations being zero.
The operator a() can be written in the following form

a(B) = u(Ba —v(B)a’. (6.20)
The proof is given by writing
a(B) = eGP qetGB), (6.21)

with the aid of the operator relation

e BAeP = A+ (—i)[B, A + (_2?2 (B, B, A]]

—)3
vl m B (6.22)
and choosing A = a and B = G. From Eq. (6.21) we have

a(B) = (1 + 62(5) + 0 (8) + )
~(000) + 55 8(9) + 56°(5) + -yt

= cosh#(B)a — sinh A(B)al
=u(B)a —v(B)al. (6.23)
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A similar relation is derived for af(5),

a'(8) = u(B)a’ —v(B)a. (6.24)
Such a result is proved by using

at (3) = e—iG(ﬁ)&TeiG(ﬂ)7

or simply using the tilde and the Hermitian conjugation in Eq. (6.20). Then we
find, in short, the following set of consistent relations,

it (8) = u(B)i' - v(B)a,

a'(B) = u(B)a’ — v(B)a,
a(B) = u(B)a — v(B)al,
a(B) = u(Ba —v(B)a.

Non-thermal operators a and a' are derived from the thermal ones by inverting
these relations. For instance, multiplying Eq. (6.20) by u(8) and Eq. (6.24) by v(5),
that is

u(B)a(B) = u*(B)a — u(B)v(B)a,
v(B)at(8) = v(B)u(B)a’ —v*(B)a,

summing up both of these equations and using Eq. (6.13), we get
a = u(B)a(B) +v(B)a’ (B). (6.25)

In a similar way, or simply taking the tilde or the adjoint or both conjugations of
Eq. (6.25), we have

a = u(B)a(B) +v(B)a’(3), (6.26)
a' = u(B)a’(B) +v(B)a(B), (6.27)
at = w(B)a'(B) + v(B)a(B). (6.28)

Such relations are useful in practical calculations. Quite often the physical
observables are written as a combination of @ and af. Then it is convenient to
write the non-thermal operators in terms of thermal ones. Let us consider, as an
example, the average of the number operator N = afa. We find that

n(B) = (N) = (0(8)]a’al0(3))
0(8)|[u(B)a’ (B) + v(B)a(B)][u(B)a(B) + v(B)d' (B)]|0(5))

1
— 2 —
v (6) Bw _ 1’

where we have used a(3)[0(3)) = 0 and a(3)|0(8)) = 0. This is the boson distribu-
tion function for a system in thermal equilibrium.
Using Eq. (6.13), we show that

a'(B)a(B) —a'(B)a(B) = a'a - a'a. (6.30)

(6.29)
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Hence the operator H=H-His [b-independent and is
H(p) = H(B) — H(B) = wla' (Ba(8) — &' (B)a(5)]
=wlata —a'a) = H.

The thermal Fock space is constructed from the vacuum |0(3)), and is spanned
by the set of states given by

(0. DO, N, ... . —=—= (@l ()" (@1(5)" 0(6) ...}
From the thermal vacuum and the thermal one-particle state, a'(3)|0(3)), we have
~ Hjo) =o.
Hal(8)10(8)) = wa'(8)[0(5)),
HﬁWﬂﬂMﬂ»==—wa()m()>
Ha' (8)a’(8)[0(8)) = 0.

Let us prove the second relation above:

Ha!(8)[0(8)) = HU(B)a'U~(8)[0
= (wa'a —wa'a)U (B
wla'(B)a(B) —al(
=wU(B)(a'a —a'a)U
= wU(P) a)a

=wU(p)
1

Similar relations can be derived for states such as —= (at(8))" 10(3)).
The action of the thermal creation operator, in terms of non-thermal operators,

(8)
)a U~ (B)U(8)]0,0)
B)a(B)U(B3)a’]0,0)
“H(B)U(B)al0,0)
f10,0)
a'l0,0) = wa'(8)[0(8)).

(afa —af

on the thermal vacuum is obtained as follows: observe that

al(B)[0(3)) = [u(B)a’ — v(B)a]|0(3)). (6.31)
But using a(3)|0(3)) = [u(8)a — v(B)at]|0(53)) = 0, we have

u(B)al0(8)) = v(B)a'(0(3)).
With the tilde conjugation rules it follows that

v*(B)

CLT .
eI

v(PB)alo(s)) =

Using this result in Eq. (6.31) we obtain

U2 CLT - U2 ClT
ol @0 = =2

_ L o
— 5006 (6.33)

0(8)) (6.32)
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This shows that the thermal one-particle state a'(3)|0(3)) is constructed by adding
one particle in the thermal vacuum |0(3)), weighted by w(8) in order to assure
normalization. The generalization of this expression is given by

1
u (8
where we have used af(8)a’ = [u(B)al —v(B)ala’ = a’at(B).

(a'(8))"10(8)) = (a')"10(8)),

~—

6.1.4 Matriz notation

A condensed doublet notation is introduced by realizing that Eqs. (6.20) and (6.24)
can be written as

(;T((ﬂﬁ))) =50) (;T) ’ (6.34)
where
() e

We introduce a notation to be adopted from now on. Given two arbitrary (boson)
operators A and A, a doublet notation is given by

4= (%) - (ﬁ) , (6.36)

with a tilde transposition given by
(A" = (A, - A). (6.37)

In this notation the set of commutation relations given by Egs. (6.1), (6.5) and
(6.19) reads

[a®,@") = 6% [a%(8),3"(B)] = 6°". (6.38)
In addition, Eq. (6.34) is

a®(8) = B(B)apa". (6.39)

such that
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6.2 Fermion oscillators

A fermion (or Dirac) oscillator is a system defined by the Hamiltonian
H = wa'a,
where now the operators at and a satisfy the algebra
{a",a} =1, {a',a'} ={a,a} =0, (6.40)

where { A, B} = AB+ BA is the anti-commutator. The number operator is N = a'a,
with the eigenvalue equation being given by

N|n) = n|n).

Notice that we are using here the same notation as for the boson case. Using
Eq. (6.40) and the fact that (n|n) = 1, it can be shown that n = 0,1, such that

al0) =0,
all) = |0),
a'l0) = 1),
afll) =0.

The Hilbert space is, therefore, generated by two vectors, only: |0) and |1). The
energy eigenvalues are then

H|n) = e,|n) = wnln),

with g =0 and € = w.

6.2.1 Thermal vacuum

In order to construct TFD for this system, we perform doubling of the degrees of
freedom by introducing the tilde operators furnishing the algebra

{at,a} =1, {a',a'}={a,a}=0,

which is a direct consequence of the tilde conjugation rules.

A crucial aspect at this point is to define the relation among tilde and non-
tilde variables. According to the construction presented in the previous chapter,
observables and generators of symmetry have to satisfy commutations relations, and
tilde and non-tilde generators of symmetry commute with each other. However, the
operators a' and a are neither observables nor generators of symmetry, although
combination of them can act in this manner. So we are free to choose physically
correct relations among tilde and non-tilde fermion variables. A consistent theory
is constructed if we define

{a,a} = {a',a} = {a',@} = {a',a'} = 0. (6.41)
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The doubled system has a vacuum given by |0, (~)>7 from which we derive
0,1) = a[0,0),
|1,0) = a'|0,0),
I1,1) = a'a’|o,0).
Therefore, the orthonormalized vectors |0, 0),]0,1),[1,0) and |1,1) form a basis

which spans the doubled Hilbert space Hp of the fermion oscillator. Following the
approach of Chapter 5, we obtain

—_

0(8)) = ) € 5P n, i)
_ 1 0) 4+ e fe1/2)] 1
= Z(ﬁ)(IO,OH 11,1))
— Zl(ﬁ) (14 e Pv/2atat)|0,0).

Using the normalization of the thermal state (0(8)|0(3)) = 1, we get
Z(B) =1+,

resulting in
1 —Gw . ~
|O(ﬂ)> = m(l +e s /2aTaT)|O, 0> (642)

From the definition of |0(3)), the average of the number operator N = a'a is
n(B) = (N) = (0(B)|N[0(5))

1 ~ _
= 1+7—5<0’ 0|(1 + e~ P 2aa)a’a(1 + e=P*/2atal)|0, 0)
e w
7Bw N N
=TT j_ g (0,0laaa’aa’a’|o, 0)
_ 1
14 ePw
This is the fermion distribution function.

6.2.2 Bogoliubov transformation

Following the scheme for bosons, Eq. (6.42) can be written in terms of a unitary
transformation. Indeed, we define

1
=08l = ———,
() = cos§ = ———
. 1
v(B) =sinf = 7m,

such that
u(B)? + v(B)? = cos? § + sin* 0 = 1,
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and

|0(3)) = (cos@ + sinfa'a’)|0,0) (6.43)
Using the property

(aa — a'ah™[0,0) = (=1)"|0,0),

and expanding cos@ and sin 6 in Eq. (6.43), we write

10(8)) = [1 — 8(aa — atal) + oy (aa— ata")? +---1/0,0) (6.44)

where
U(B) = e '€, (6.45)
with
G = —if(aa — a'al).

Note that the ordering of the operators in these expressions is important since a
and @ anticommute with one another. This is the main motive for choosing the
definition given in Eq. (6.41).

6.2.3 Thermal operators

The thermal operators are introduced through the relations

a(B) = U(B)aU" (B),
a'(B) = U(B)a'UT(B),
a(B) = U(B)aU’(p),
a'(B) =U(B)a'U' ()

Therefore we have
a()[0(8)) = U(B)aU (H)U(H)]0,0)
=U($3)al0,0) =0,
and a(3)[0(8)) = 0. Then |0(3)) is a vacuum for fermion operators a(3) and a(g),
but it is not a vacuum for a and a.
Since U(f3) is an unitary transformation, the algebra of the original operators a

and @ is kept invariant, that is, the operators a(3) and a(8) satisfy the following
anticommutation relations

{a(B),a'(8)} =1 and {a(B),a’(B)} = 1, (6.46)

with all the other anticommutation relations being zero.
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Expanding the unitary operator U, thermal operators are written as,

a(3) = u(B)a — v(B)al, (6.47)
a(B3) = u(B)a + v(B)a', (6.48)
a'(B) = u(B)a’ —v(B)a, (6.49)
a' () = u(B)i' +v(B)a, (6.50)

Note that Eqgs. (6.47) and (6.50) are not compatible with the tilde conjugation rules.
For instance, taking the tilde conjugation of Eq. (6.47) we do not get Eq. (6.48).
However, since a' and a are not elements of a thermo-algebra, we can also assume,
without contradiction or loss of generality, that

Qu

=—a

for fermions. Now the tilde conjugation rules give a consistent result.
The Fock space is constructed from of the vacuum |0(3)), and is spanned by the
set of states given by

{10(8)), a"(8)[0(8)), a'(B)|0(B)), a'(B)a’(8)[0(8)) }-
The operator H = H — H is invariant under the Bogoliubov transformation, i.e.
H(p) = H(B) ~ H(B) = wla’ (B)a(B) — al (5)a(5))
=wlata —a'a) = H.

From the thermal vacuum |0(3)) and the thermal one-particle state, a'(3)0(8)),
we have

) H|0(8)) = 0.
IjaT<ﬂ>|0(ﬂ>> = wa'(8)|0(8)),
_ Ha(8)|o(8)) = —wal (3)0(8)),
Ha'(B)a'(8)[0(3)) = 0.
It is to be noted that
u(B)al0(3)) = v(B)a'0(8)) (6.51)
and
of _ @?(B)a’ +v*(B)al _ L
(8)|0(8)) o) 008 = 2y 0(8))

6.2.4 Matriz notation

The matrix notation in the case of fermions is introduced from Eqgs. (6.47)—(6.50)

() -0 3

by writing
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where

() —(B)
BB) = <v(6) u(B) ) | (6.53)

Therefore, for fermion operators A and Z, the doublet notation is given by

= (%) = ( jﬁ) , (6.54)

with the tilde transposition

(A") = (AT, 4). (6.55)
In this case, the set of anti-commutation relations reads
{a,@"} =6 {a(B),a"(B)} = 6. (6.56)
The Bogoliubov transformation, Eq. (6.53), is given by
a“(8) = B*(B)a". (6.57)
The inverse of Eqgs. (6.47)-(6.50), is given as
a = u(B)a(B) + v(Ba' (B), (6.58)
i = u(B)a(8) — v(B)a'(8), (6.59)
a' = u(B)a’ (B) +v(B)a(B), (6.60)
at = w(B)a' (8) — v(B)a(B). (6.61)
such that
() -0 (265)
with

v (4,4)

Notice that, as we have already done, we are using here the same notation as in the
case of bosons. The results derived in this chapter are concerned with one boson
or one fermion mode. However, we can generalize this for an arbitrary number of
modes. This will be important, in particular, to write the thermal propagator for a
quantum field.

6.3 TFD and spin 1/2 lattices

The TFD formalism can be used for spin systems. Here we specify it to consider
spin 1/2 particles.



Thermal Oscillators: Bosons and Fermions 117

6.3.1 Boson representation for the SU(2) algebra

In this subsection we consider the construction of the TFD approach for a system
of particles (or sites in a lattice) of spin 1/2. At first we consider one site described
by the SU(2) algebra,

[si,85] = i€k Sk (6.62)

A boson representation of the SU(2) algebra [107] provides an alternative alge-
braic approach to study spin-1/2 systems [18, 74, 108]. Let us first introduce

S:t = (81 + iSQ) and S() = 83,

such that for each spin variable we have,

[So, S4] = £54, (6.63)
[S+,S_] = 2S). (6.64)
Define then
Sy = a]iag
S_ = agal

1
So = g(alal - agag),

with a; and as furnishing a double boson algebra, that is
[a1,al]=1,, [ag,a}] =1, (6.65)
with all the other commutation relations being zero.
The number operators, N1 = aJ{al and Ny = agaz, satisfy
Ni|ni,ng) = nini,na), Na|ni,na) = na|ng, na),
where

1 t

Iny,n2) = W(aﬂnl (ab)"2|0,0).

Other useful results are

S+|TL1, TL2> = \/ng(nl + 1) |TL1 +1,n9 — 1>, (6.66)

S7|TL1, n2> = \/nl(ng + ].) |TL1 — ].7TL2 + ].>, (667)
1

S()|Tl1,’rl2> = 5(711 — TLQ)|TL1,7’L2>. (668)

The connection with the original SU(2) algebra emerges if it is assumed that
ny=8+m, nNg =8—m,;
where s and m are related to the usual results:
s?|s,m) = s(s + 1)|s,m),

S3|Sa m> = m|8a m)a
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and s and s3 are respectively the total and the z-component of spin. In the case of
spin 1/2, we need to consider s =1/2 and m = 1/2 and —1/2. In terms of the two
bosonic spectra we have ny = 0,1 and ns = 0,1. As a consequence, the action of
S+ and S_ on such states is

Sils,m) = Sy|ni,na), (6.69)
S_|s,m) = S_|n1,na), (6.70)
such that,
n=0ny=1 = m=-1/2
n=1n=0 = m=1/2,
ie.
Si[1/2,—1/2) = Sy|ny = 0,ny = 1) = |1,0), (6.71)
S[1/2,1/2) = Silny = 1,n5 = 0) =0 (6.72)
S_11/2,-1/2) =85_|n1 =0,ne =1) =0, (6.73)
S_[1/2,1/2) = S_|ny = 1,ng = 0) = [0, 1), (6.74)
It is to be noted that
S_|ni,n2) =|n1 =0,n2=1) =0, (6.75)

that is, the state |[nq = 0,2 = 1) = |0,) is the vacuum state for S_. Now we are in
a position to develop TFD for an N spin-1/2 system.

6.3.2 Thermo-SU(2) algebra

Using the tilde conjugations rules we proceed to the doubling of the su(2) algebra,
resulting in

[So, S1] = £54, (6.76)
[S4,5_] = 280, (6.77)
[So, S1] = £54, (6.78)
[S4,S5_] =28, (6.79)

There exists a doubling of the bosonic representation of this algebra; and so we
consider this auxiliary bosonic system as our primary system.
A thermal Bogoliubov transformation is introduced by

U(B) = e—iG(9(6)),

such that generators G(6(8)) = G(6) furnish an su(2) algebra, in agreement with
the usual TFD formulation for bosons. The two vacua of the doubled spin vacuum
|0,0) is given by [0,0) = ]0,1)®|0,1). Now we have to find an explicit expression
for U(B).
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The unitary operator U(/3) is assumed to be a canonical transformation for the
algebra describing the physical system, such that the TFD thermal operators are
now given by

S+ (B) =U(B)S U (B),
S_(8) =U(BS-U1(B),
S(B) =U(B)SLUTL(B),
S_(8) =U(BS_U(B).
So(B) = U(B)SoU~(8),
So(B) = U(B)SeU™'(B)

It is easy to show that the thermal operators S (8), S—(8), S+(3), S_(3), So(3) and
So(B) provide a representation for the su(2)7 algebra, given by Eq. (6.76) to (6.79).

The thermal operators satisfy the condition below of destroying the thermal
vacuum,

S—(9)I0(8)) =0 and S_(8)[0(8)) =0,
where the thermal vacuum |0(5)) is defined by
0(8)) = U(8)0,0) = U(B)(|0, 1)®|0, 1));
satisfying the normalization condition
(0(3)0(3)) =1.
The thermal average of an observable, say A, is specified by
(4) = (0(B)|Al0(B))-

From these recipes, we infer an explicit definition of U(/3) for the N-spin system;
that is, we write

N
U(B) = exp [Z 0,(8) (@l 1al yarairs — ai,g&i,gar,lar,n]
r=1

N
= exp lz 0,(8)(Sy .Sy, — S_,TS*'_,T)] .
r=1

Using the following properties
(S-S — §1.51)**10,0) = (~1)"(0,0),
(S_5_ — §1.81)2 10,0y = (-1)"*10,0), n=0,1,2,---,
derived from Eqs. (6.71)-(6.74), it leads to

N
0(3)) = U(3)0,0) = [ [ (cos# +sin 657 ;ST ,)[0,0).

=1
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As an example, consider a non-interacting N-particle spin-1/2 system in an
external magnetic field h described by the Hamiltonian
N

Ho = ph Z 53,7

r=1
where p is the magnetic moment. Since we are taking the spin system as a bosonic
system, we assume that

coshf = ;
V1—e B’
e Pw
sinh 6 =

V1I—e B’

where w = % wh. Hence we derive the usual result for the magnetization density

m = {0(9)|53/0(3)) = § tanb (5 Gpeh).

This simple illustration shows how to use such an algebraic approach to treat a
spin system. Here, we do not intend to go much further. However, it should be of
interest to point out that we can use this boson formulation to introduce the Green
functions and diagrammatic approaches to treat spins 1/2 systems. For instance,
consider the average (S, S_) = (0(8)|S4+S_[0(8)). Using Sy = alas and S_ = alay,

we write
(S+:5-) = (0(B)|alazalas|0(8)).

Then we can proceed with the definition of a time-ordered product and the thermal
propagator as is usual for boson systems, and write

(515) = lim (S, ()S_ (1))
= lim (0(3)|Tla] (as ()ab (¢ )a (¢)]]0(5))
= lim 0(8) | Ta] (t)a (¢ Jaa (D)} (#)]|0(3)),

where T is the time-ordering operator.

Here we have analyzed the case with one mode. It can be extended to the multi-
mode case and to the field theory. And in Chapters 12 and 13 we will consider
thermalized states of a boson oscillator and physical implications will become clear.



Chapter 7

Thermal Poincaré and Galilei Groups

The importance of symmetry groups for non-thermal field theories is a fact without
question, and this aspect has already been emphasized in Chapter 4. In Chapter 5,
using the notion of thermoalgebra, we presented a derivation of thermal theories
based on general arguments of symmetry, opening the possibility to bring to the
realm of thermal systems the representation theory for Lie symmetries. This pro-
vides not only a strong basis for the thermal quantum field theory, but also for
statistical mechanics, since we can derive the Liouville-von Neumann equation. In
the present chapter we develop representations of the Poincaré and Galilei groups,
taking the notion of thermoalgebra as the key concept [87]. We begin reviewing some
aspects of the Poincaré group, and then we proceed with the derivation of relativis-
tic density matrices. Tilde and non-tilde Lagrangians are then derived preparing
the way to study the introduction of temperature associated with a quantum field
via a Bogoliubov transformation. The Galilei group results from a contraction of
the Poincaré group. The representations of this group are studied at the end of the
chapter.

7.1 The Poincaré group

The Poincaré group or the inhomogeneous Lorentz group, is the Lorentz group plus
translations in the Minkowski space; the general transformation is written as

" = A*,z¥ + a¥,
with det A = 1. The generators of the symmetry are
M? =i(z*0" — z"0"), P, =1i0,.
These relations are checked by observing that for the Lorentz group we have
S(A)f (@) = expl(—iw,u M™) f(2) = f(a* + ", 2")
and for the translations,

S(A)f(x) = exp(—ia"P,) f(x) = f(a" + a”).
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This defines a representation of the Poincaré group [109, 110], which is used to find
all its algebraic properties. The Lie algebra for generators of symmetry is

(Myuy, Mop| = —i(gupMvo — GupMpuo + GuoMpvw — guoMpp),
[Mp,l/a Po’] = i(gVUPM - go’u-Pu)a

with all the other commutation relations being zero. This is the Poincaré-Lie alge-
bra, denoted by p.

The invariants of this algebra are derived from the Pauli-Lubanski matrices de-
fined by w,, = %éuyngWPp, where €, is the Levi-Civita symbol. The invariants
are w? = w,wh and p? = P,P*. An invariant is a multiple of the identity operator,
thus each value is a characteristic of the representation. A simple representation
of this algebra is constructed by taking w = 0 and P? = kI, where I is the iden-
tity operator and k is a c-number. Interpreting P as the momentum, the relation
P2 = k2] means the mass shell condition, and k¥ = m. Considering the Hilbert
space defined by Lorentz-scalar functions, as the space carrying representations of
the group, that is, where the generators are defined to act as operators, then we
have P?¢(x) = m?¢(z). The explicit representation for P? as a unitary operator,
using P, = —id,, leads to the Klein-Gordon equation,

(0 +m?)(x) = 0.
The general form of the invariant w? is
w? = —m?s(s +1)

where s is the spin value. When we take w? = 0, then s = 0, i.e. a scalar field. Such
an equation describes massive spin-zero particles. For w? # 0 it can be shown [12]
that only integral and half-integral spins are possible.

7.2 Relativistic density matrices

The thermo-algebra associated to the Poincaré group [87], denoted by pr, is
[Mp,lla P,| = i(guapp, - gap,Pl/)a
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where M uv stands for the generator of rotations and ﬁu for translations in the
Minkowski space. This algebra is written in a short notation by

[M,P] =iP, [M,M]=iM
[P,P] =0, [M,P] = iP,
[M,M] =iM, [M,M]=iM
[M,P] =iP, [P,P] =0,
[P, P]=0

The invariants of pr are

w? = w,wt, (7.10)
P? = P,P" =m?, (7.11)
w? = 2@, W — D, T, (7.12)
P2 =2P,P* — P,P"; (7.13)
where
- 1 r vo 1 vo D 1 r vo D
Wy, = §€MVPUM PP+ §8WPUM pPr— §ENVPUM P?.
The vector

1 —~ ~
M o— vo pp
w, = 25WpoM P

is used to define the scalar w? = w,w", which is not an invariant of p7 but rather
that of the subalgebra of the hat operators, Eqgs. (7.7)-(7.9). Using the definition of
the hat variables, it is established that

w? = (wuwh )™
= wyw” — (wwh)”
= wyw! — w,wt, (7.14)
and
P2 =p,P"— P,P", (7.15)
Representations for pp are built from the Ca&mlr 1nvar1ants w? and P2. From

the definition of tilde variables, P=P-PandM = M— M non-null commutation
relations for the algebra pr are

[M, P]
M, M]
[M,P] =
[M,M]:—il\N/I.

This is the direct sum of two algebras. Therefore there will be only two invariants
m and m. By definition of the tilde operation, with m being real, we have m = m.
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7.2.1 Bosons
Using the Hilbert space for TED (Chapter 5), the invariants P, P* and ]5#15“, are
[(P* —m®) @ 1]|(t)) =0, (7.16)
and
[1® (P? —m?)][é(t)) =0,
where |¢(t)) is chosen as

(1)) = p(¢) @ 1|T), (7.17)
with |[I) = > |n,n) and p(¢) = |$){¢|. This defines the TFD representation for the

states |¢@).

Two equations are associated with the two invariants P2 = —0 and P?=_0.
For the observable P2, we have
(P? —m®)[¢) = (P* —m*)p(¢) @ 1|I) =0, (7.18)

resulting in
(P? —m?)|g) (| = 0,
or
(P? —m?)|¢) = 0.
Using the |x) basis, (x|¢) = ¢(x)

(@] (P2 —m?)|g) = /d4$’ [(2|P? 2") (@' §) — m*(w|a’)(a"]0)]
we get the Klein-Gordon equation,
(0% + m?)¢p(x) = 0.
The physical content here is that the observable (the non-hat variable) satisfies the

mass-shell condition.
For the generator P2 we have

PYp) = —(Ow1-100)H)

= —(0p(9) = p(9)1) @ 1|1) = 0, (7.19)
then the Liouville-von Neumann equation for p(¢) follows,
0, p(6)] = 0. (7.20)

The content of the Liouville-von Neumann equation is realized by multiplying
Eq. (7.20) by |¢), resulting in

@) (g — o) (o|O)l¢) = (D) (¢le) — [#){¢I0]p) = 0.
Since (¢|0|¢) = —m? and (¢|¢) = 1, we derive the Klein-Gordon equation for |¢).
Using, on the other hand, the bra vector, (¢|, the Klein-Gordon equation in the
dual Hilbert space is obtained from Eq. (7.20),

(@lD1o) ] — [6)(4]0) = (¢](m* + O) = 0.
This result shows that Eq. (7.20) is equivalent to a density matrix equation for the
Klein-Gordon field ¢(x).
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7.2.2 Fermions

In order to construct a spinor density-matrix, we introduce the invariant equation

(" P, ¥) =0, (7.21)
such that,

(o P,)(a"P,) = P2. (7.22)
With the condition given by Eq. (7.19), a generic solution is found to be
ot = oy, (7.23)

where v* are Dirac matrices, and ¢ is some non-null Lorentz invariant to be speci-

fied. A trivial choice is o = 1. Then we find (v*P,) |¥) =0, or
(7 Pu)| W) @ (U] — [¥) ® (T](+*P)" = 0. (7.24)

where now |¥) is a 16-component spinor, and [¢)({¢|) is the 4-component (dual)
Dirac spinor.

Multiplying the right hand side of Eq. (7.24) by |¥), it results in (y*P, —
m) |¥) = 0, the Dirac equation. Now, multiplying the left hand side of Eq. (7.24)
by (V| it results in (¥|(P,y* —m) = 0, the conjugate Dirac equation. In this sense,
in fact, Eq. (7.24) is a density matrix equation for the Dirac field.

Looking ahead for solutions, we note that Eq. (7.24) is invariant under the
unitary transformation [18]

(WP =U (#E) U, (7.25)
and
WY = U[W). (7.26)
Then Eq. (7.24) reads
(@’ |¥) = 0. (7.27)

On the other hand, if [U, (v*P,) | = 0 then |¥)" given in Eq. (7.26) is a solution
of Eq. (7.24). In this case, an example is provided by U = U(y*P,) written in the
form

U = U(yP) = exp|—iyP), (7.28)
where y is the transformation parameter. Accordingly, Eq. (7.26) reads
[¥)" — exp(—iyP)|¢) ® (¢ exp(iyPT).
The gauge invariance can be considered if we write
P, — —iD,=p,+g4A,,
where D, is the usual covariant derivative. Then

@) — exp(~yD)|¢) ® (| exp(yDF). (7.30)
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where ® involves, in a general situation, spin and color indices in non-abelian gauge
theory. This function is a solution of the density matrix equation, which is derived
from Eq. (7.24), but rather considering the gauge field, that is

[("'Du) @ 1= 1@ (v*Dy)llé) @ (4] = 0. (7.31)

If we use the definition given by Eq. (7.17), then we write (z,z'|V) = U(z,z’),
such that Eq. (7.30) is

V(z,y) = exp [~yD(x)] ¢(«) ® d(z) exp[yD(x)]. (7.32)

which is the generalized Heinz density operator [111]. Thus this result shows how to

derive the Heinz’s approach for the spinorial field from a first-principle method based

on the group representation theory of thermo-algebra. The analysis for the scalar

field follows the same lines; and the approach can be generalized for higher spin

fields, taking advantage of the standard methods to derive arbitrary-spin density-
matrix equations.

7.3 The Galilei group

The Galilei group is defined by the set of transformations [112],

x' = Rx + vt + a, (7.33)
t'=t+b, (7.34)
taking a point of the Newtonian space and time (x,¢) to another point given by
(x',t"), where x =(z!, 2%, 2®) stands for the coordinates of Euclidian space; t stands

for the time; R describes the rotations; v =(v!,v2 v3) is a velocity describing the

Galilei boost, the change from one inertial frame to another; a and b are space and
time translations, respectively. Denote the transformations given in Egs. (7.33) and
(7.34) by the operation G,

(x',t") = G(x,1), (7.35)
with G specified by
G = [b,a,V,R]. (7.36)

The transformations G form a group. To prove it, consider G; = [b1, a1, vy,R1] and
Gy = [bg,ag, VQ,RQ], then

G2 0Gy = [b,a,v,R],. (7.37)
with

b=bs + b1,

a=ay+ Rpa; + b1vy,

v =va+ Ravy,

R=RoR;.
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The operation G30G1, to be denoted simply by G2G1, is a closed product equipping
the set G of all transformations with a group structure. Indeed, the composition
operation defined in Eq. (7.37) is associative; also there is an identity transforma-
tion,

E =(0,0,0,1); (7.38)
and, for each transformation G = (b,a,v,R) there is an inverse G~!, such that
GG = GG™! = E, with G~! given by

G '=(-b,-R'(a-bv),-R'v,R"). (7.39)
The set of transformations G is called the Galilei Group; it is the kinematical
symmetry group of the non-relativistic physics.

The Galilei group G is specified by ten parameters: three for spatial rotations
given by the three Euler angles, for instance defining the matrix R; three for Galilei
boosts (v); three for space translations (a); and finally one parameter b for the time
translation. The defining representations of G in the space R® x T (with T ~ R)
are given by Eqgs. (7.33) and (7.34).

The basic subgroups of G are 7 = {(b,0,0,1)} time translations; & =
{(0,a,0,1)} space translations; V = {(0,0,v,1)} boosts; R = {(0,0,0,R)} ro-
tations. The subgroup 7 x § is an invariant abelian subgroup and G/ (7 x §) is
isomorphic to V x R, the homogeneous Galilei group.

Let us now derive the Lie algebra of G, which will be denoted by g, using the
space of analytical scalar functions of (x,t). We have

S(G)f (5,t) = S (b,a, v,R) f (x,£) = F(x',1). (7.40)
For finite unitary representations,

S (b,a,v,R) =U (b,a,v,R) = e giaPeivkeit-J, (7.41)
are such that the generators of the Galilei group are given by
0

H = ZE is the generator of 7T

P = —iV is the generator of S;
J = —ir x V is the generator of R;
K = itV is the generator of V.

The commutation relations among these generators define the Lie algebra g,

[Jis J5] = ieijn i, (7.46)
[Jiy K] = igije Kk, (7.47)
[Ji, Pj] = g P, (7.48)
[Ki, H] = —P;, (7.49)

where €1, is the skew-symmetric pseudo-tensor , and 4, j,k = 1,2, 3. All the other
commutation relations are null.
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7.4 Galilean density matrices

To construct the thermo-algebra of the Galilei group, we distinguish the dynami-
cal variables between generators of symmetry and observables. The commutation
relations for the generators of the Galilei symmetries are [113]

(T3, Jj] = i€iu i, (7.50)
[Ai, 13]] = Zeijkﬁk; (7.51)
(i, K] = ieiji Kx. (7.52)
[H,K;] = iP;, (7.53)
K, Pj] =0, (7.54)

where J = (jl, fg, fg) stand for the generators of rotation, P= (ﬁl, }32, }33) for the
generators of spatial translation, K = (IA{l, I?g, 1?3) for the Galilei boosts, and H
for the time translation.

The subalgebra of the generators of the Galilei symmetry, Eqgs. (7.50)—(7.54),
describes faithful representations of the Galilei group. Usually, the projective, not
faithful, representation, in which

(K, }3J] = constant # 0,

is used to derive physical representations, where the constant is the central charge
describing mass. This is not the case here. The physical representation will be
determined by the nature of the invariant subalgebra involving the observables,
Ji, Py, K, H, i = 1,2,3. That is, we postulate the existence of the following ob-
servables: the angular momentum, J, the linear momentum, P; the energy, H; and
a position operator, Q, which can be introduced via the Galilei boost, considering
that an observable

K, =mQ; + f(P) (7.55)

is associated, by construction, with the generator of boosts, IAQ, and m is a constant.

Here we are looking for unitary operators describing quantum systems, then as
another postulate, we assume that the three components of the observable angular
momentum do not commute with each other. So we have

(i, Jj] = t€iji . (7.56)

The other non-null relations for the observables arise then by consistency,

[Jza P]] = iezjkpka (757)
[Ju K]] = Zelijk) (7 58)
[H,K;| = iP;, (7.59)
(K, Py = imdjp,. (7.60)
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The relations among generators of symmetry and observables are represented
by the following commutations relations

(i, T3] = [T3, ;] = d€aju i, (7.61)
[Ji, Py = i, P) = i€iju P, (7.62)
[Jzaf{j] = [jiaKj] = i€k K, (7.63)
[H, K;] = [H, Kj] = iP; (7.64)
(K, Pj] = [Ki, Pj] = imdy;. (7.65)

Therefore, the observable angular momentum, J , transforms as a vector, a rotation
generated by J, as indicated in Eq. (7.61). The other relations, Egs. (7.62)—(7.65),
can be interpreted in a similar way by considering the corresponding transforma-
tions.

The set of commutation relations given by Egs. (7.50)—(7.65) is, then, a thermal
Galilei Lie algebra, gr. In this case, for some values of the structure constants, we
have the situation in which Cijk 7& Dijk = E@jk.

The interpretation of each observable is obtained from transformation rules. For
instance, consider the observables @@ and P under a boost transformations, that is,

UK) QU Y(K)=Q +vtl (7.66)
and
UK) PUYK)=P+mvl (7.67)

where

U(K) = exp(—imvK).

Therefore, under the boost the operators  and P transform the position and
momentum, respectively; and so are candidates to describe observables, if m is the
mass. In addition we have, due to Eq. (7.60) with m # 0 only, [@;, P;] = d;;. This
corresponds to the Heisenberg uncertainty relations and for the sake of consistency
Ji = €1 Q; P + 5; with S; being an operator commuting with all the operators in
the algebra. In this way, Eqgs. (7.56)—(7.60) furnish a compatible set of algebraic
relations among the basic observables with J; being used to describe the angular
momentum. If m = 0, along these lines of reasoning, we do not derive physical
representations, since Eq. (7.60), in this case, is incompatible with Eqs. (7.56)-
(7.59). In other words, rigorously we cannot find a representation for particles with
zero mass in the non-relativistic context. This discussion would be different in the
realm of a Fock space representation, important to many-body systems.

Another important aspect is that gr is a reducible algebra, in the sense that,
we can rewrite it in terms of the tilde and nontilde operators. That is,

A=A—A.
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Then we find that gp is the direct product of two unfaithful representations of the
Galilei group, i.e.

[Jis Jj] = i€ijidn, [, Jj] = —i€iju . (7.68)
[Ji, Pj] = i€ijiPe, [Ji Pj] = —i€iju P, (7.69)
[Ji, K;] = ieijuKe, [ Ji, Kj] = —i€ijuKg, (7.70)
[H,K;] = iP; [H,K;] = —iP; (7.71)
[K;, B] = imér,  [Kj, B = —imdjp, (7.72)

and the other commutation relations among tilde and nontilde variables are null.
Notice that, in the case of classical systems, the commutation relations given by
Egs. (7.56)—(7.60) are null, representing abelian observables. In that case gr is no
longer a reducible representation, in the sense that we cannot derive Eqs. (7.68)—
(7.72).
The invariants of gr are

P2
o

1 2
12:<J——K><P) ,
m

~ P2\
.[3:.[1:<%> —IT[7

~ 1 21"
Iy =15 = l(J——KXP)
m

These invariants are used to specify representations. Their meaning is: I; defines
the conservation of energy and I5 the spin. The operators I3 and I are invariants
associated with I; and I, respectively.

I =

3

The invariant I3 is associated with the so-called Liouvillian in the density matrix
formalism. From the thermal Galilei-Lie algebra, H is the generator of time trans-
lation, such that the time evolution of an arbitrary dynamical variable is specified
by A(t) = e A (0) e""*H | where A stands for A or A operator. Hence the time
evolution equation for A(t), is,

i0.A(t) = [A(t), H),
which corresponds to the Heisenberg equation.
In the Schrodinger picture, as seen in Chapter 5,
0y [Y(t)) = H [1p(1)). (7.73)
where we have assumed a representation with Is = 0, i.e., there is no spin. Consid-
ering the state of the system, |¢(t)), written as

(1)) = |o*(1) - 1),
— [P /2(e)]1)
P2()), (7.74)
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where |1) = > |n,n), we derive
n

i0ep(t) = [H, p(t)] = Lp(t)

the Liouville-von Neumann equation, where L = H = [H,] is the Liouvillian. In
order to include a spin index, we have to consider representations I # 0. The main
result of this section is to show that the Liouville-von Neumann equation is derived
directly from the group theory.

Observe that in terms of the tilde and non-tilde operators, we find two
Schrodinger equations,

104 ’l/)(X, t) = H¢(X’ t)v
—iy h(x,t) = Hip(x, 1).

7.5 Lagrangians

In this section we write the Lagrangians for the Klein-Gordon and Dirac fields
using the thermal representations. This will be used to construct the thermal /field
theory, in the next two chapters. For the case of bosons, using the invariant P2 =
p,P* — IBH]B“, it stands for the hat-Hamiltonian of the theory. Then there is
a Lagrangian associated with it. For the Klein-Gordon field we have the set of
equations

(@2 +m?)g(x) = 0,
(O +m?)d(x) =0,
which are derived from the Lagrangian density,
L=L—L= % 0% — émQQSQ - %aaaaa% %m%}?. (7.75)
For the Dirac field we have

£ = S0y i 0 p(a) — mib())

+ %i(x)’y* 0D P () + m () ().

The ~v-matrices in these equations are taken in the representation with ¥ = (y7)" =
~v*, as in Chapter 4. Both representations for the tilde matrices are compatible
with the algebra of the y-matrices, that is, {y#,v"} = 2g"¥ or {y**,~v**} = 2¢g**.
This doubled structure points us to explore Bogoliubov transformations in these

representations. This is analyzed in the next chapter.
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Chapter 8

Thermal Propagator

We introduce now temperature effects in a quantum field theory. We consider a
field in the space Hp, with the modes thermalized via the Bogoliubov transfor-
mation. The main goal is to write the thermal free field propagator, following in
parallel with the T' = 0 theories. First we derive the imaginary-time propagator
for boson and fermion fields, and in what follows, the so called real-time propa-
gator. Interacting fields at finite temperature are considered with a path integral
formalism [105, 114, 115].

8.1 Thermal Klein-Gordon field

The Lagrangian density of the Klein-Gordon scalar field with an external source is
written in the thermal representation as

L=L-L
1 feY 1 2,2 1 Taa T 1 272 T
= S0a00%6 — SmG 4+ J6 — S0a00°6 + SmPdE - T,

In order to introduce the Hamiltonian formalism, we define the canonical momentum
density by

m(x) = w,
¢
w(a) — 2E0.90)
o
The Hamiltonian is defined by
H= /ﬁd% = /[H(¢>, ™) — H(p,7)| d*z, (8.1)
where the Hamiltonian density is
A_lz 1 2 1 2,2 _1~2_1 ~2_l 272 T
H= 57T + 2(V¢) + 5™ o°—Jo 5T 2(V¢) 5™ o+ Jp).

133
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A quantum field theory is introduced by requiring that the equal-time
commutation relations are fulfilled,

[0t %), (¢, y)] = id(x - y), (8.2)
[(t,x),0(t, y)] = [7(t,x),7(t,y)] =0, (8:3)
[9(t,%),7 (t,y)] = —id(x — ¥), (84)
[6(t,x).¢(t, )] = [r(t, %),7(t,y)] = 0 (8.5)

The fields ¢ and 7 are operators defined to act on a Hilbert space Hp. We use the
Bogoliubov transformation to introduce thermal operators. In this case there are
infinite modes and so a Bogoliubov transformation is defined for each mode, i.e.

3
é(x; B) = / %ﬁ [a(k;ﬁ)e_“” + aT(k; ﬂ)eikx]

and

i) = [ g [l e + @k 9)e,
T ] 21)3 2w

where a(k; 3) (a(k; 3)) and af(k; 3) (af(k;3)) are thermal (tilde) annihilation and

creation operators respectively. For the momenta, 7 (z; 8) and 7(zx; ), we have

. 3 . .
w(x; B)=¢(z; 8) = / (;lﬂl)gg (—1) %[a(k;ﬁ)eﬂkz —a(k; B)et™™]

and

'~ 3 7 .
i )=o) = [ iz 5laths e —al (ks e ),

where we have used the tilde conjugation rules to write g(x,ﬂ) and 7(z; 3) from
¢(x; B) and 7(x; B), respectively.
_ The algebra given by Egs. (8.2)-(8.5) is still valid for the operators ¢(z; 3),
o(x; B), m(x; 8) and 7(x; 8). Then the commutation relations for the thermal modes
read
la(k; B), a' (K'; B)] = (27)°2kod (k — K'), (8.6)
(ks 8),a" (K'; B)] = (27)°2kod (k — K'), 8.7
with all the other commutation relations being zero. The general Bogoliubov trans-
formation applied to all modes is written in the form

B) = exp {Z 0(B)[a’ (k)a' (k) — a(k)d(k)]}
k
= [V 5), (8:8)
k

where

U(k, B) = exp{0u(B)[a’ (K)a' (k) — a(k)a(k)]},
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with 0 defined by cosh 8, = v(k, ), in the continuum limit. However in this limit
the unitary nature of the Bogoliubov transformation is lost, a property that gives
rise to non-equivalent vacua in the theory [116, 117]. Despite the loss of unitarity,
the Bogoliubov transformation is still canonical, in the sense that, the algebraic
structure of the theory is preserved [72].

The Hilbert space is constructed from the thermal vacuum, [0(8)) = U(3)0, 0),

where
k

and |0,0), is the vacuum for the mode k. The thermal vacuum is such that
a(k; B)|0(8)) = a(k; 5)|0(8)) = 0
and (0(3)|0(8)) = 1. The basis vectors are given in the form
[a (ks B)]"™ -+~ la" (kvs B)]"¥ [ (ks B))™ - - @ (ke B)] ™ 10(8)),

where n;, m; € N and k; refers to an arbitrary mode.
The thermal and non-thermal operators are related by

a(k; B) = U(B)a(k)U~(B) = U(k, B)a(k)U ™ (k, §)

= u(k, B)a(k) —v(k, B)a' (k), (8.9)
where
1
v(k,B) = op (o) =
and u?(k, 3) — v%(k, 3) = 1. The inverse is
a(k) = u(k, B)a(k; 8) + v(k, B)a’ (k; §). (8.10)

The other operators, af(k), @(k) and a' (k) are derived by using the Hermitian and
the tilde conjugation rules.

The thermal average of an observable, A, has already been defined as (A) =
(0(8)|A|0(8)). Let us calculate the thermal propagator, using the thermal vacuum.
The thermal Feymann propagator for the real scalar field is then defined by

Go(z —y, 8) = —i(0(B)|T[¢(x)p(y)]|0(3)), (8.11)
iGo(z —y,8) = 0(z® — y°)g(x — 5. B) + 0(y° — 2°)g(y — =, B), (8.12)

with 0(x) being the step function, such that 6(z) =1, for x > 1, 6(x) = 0, for
x <1, and g(z —y; 8) = (0(8)|¢(x)o(y)|0(8)). Explicitly, we have

3 . .
gz —y,B) = |/ e k)e™ ™ + a(p)e’™]

Cl
2wk

8 / (%)32—% [a(p)e™ ™Y + al(p)e¥]|0(B)).
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Separating the terms, g(z — y, §) reads

$p k11

(2m)3 (2m)3 2wy, 2wy,

(0(B)]at (k)a' (p)|0(B))e’ = try)
|
|
|

g(x—y,B) =

(k)at (p)|0(8))e ke —Py)
a' (k)a(p)[0(8))e'*—Pv)
(k)a(p)|0(B))e " Fetrv). (8.13)
Using Eq. (8.10), and the equivalent expressions for af, @ and a' each of them

written in terms of the thermal operators, each term in the integrand is calculated.
The first one is

(0(8)|a’ (k)a' (p)|0(8)) = (0(8)|[u(k, B)a (k; B) + v(k, B)a(k; B)]
x[u(p, B)a’ (p; B) + v(p, B)a(p; #)]|0(B))

resulting in

(0(8)at (k)a® (p)[0(B)) = 0.

<0(6)Ia(k)af(p)|0(ﬂ)> = (0(8)l[u(k, B)a(k; B) + v(k, B)a’ (k; B)]
x[u(p, B)a’ (p; B) + v(p, B)a(p; 3)]0(B))
= u(k, B)u(p, B){0(8)la(k; B)a’ (p; £)|0(5))
= u(k, B)ulp, B)(0(B)la’ (p: B)a(k: B) + [a(k; B), a' (p: B)]|0(8))
= u(k, B)u(p, B)(0(B)la’ (p; B)a(k; B) + (2m)*2kod (k — p)|0(5)
= u(k, B)u(p, B)(27) 2kod(k — p)
where we have used Eq. (8.6). The same procedure is used for the other terms to

get
(0(8)la’ (k)a(p)|0(8)) = v(k, B)v(p, 3)3(k = p),
(0(B)la’ (k)a' (p)]0(8)) = 0.
Substituting these results in Eq. (8.13), it leads to
glx —y,B) = / (;l:; 23} [u2(k, B)e~*@=1) 1 42 (, B)eit@=v)],
Then Eq. (8.12) reads

k1

(27)3 2wk[ (k Be —ik(e=y) 4 4 (k 6)61‘/’@(17?,)]

1Go(z —y,0) = G(mo — yo)/

3
+00° =) [ G g0 )M 0 e
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As u?(k, B) — v?(k, 8) = 1, then

3
iGo(x _ y76) _ 9($0 _ yO) / %%‘%[(UQ(&B) + l)e—ik(z—y) + ’UQ(k,ﬂ)eik(z_y)]

3 .
#006° =) [ g2 ) + e

+02(k, B)ettv—o)]

Pk 1 0 0y, —tk(z—y) 0 0y, —tk(y—z)
_/(277)3%[0(33 —y e +0(y  —z")e }

3 1 , ,
+/ (d E 02k B [0(a® — )W) 4 0(y" — 20)e R

271’) 2wk
b [ 2k, ) 00 ~ 1) 4 — 20
(2m)3 2wy,
Using the Fourier representation of 6(z), we obtain
Golz —y,8) = / Tk e oGy k. ) (8.14)
0 y (271')4 0\l ) .
where
Go(k, 8) = Go(k) +v*(k, B)[Go (k) — G5 (k)]. (8.15)
Since
Go(k) — Gy(k) = ———— + .
0 O k2 —m2 e k2 —m2 —ic
= 2mid(k? —m?),
we have

Go(k, B) = Go(k) + 2min(k; B)5(k* — m?), (8.16)

where n(k; 8) = v%(k, 8) is the boson distribution function for the mode k.
Using the definition of the TFD propagator, Eq. (8.11), in the Heisenberg pic-
ture, we have

Gole — v, 6) = ~il0()ITI80x, (v, H]0(5))
= —iTr{ e TIox, 06(y. 1)}

= e e T ()(y — o))
= —i(0(8)|T[é(x)¢(y — ino)]|0(B))
= Go(z —y — ifno, B), (8.17)
where ng = (nf) = (1,0,0,0). This means that the propagator is a periodic function
with a period (8 in the imaginary-time axis, with frequencies
2mn

77

Wy, =



138 Thermal Quantum Field Theory: Algebraic Aspects and Applications

which are called Matsubara frequencies. Therefore, we can also write Go(xz — y, §)
as

—iky T

Golz —y, 8 il Z/dB o (8.18)

where k, = (k%, k). The connection between these two representations of the ther-
mal free propagator, Eqgs. (8.14)—(8.16) and Eq. (8.18), will be discussed in detail
in Chapter 15. The propagator Go(z — y, ) given in Eq. (8.18) is one of the main
results of the method first proposed by Matsubara, using the Wick rotation from
real to imaginary time. This method is called the imaginary time formalism [43].

In Chapter 3, it is shown that the partition function is a generating function
Zap but with @ = b, and a Wick rotation. We introduce here the partition function
as a generating functional for Go(x — y, ), generalizing the previous results. Using
the generating functional defined in Chapter 3 for the scalar field, we write

N/D¢ exp{/ dT/d3 [ (O, +m?)p — Jqs” (8.19)

where 7 = it, such that
O4m? =-02 - V?+m?

and the the field ¢ satisfies the periodicity condition ¢(0) = ¢(5). The effect of finite
temperature is taken into account by implementing a Wick rotation of the real axis,
limiting the imaginary time in a range from 0 to 8 and to perform the functional
integration with the field satisfying periodic boundary conditions. Performing the
¢ integration we get,

;B
Zo[B,J] = N exp l% / J(x)(O+ mQ)—lJ(y)d‘lx] [det(T+m?)]Y2,  (8.20)
0
where we are using the notation foﬁ dr [dPz = foﬁ d*r and

B
[det(0 +m?)]*/2 = /Dqs exp {—/ d4x[%¢(D + m2)¢]} =7Z[3.  (8.21)
0
The kernel of the operator (O + m?)~! is the propagator Go(z — y,3) given in
Eq. (8.11), since Go(x — y, 8) is a solution of
O+ m*)Go(z —y,B) = —6(10 — 7,)6(x — y).

This solution is unique since the boundary condition given in Eq. (8.17) is satisfied.
This shows that Zy[3, J] is the generating functional of Go(x — y, 3).
For an arbitrary operator A we have In(det A) = Tr(ln A) and so we write

In Zo[8] = % In[det(0 + m?)] = %Tr In(C0 + m?).
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In the Fourier representation we have

anO 1271' Z /

This leads to the result for the scalar field free energy, given by F(83) = —% In Zo(5).
As a final observation it is worth mentioning that the propagator Go(z — y, 3)
can also be written in the form

To prove this, observe that in |0(3)) = U(8)|0,0), the Bogoliubov transformation
U(B) is given by Eq. (8.8), involving all the modes, and that a(k;3) is defined in
Eq. (8.9) involving only one mode k.

lnw +w? +m?)).

8.2 Thermal Dirac field

The hat Lagrangian density of the Dirac field with an external source in the thermal
representations is written as

£ = 5(@)ly 1T = mlb(@) +1(@)o(@) + D(w)n(e)
5B 1T~ ml(a) + 7)) + D)),

where v* = (y7)T. In order to introduce the Hamiltonian formalism for the thermal
quantum field theory, we define the canonical momentum density in terms of the
hat Lagrangian density by

OL(,0¢)

m(x) = - =it(z

() = 22 il o)

#() = 200 _ g,
00

The Hamiltonian is defined by,

~

- / A dbe = / F(2)0 (@) — L] da.

Each operator is mapped into a thermal operator by a Bogoliubov transformation.
The anti-commutation relations are given by

{(x.t;8),m(y,t; )} = id(x —y),

{(x,t; 8) 0 (y 1 8)} = {m(x,t; 8),7(y,t; 8)} =
{(x.t; 8)7(yt: B)} = —id(x —y),

{P(xt: B) byt B} = {m(x.t: B),m(y.t; B)} =
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The fields are expanded in modes, k, by
2

3 m ' '
’@b(f,ﬂ) = /%w—k Z[ba(k,ﬂ)u(a)(k)e_“m + d};(k,ﬁ)’l}(a) (k)ezkm]’

2

5= [ Gy L SO T W a0 (e

2

~ 3L m ' ) '
Y=, B) = / %w—k Z[ba(kaﬂ)U*(a)(k)emr+dL(k,ﬂ)v*(a)(k)e_m],

2

~ 3L m . ) . .
P(x) = / (;lﬁ’; Z[bl(k,ﬁ)ﬂ*(o‘)(k)e_m+da(k,ﬂ)@*(a)(k)e““].

The anti-commutation relations for the creation (b!, and df,), annihilation (b, and
d,) and the corresponding tilde operators are

bk, BB (K, )} = {dak, 5).d1 (K, 5)} = (2m)° 2250k ~ )b,
{Ea(kvﬂ)vgjy(kla ﬁ)} = {Cza(ka ﬂ),cﬁy(kl,ﬂ)} = (QW)B%(S(I{ - k/)‘savv

with all the other anti-commutation relations being zero.
The Bogoliubov transformation is

U(B) = exp {Z{ob,k[b*(k%*(m — b(k)b(K)] + O ]d (k)T (k) — d(k)ci(k)]}}

k

= H Ub(k,ﬂ)Ud(kaﬂ)a
k

where
Us(k, ) = exp{8x [0 (k)T (k) — b(k)b(K)]},
Ua(k, B) = exp{fa[d' (k)d' (k) — d(k)d(k)]}
with 6y 5, defined by cos 8y, = vs(k, §), and 84, defined by cos 0q 1, = va(k, 3), where

1
2 —
vy (k. ) = eBlwe—ps) 417
1
vi(k,B) =

eBwitpa) 4 1’

with ppq being the chemical potentials, v3(k,3) + uZ(k, ) = 1 and vZ(k,[) +
u?(k, 3) = 1. Here vZ(k,3) and v3(k, 3) give the distribution functions of particles
and anti-particles, respectively.

The Hilbert space is constructed from the thermal vacuum, |0(3)) = U(5)|0, 0),

where
|07 6> = ®|07 6>k
k
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and |0, ﬁ)k is the vacuum for the mode k considering particles and anti-particles.
The thermal vacuum is such that

b(k; B)0(8)) = b(k; 3)[0(8)) = 0,
d(k; 8)|0(8)) = d(k; B)|0(8)) =0,
and (0(5)]|0(8)) = 1. Basis vectors are given in the form
(b7 (kas B)]™ - - [dT (kg B)]" [bF (K B)]™ - - [dF (ks B)] ™ [0(8)),
where now n;, m; =0, 1.
Thermal and non-thermal fermion operators are related by

b(k; B) = U(B)b(k)U~H(8) = U (k, B)b(k)U* (k, B)
= up(k, B)b(k) — vy (k, B)b' (k),
d(k; B) = U(B)d(k)U(8) = U(k, B)d(k)U " (k, )
= up(k, B)d(k) — vp(k, B)d" (k);
The inverse formulas are written as
b(k) = wy(k, B)b(k, B) + vy (k, B)b' (k. 3),
d(k) = up(k, )b(k, B) + vs(k, )b (k, ).
Observe that each operator b or d carries a spin index. This is understood to be in

the mode k.
The thermal Feynman propagator for the Dirac field is defined by

So(x =y, B) = —i(0(B)|T[v(x)¥(y)]10(5)), (8.22)

such that
iSo(z —y,8) =0(z" —y°)S(z —y, 8) — 0(y° — 2°)S(y — =, 8), (8.23)

—y)S(
with S(z —y, 8) = (0(8)[¢(2)¥(y)[0(8)) and S(z —y, ) = < (5 [ ()¢ (2)0(8))-
Let us calculate Si;(z —y, 8) = (0(8)|vs(x)¢;(y)|0(3)), i

d3 d3k
x[(0(8 >|u (, 5)b akw)b* w)uf:,ia;:,;- e keiry|0(B))]
+H0(B) |02 (k, B)dar(B)dL,,(B)ve ;5 5€™ e =¥ ]0(83))
Bk m
- / 2"y 2
X[u2(k76)ug,iﬂg,j e~ h(@=y) 4 vz(k,ﬂ)v,‘j’ﬁz‘,j eik(wiy)]-

Using the projection operators,

2
(@) (@) gy _ L
;u ()@ (k) = 5~ (3 -k +m),

2
(@) (@) gy _ L
D u T k) = gm0k —m)y,
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we obtain
50 -39 = [ oA S0 =025 )79+ m)ge
* ’ (27‘()3 ka ’ *
—0*(k, ) (i - © +m)gje V).
Suppressing the matrix indices we have
d3k

S —y.p) = <w-a+m>/W
e—ik(z—y) B UQ(k,ﬁ)

—ik(z—y) _ ik(z—y)
x| o o (e e )] (8.24)
For the term S(x — y, 3) we get
= _ d3k
S(x—y,p) = (W'a‘i‘m)/W
ik(z—y) 2 , ,
x[-E 47 (k, B) (e F@=y) 4 giklz=y)y], (8.25)

Zwk ka
Using Egs. (8.24) and (8.25) in Eq. (8.23) we obtain

SO(x - yaﬁ) = (Z’Y : a—'_m)GO(x - yaﬁ)

8.3 Doubled notation for bosons

In this section we analyze the two-by-two propagator in TFD which accounts also
for the tilde fields. This analysis will give us the possibility to introduce a thermal
path integral in real time. In chapter 6, we have defined

A(B) ~
A= ~ Aty = (At —A . 2
(a%) (AT@), (A1) = (41(3), - A(5)) (5.26)
Then the algebraic rules for the thermal boson operators are written as

[a®(B),a’T(B)] = 6%°; a,b = 1,2; and all other commutation relations being zero.
The Bogoliubov transformation, Eq. (6.35), is therefore written as a 2 x 2 matrix,

(w8 —u(d)
B ‘(—v@ U(ﬂ))’ (8.27)

such that for Eq. (8.10) we write
a® = (B71H%ab(B) and o = a"f(B) Bb.
In the doubled notation, the Lagrangian density is
~ 1 2
L= 30,8 (2) 0"®(x) - mT ot (2)®(x),

where

() = (qﬁ(x)) @) = (o). ~d(a)).
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The thermal Green function is given by

iG(x — y; B)* = (0,0[T[p(x; B)* (y; 3)°]0,0)

_ 1 4 . ab ik(z—y)
= Gt /d kG(k; 5)*e ) (8.28)
where G(k; 3)* = B~ (ko)Go(k)*B(ko), with
1 0
Go(k)®o = | F-matie 7 : (8.29)
0 o
Using the definition of B(ko) given in Eq. (8.27), the components of G(k; 3)% read
NI 1 9 2 _ 2
Gk;8) = [E—— 2min(ko) 0(k* —m?),
-1
L322 o 2 2
G(k; 8)> = yEp—— 2min(ko) 6(k° — m*?),
G(k; B)'? = G(k; B)*" = —2mi [n(ko) + n®(ko)]'/? 6(k* — m?),

where n(ko) = v(8). The propagator G(k;3)'! is the same as in the Matsubara
method; and the two-by-two Green function in Eq. (8.28) is similar to the propagator
in the Schwinger-Keldysh approach [72].

8.4 Generating functional for bosons

For a system of free bosons, we consider, up to normalization factors, the following
generating functional

Zo ~ / DéDge'S
= /quDqgeXp[i / dx(L — E)]
— [ DoDdexp(~i [ dalzo(@+m)o— I~ 53O + w13+ T).
Such a functional can then be written as
Zo = exp( / dedy J (@) (0 +m? —ie) " J(y)
+J(z)(=1) (O +m? + i) T ()]} (8.30)

The Feynman propagators for the non-tilde and tilde variables are then given as,
(O+m? +ie)Go(z) = —d0(z) and (—1)(0+ m? —ie)Go(x) = —d(x), such that

Go(z) = —G(x).

Using these results in Eq. (8.30) we find the normalized functional

Zo[3T, 3] = exp [% / dady 37 (2)Go(x — y)I(y) (8.31)
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where

with Jy (z) = J(z), Jo(x) = J(z) and
Galo) = (G0 = (47 o1 ).

—Gj(z)

with the Fourier transform given by Eq. (8.29). From Z we have
52ZO[JT J
Go(r —y) =i~ =7~ ;

5']( )5JT( ) J:JT:0

where the short notation we have used is such that, for instance,
" 62Z0[JT J
Gi' () = "5 Ta(x)07 '
()86 (y) J=JT=0

In order to introduce the effect of temperature in this doubled quantum field
theory, we transform Zy[J7,J] using a Bogoliubov transformation. Then we reach

Zo[a” ﬁ]—exp[ [ dzay3"ia )Go(w—y;ﬁ)J(y)],

where Go(z — y; ) = (G&(x — y; 3)) and

62Z [J7.J,0]
Gy'(x —y; 8 ———|j=Jr=0,
0( y; 8) = 5Ja( )5Jb()|JJ 0
reproducing the results from the canonical formalism.
In order to treat interactions, we consider the Lagrangian density

=~ 1 m m2 2 1 ~ u T m2~ 9 ~
L= 5 L p(2)0" (z) — 7¢ + Lint(¢) — 5 L d(2)0" () + 7¢(f€) — Lint().
In this case, using the doubling formalism, the functional Z[JT, J] obeys the follow-
ing equation
5Z[IT.J ~ 16 1 6
(D + m2) [ ’ ] <

i0J(x) 5377 5JT) 213", 3] = I(2)Z[3", 3]

with the solution

~ (16 156
T o . ) =+ Lo T
Z[37,3] = Nexp {z/dmLmt<i—6J,i—6JT)]ZO[J J],

=~ 19 16 ~ 156
Lint <§ﬁ) = Lint <§E> — Lint (55_f) :

To introduce a temperature dependent functional, we map
U : z[3*, 3 — z[a*, 3,4,

where

by mapping
U(B): Zo[d", 3] — Zo[I", 33,
as before, resulting in
exp [i [ daLins (25 L53r) | 20137, 3:8)
exp { fdl‘Lmt (121 5‘:([;T):| Zo[IT, J; B]| 5237 =0
For 8 — oo, we recover the zero temperature results.

Z[3",3,6] =
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8.5 Generating functional for fermions

The Lagrangian density for fermions with an external source, is
= YOy — M + WY O+ M+ P+ — Pif — T,
The functional
Zo =~ / DDy Dy Dpe’S

in a normalized form reduces to

Zoln, 7. 77.7) = exp{—i/dxdy[ﬁ(x)s(m —y)n(x) +7(2)S (@ — y)i(@)]},

where 7,7, 7 and 7 are Grassmann variables, and

St = iy"9, —m

S7 = iy, +m.
Since

SIS =6(x), S8 =6(2),

then S and S are given respectively by

S = (iy - 0+ m)Gy,

§=(in"- 0 —m)Gj,.
such that S = —S*. In a matrix notation we have

Zol, ) = exp{—i / dedy[7i(z)S( — y)n(@)]},

where

This functional provides correct expressions for the propagator components accord-

ing to the canonical formalism, that is
2

.0 _
S(z —y) = Zdﬁénzo[n’ 7 ln=n=0-

The temperature dependent functional is obtained by using

as in the case of bosons, resulting in the thermal propagator. For interacting fields,
we obtain

exp [ fda:Lmt (%% % )] Zo[m,m; B

KN

5n
exp[ifdeim(lﬁ %5 )} o[77, 75 Bllz=n=0
This leads to the full interacting propagator in TF

Z[ﬁa"%ﬁ] =
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8.6 Thermal gauge fields

Consider the case of gauge fields such as QCD as presented in Chapter 4. The
thermal generating functional and the thermal propagator for each sector of the
QCD theory can now be written for TFD. The free fermion sector has been already
discussed in the last section. Let us focus on the Gauge and the Faddeev-Popov
terms.

For the gauge field we have

)
Z§PIT,336] = expl / dady[I7 (@)Di”) (@ — v 8)3* ()},

where (4, B) stands for the gauge group indices and

DE)A’B)W(JJ;B) _ (27104 /d4k67ikzDE)A,B)#V(k;6)
with
11,0 7., 12,40 (..
DB (1 g) — 4B (ggleE::Z; g§2z”E::Z;> ;
such that
DY (ks B) = DE (ks B) — 2miv® (k, B)d™ (k)(k), (8.32)
D" (k; B) = D" (k; ) = —2miv(k, B)u(k, B)d" (k)3(k),  (8.33)
Dg*H (ks ) = — D" * (k; B) — 2miv? (k, B)d" (k) (k), (8:34)
with
DY (ks B) = d™ (k) kg_j =
where

v v pip”

d"(k) =g"" —(1—-a) o

For the Fadeev-Popov fields we have
FP(A,B)(z i =T AB
25" P, ) = exp; [ dedylE (@D (o - i D).

where £ and ¢ are Grassmann variables and DE)A’B) (z—y; B) is the finite temperature
propagator for the scalar field. In terms of the (1,1)-(TFD physical) component,
we have for the perturbative expression

Z[J7 Eafﬂﬁunvﬁ] = NeXp |:l/dxzznt <
XZO[']vza€7ﬁan76]a
~ 16 16 16 16 16
= i [ deLliy | -—,-—=, > —, = —, ~—
N = exp [’/ v t<i5J’i5§’i5§’i5ﬁ’i5n)]
XZO[']vzvgaﬁa7776“(],5757@17:0'

16 1616 16 16
i 6J 008 i 0 i on i oy

where
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As an example, the contribution to the 3-gluon coupling to the first order is
given by
DA1A2A3 (33133233‘ ﬂ) — (—i)2 53 /d4$E3G(1 ) )ZG[Jﬁ]L]f
arenen > 5.J10J26.J3 LG g gAw 20 =0,
where J; = JA4#i i = 1,2,3. We obtain for the physical propagator (1,1-TFD
component)

Q1203 Vi1 Hp1

DA1A243 (x12913) = geABC / d4x{8MDAA1 (x —z1;0) — 9, DAA (x —21;0)}
X DA (1 — w9; B) DG/ (x — ws; B)
4 geAPC / 210, DA (@ — 22 B) — 0, D4 (z — 203 8))
x DIASH (z — w33 B) DS (z — 213 3)

+gCABC/d4m{8uDAA3 (x — w35 8) — Dy Dy (x — w33 5)}

Vi3 Hepe3
folAl”(x — x1; ﬁ)DI%A?”(x — x93 ).

It is worth emphasizing that the doubling is a natural structure of the thermal
formalism, and we have taken advantage of this fact to introduce the thermalization
procedure through a Bogoliubov transformation in the generating functional. How-
ever, in calculations treating equilibrium, we have to use just the (1,1)-component
of the generating functional, and also for the Green function. Using the (1,1)-
functional component, the interaction emerges from the term involving powers of
the functional derivatives with respect to the sources, for instance (9/i9J)™; thus
the effect of temperature does not change the interaction terms. As a consequence,
the Feynman rules are the same as the ones for T' = 0 theory, except that we have
to use the thermal propagator. This propagator, as that given in Eq. (8.34), can
be mapped in the Matsubara propagator, written in term of the Matsubara fre-
quencies, using the analytical procedure presented by Dolan and Jackiw [60]. This
aspect is treated in detail in Chapter 15.
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Chapter 9

Scattering Process at Finite Temperature

The finite temperature quantum field theory has been used to define response func-
tions in many-body systems [73, 118]. As for zero temperature field theory, the self-
energy X and the polarization (II) parts are defined and then the response function
is obtained to an arbitrary level of accuracy. This has been applied to the case of
magnetic systems, superconducting magnetic systems and just about any other case
of a many-body system. TFD has provided results that are valid at any time, ¢,
and finite temperature, 7. However, the question of applying TFD to microscopic
processes like decay rates, reactions and transition amplitudes has been considered
only recently [119]. Use of the imaginary time method [43], a multiple scattering
expansion of the self-energy has been attempted. It has been used to calculate the
finite temperature response function. Retarded Green’s functions have been used
to calculate the forward scattering amplitude at two loops. The closed-time path
method [120] has been employed to calculate the decay rates and scattering ampli-
tudes [121, 122]. Tt is important to emphasize that the imaginary time approach
is particularly useful for processes in equilibrium. The closed-time path method
may be used for both equilibrium and nonequilibrium processes. Over the years
these two methods have been used extensively for both many-body systems and for
quantum field theory. However, the method using TFD will be considered here in
order to provide a general procedure to calculate decay rates, transition amplitudes
and reaction rates for particles at finite temperature.

It is worth indicating that such aspects are useful in many diverse areas of
physics. In the interior of stars, the particles form a gas at finite temperature. In
colliding heavy ion beams at collider facilities such as Relativistic Heavy Ion Collider
(RHIC) and at Large Hadron Collider (LHC) the collisions lead to a gas of baryons,
nucleons and mesons, or a quark-gluon plasma (QGP). The latter is formed if the
temperature of the baryon gas is raised close to 200 MeV, a temperature just above
the critical temperature to deconfine the quarks and gluons. The reaction rates of
these particles will be affected by the temperature of the interacting particles. This
entails a knowledge of reaction rates, decays and transition amplitudes at finite
temperature. All of this requires a formalism to calculate such processes.

It should be stressed that a better understanding of dense nuclear matter and
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hot QGP would help us to get a better understanding of the early universe. It
is important to mention that both in hot QGP and in early universe, the system
is strongly time-dependent (i.e. the systems are not in equilibrium). This would
require a development of treating many-body systems in a nonequilibrium state.
This would lead to the development of mechanisms that lead to a phase transition.
Such a study constitutes a distinct subject. However, it should be mentioned that
both closed-time path method and TFD are, in principle, capable of handling such
nonequilibrium processes leading to phase transitions. Both methods still require
further developments. Possible procedures are discussed in the last part of this
book.

9.1 Scattering matrix in TFD

In order to calculate quantities such as decay rates, reaction rates and transition
amplitudes at finite temperature the Feynman method is adopted. This method is
described very well by Dyson [123] when he compares the approach of Schwinger,
Tomonaga and Feynman to solve the problem of quantum electrodynamics (see
Chapter 4). In the Feynman approach [23], Fy(x1), Fa(x2),. .., Fn(x,) are operators
defined at points x1,xo, ..., Ty, respectively. The expression

T[Fi(x1)Fa(z2)...Fn(zy)]

denotes a product of these operators, taken in the order, reading from right to left,
in which the surfaces o(z1),0(x2),...,0(x,) occur ordered in time. This defines
the time ordering operator T'. In practical cases F;(x;) and Fj(x;) will commute if
x; and x; are located outside the light cone. In such a case, the product depends
only on x1,x9,...,x, time ordering. Now, consider an integral

oo +oo
L= [ doe [ dn T @) Hio) - Hien),

where Hr(z;) is the interaction Hamiltonian and H*(x) is an arbitrary operator.
The integral is a symmetrical function of x;,...,x,. The value of the integral is
exactly equal to n! times the integral obtained by restricting the integral such that
the surface o(z;) occurs after o(z;41) for each i. Now the restricted integral may
be split into (n + 1) parts, the jth part being an integral with o(zg) lies between
o(x;j—1) and o(x;). Then we have

(zo) olng
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We finally get

n=0
> (—i)” 00 +o0
= E dﬂj‘l dxn
TL' —00 —00
n=0

XT[Hz(ﬁo)H[(ﬁl)H](ﬁn)]
With the choice of H(xg) = 1, we have

ST R
HF:Z—I/ dl‘l/ dxn
n=0 - -0 o0
XT[Hr(xn,)...-Hr(zn, )] (9.1)
By taking matrix elements of this operator between appropriate states, various
amplitudes and decay rates are obtained not only at zero temperature but also
at finite temperature. The states need to be defined appropriately. It should be
noticed that the operator Hp, as defined by Feynman, is the same as the S-matrix
defined by using asymptotic scattering states. However it is important to point
out that at finite temperature there are no well-defined asymptotic states. This
necessitated the use of the Feynman method to write down such an operator.
Now we can proceed to calculate individual processes at finite temperature.
It is possible to find Cutkosky rules [124] for getting imaginary parts of Feynman
diagrams. We calculate the imaginary parts by using the above expression explicitly
as well as using the Cutkosky rules.
Symbolically Eq. (9.1), as an S-matrix, is written as

S = i s
n=0
S G
n!

n=0

Considering the doubling and the tilde-conjugation rules, the S-matrix for TFD is

-~

= i /dnldxz...dan[fII(xl)ﬁl(@)wHI(x")]’ (93)

where H; = H;(z) — Hy(z). In particular at the tree level
S—1-i / Ao H (2) — Hy(2)]. (9.4)

In order to calculate amplitudes, expressions for Hy(x) and Hj(z) have to be
introduced, explicitly. Then Wick theorem is used, as in the zero temperature field
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theory, to obtain all the contributions in any order of perturbation theory. To find
the temperature dependence, the Bogoliubov transformations of boson and fermion,
creation and annihilation, operators have to be used. These operations bring the
temperature dependent factors in the matrix elements of the 2 x 2 Green functions.
The cross-section and decay rates depend on the matrix elements, with the phase
space remaining unaffected by the finite temperature.

9.2 Reaction rates

Consider a process
D1+ D2+ oo+ pr = Ph o+ ph A D)

The amplitude at T"= 0 for this process is obtained by the usual Feynman rules by
taking

o0

(1810 =D (f15™ i),
n=0
where |i) = af al,..al |0) and |f) = ap/ a;. a;rj/r |0) with |0) being the vacuum

state, such that q, |0> = 0. For T # 0, similar procedure may be used. The
amplitude for the process is given as

UEIEDSERD
n=0
where
i) = af, (B)al, (8)-..af, (B)10(B)),
|f) = al, (B)al, (8)...al, (8)10(8)).
we use the same notation for |i) and |f), since there is no risk of confusion. The

state |0(8)) is the thermal vacuum. The phase-space factors are the same in both
cases. The differential cross-section for the process

pL4pe — PPy 4.+ D

is given as

do = (2m)*8* (P +ph +ply + .. +pi~ —p1—p2)
1 2

il 9.5

4B Eyv,a H 1;[ 32E’ My 9:5)
where E; = | /m? + p? and v, is the relative velocity of the two initial particles

with momenta p; and py. The amplitude My; is related to the S-matrix element
by

(f151) =i n)* Mp (%) O[p) oo 00

ext
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Here py and p; are the total 4-momenta in the final and initial state; the product
extends over all the external fermions and bosons, with F(M) and w(m) being the
energy (mass) of fermions and bosons respectively, and V is the volume.

9.3 Decay of particles and generalized Cutkosky rules

It is well-known that at 7" = 0, the decay rates can be calculated by evaluating
appropriate Feynman amplitudes. These can also be obtained by evaluating the dis-
continuities of the self-energy of the decaying particles (Cutkosky rules [124]). These
rules have been generalized to finite temperature by Kobes and Semenoff [125]. Here
we will use both methods, Feynman amplitudes and generalized Cutkosky rules, to
calculate the decay rates. This would validate the use of Feynman diagrams to find
decay rates and scattering amplitudes at finite temperature. We analyze the decay
rate: o — 7.
Considering ¢ and 7 boson fields, the interaction Lagrangian is

L= Xorm, (9.7)
that leads to the TFD-interaction Lagrangian
Li=L;—L; = Aonm — AGFR. (9.8)
The initial and final states at finite temperature are, respectively,
i) = a(8) [0(5))

and

) = b}, ()L, (B) 10(B)) ,

where a,i(ﬂ) and bl(ﬂ) are creation operators at finite temperature for the o- and
m- particles with momenta k. (The association of states like |¢) and |f) with the
density matrix is discussed in Chapter 12.) At the tree level, the transition matrix
element is

(f18i) = ix / dz (0(8)) bra (B)br ()
% [o () (x)n(z) — 3 (@)F ()7 (x)]al (5) [0(5)) -

Using the expansion of the boson fields, o(x) and 7(x), in momentum space, Bo-
goliubov transformation and the commutation relations, various parts of the matrix
elements are:

(0(8)| o (x)al,(8)]0(8)) = e~ ™ cosh b,

—(0(83)| 5(x)al(8) |0(8)) = e~ sinh s,
(0(B)] br, (8)br, (B)m () () [0(8)) = e *1 7527 cosh 6, cosh O,
(0(8)] biy (B)br, (B)7 ()7 (x)[0(B)) = €' **T52)% sinh 0, sinh Oy, .
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Combining these factors, the amplitude for the process is
M¢;(B) = Acosh 6y, cosh 0y, cosh 0y, — sinh 6}, sinh 0, sinh 6y,].

The decay rate for the o-meson is given as

1 d3k1d3/€2(27r)454(k — kl - kg)

I'(w) = — Myi(B))°
) = 5 Gunuy)enien M)l
)\2
— 2 1T
32wm2 a(T),
where
d3ky d®k
1) = [ SR TR0 by — )W s ), (9.9
w1, W2
W (w; w1, wy) = [cosh @, cosh B, cosh Oy, — sinh O, sinh 0y, sinh 0,] ,
with

w; = /K2 +m?w = \/m
This expression simplifies as
d(w — wy — we)Wa(w; wi, ws)
= nlngnw[eﬁ(w+w1+w2)/2 — 1]25(w —wy; —ws)
= nlngnw(eﬁw -1 (eﬁ(wﬁw) — 1) o(w —wyp — wa)

14+ ny _1]{(1+TL1)(1+TL2)
T ning
= (1+n1+n2)d(w—w; —ws)

= n1NgNy| — 1} (w — wy — we)

where we have used n; = ng(w;), i = 1,2, and n,, = ng(w), with sinh® 4}, = ng(w)
and cosh’ 0, = e?ng(w), ng(w) = (v — 1)71.

The integral in Eq. (9.9) is calculated explicitly in the rest frame of the decaying
particle: w = M, k =0, w; = /K2 + m2 = /g2 + m2 = w,,

A3k, B3k
Ip(B) = / wll w—;54(/€ — k1 — ko)W (w; wi,w2)

2
q

2
— ﬁ/dz}q (2wg — MYWg(M;wq, wy)

L_m MM

— Z_ 2 il
8w 1 (M) Wg(M; 5 2).
Therefore, the ratio of the decay width at 7' # 0 and at T'= 0 is
(T #0) M M, M
=0 Ws(M; =, =) = (1 + 2np()). (9.10)

This result is checked by using the generalized Cutkosky rule.
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At T = 0, the decay ratio relates to the discontinuity of the self-energy of the
decaying particle. For finite temperature, these rules were generalized by Kobes and
Semenoff [125]. To illustrate the utility of these rules, we consider the decay of o-
meson into two pions, ignoring the isospin factors. With the interaction Lagrangian
given by Eq. (9.8), the generalized Cutkosky rules are applied to calculate the decay
rates. The o-meson is assumed to have a rest mass of M and four-momentum
k = (w,k) with w = vk? + M2. Then the decay rate is related to the self-energy
by

(efv —1)
Paor(w) = ——Imz 2@ ) 1 Z (9.11)

where

2 d'p . o 0
Z(k) =A (2r) iG11(p)Gh1(p — k).
From generalized Cutkosky rules, we get the imaginary part of the self-energy, > (k),
using the two contributions shown in Fig. 9.1 This leads to the expression

(OO

Fig. 9.1 Generalized Cutkosky rules for the imaginary part of the boson self-energy.

2 4
S0 = 5 [ e G Wi (0= B)
G ()G (0~ 1] (912)

where iG7 (p) = 27 [0(£po) + np(p)]d(p? — m?)] . The two terms in the integrand
are related by

iG(j)[(p) = ieiﬁpOGojF (p).

Therefore, we get

eﬁw _ efﬁw 2 4
Taor(w) = ( 2wl()e(ﬂw n J 2 / (%4 (2m)*
x8(p* —m*)d((p — k)> = m*)[0(po) + np(po)]

x[0(—po + w) + ng(po — w)]. (9.13)

Let us calculate this expression explicitly. It is to be noted that at T # 0

Lorentz invariance is lost and hence, the decay rate will not be invariant. It will be

frame dependent. Let us choose the rest frame of the o-meson so that k = 0 and
k= (M,0,0,0). The é-functions reduce to

5p* — m2)5((p — k)? ! M

2 [ — —_——
m®) = 4wa5(p0 wp)5(wp 2 )s
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which is non-zero for pg = w;, = M /2. This follows since o is at rest. The thermal
factors, F(8), in Eq. (9.13) reduce to

(ePv — 1) (e P +1)A2
(ePw +1)
x[0(=po + w) + np(po — w)

= (1—eM)[1+ ng(M/2)]%.

F(B) = [0(po) + ns(po)]

The ratio for the decay rate at T'# 0 and 7' =0 is

Taor(T #0)
I(T = 0)

1+ ng(M/2)]?

_ _
= [1+ng (M/2))* - n} (M/2) = (i) (9.14)

where we used

o—BM _ ,—BM/2,~AM/2

and
-BM _ ng(w)
1+ ng(w)
Therefore, the results for the decay of o — nm agree with the direct calculation
from the Feynman graphs.

e

9.4 Decay of Higgs meson

Here we consider the decay of a scalar Higgs meson, h(z), into electron-positron
pair. The interaction Lagrangian density is

Ly =Lr— Lin = —igh (z) ¥ (x) ¢ () + igh () $ (2) ¥ (x) . (9.15)
At the tree level the decay amplitude is

(11810) =i (~ig) [ da (71 [0 (2)
and the transition amplitude reads

My, (B) = (—ig) [cos Ok, cosb_y, cosh 8T (k1) v (k2)
— sin By, sin Oy, sinh 6,7 (k2) @ (k1)],

<
—
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<
—
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where u(k1) and v(kz) are the basic spinors (see Chapter 3). The decay rate is

1 Pl ARy 0t (k= Ky — k) (2m)°
B 2w/ @2r)® (2m)®  (2wn) (2w2) 2

[ (w)

where

7 Mgl = g Wi (w,wy,w0) Tr

spins

vkt 4+my-ka+m
2m 2m ’
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with
W (w,wy,ws) = [cos O, cos_g, cosh 8 — sin b, sinf_j, sinh Gk]z
2
= cos? O, cos? O_y, cosh? Oy, [1 - e*ﬁ(w“‘“*“’?)/?}
where we use sin?f0y, = 1+ eﬂ(’“’jﬂ‘)} 71, cos? 0y, = ePkoEm)/2gin? 9, with

sin?@,, = np (k) and sin?0_, = 7p (k). Here ng (k) and fip (k) refer to the
distribution function of fermions and anti-fermions respectively.
Hence the ratio of decay width is

T (T #0)

m =Wp (w7w1,w2)

= [1—np (M/2)][1 —7ip (M/2)] (1 - M)

where M is the mass of the scalar particle.

9.5 The detailed balance

The decay rate of a boson into r bosons is

_ i / Bk dPks...d3k,
2w ) (2wy) (2ws) ... 2w,) (2m)

I‘(w) 35(k—]€1—kg...—kr)|Mfi(ﬂ)|,

where
|Myi (8))* = [cosh 6y cosh By, ... cosh 6y, — sinh 6y, sinh 6y, ... sinh 6, ]
= N0y [1—e 7] [1 — e Alwrtwat...4wr)
=[(14n1) (1 +n2)...(1+n,) —ning..n,|,
with n; is the boson distribution function. The total decay rate is
I'(w) = Ta (w) =T (w),

where T’y (w) and T'; (w) are the forward and inverse process for the decay. These
are related by the detailed balance principle

Fg(w) (14+n1)(1+n2)...(1+n,)

Fi (’LU) ning...Ny

This is a relation discovered by Weldon [126].

It is important to remark that an experiment measures only the total decay
rate, I' (w), and not any partial decay rates like I'y (w) and T'; (w). This follows
from the fact that the total rate, I' (w), is connected to the pole of the one-particle
Green function. The rates like I'g (w) and T'; (w) have no such direct relation to the
physical quantities.
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9.6 Scattering cross-section of 1 +2 — 1/ 4+ 2/

The cross-section for the process 1+2 — 1’42/, in terms of the transition amplitude,
is

2
2 ) 2
M@ | T 2mi| 5P
o _ j=1 {5( 1+ 2)} 1
asy 6472V o)W1 Wo W) Wh o|k |
Therefore the ratio of cross-sections is
(do /dS | 720 |Myi(T)?
== = W(1)

(do/d]r—o  [Mp(T=0)]? ~

Now we analyze some particular examples and evaluate the expression for W (3).

9.6.1 Boson-boson scattering

Assume an interaction Lagrangian for two bosons a and b denoted by field ¢, and
¢op, Tespectively,

L1 =\p2d;
and
Lr=Lr— L.

Proceeding as in the case of the decays processes, the tree level amplitude can be
obtained at finite temperature and the ratio is written as

_Mp(T#0)P

Moot = =0 -

[C(T)S(T)P?

where

C(T) = cosh 0, cosh 6y, cosh 6y, cosh by,
S(T) = sinh 0, sinh 0y, sinh 0y, sinh 0, .

Using the notation n; = ng(k;) and n}, = np(k}), the expression Wrp(T') is reduced
to

Wep(T) = [(1+n1)(1 + ng) — nino][(1 4 ny)(1 + ny) — nyny]

Energy conservation, wy + wg = w} + wj, is needed to get this relation.

9.6.2 Fermzion-fermion scattering

Assume an interaction Lagrangian for two fermions a and b described by the fermi
fields ¥, (x) and ¥y(z) respectively to be

L1 = AV, (2)T oV, (2) 0, *Wy(z)
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where ', is an appropriate Dirac matrix. In this case the temperature dependent
factor is

|Myi (T # 0)°
2
|Myi (T = 0)]
= [cos O, cos b, cos Ox; cos O, — sin b, sin Oy, sin Oy, sin de ?

= np (k1) np (k2) nr (k) np (k) [eﬂ(w1+w2_“l_“2+wi+w5_“i_“5)} )

Wrr (B) =

At equilibrium, w1 + pe = pf + pb and using the conservation of energy, wy 4+ wq =
w] 4+ wh, this expression is simplified to

Werp(3) = [(1 —n1)(1 —ng) — nina][(1 —ny)(1 — ny) —nyny),

where n; = np(k;) and nf = np (k}) are fermion distribution functions.

9.7 Fermion-boson scattering

Assume an Lagrangian describing the interaction between a fermion (¥(z)) and a
boson (¢(x)) to have the form

L1 = —g¥(@) U (N(a).
At the tree level, the temperature dependant factor has the form
| My (T #0))”
2
[Mpi (T = 0)]
= [cos O, cosh by, cos Ok, cosh by, — sin by, sinh O, sin 0y sinh de ?

= [(1 =np (k1)) +np (k)] [1 = np (k1) + 1 (k)]

Use of the energy conservation, wy +wy = w) +wh, is essential to prove this relation.

These examples show that calculations for decay rates, transition probability
and reaction cross-sections at finite temperature are quite simple with TFD. It
is important to note that these results are only useful in the study of matter at
high temperatures. This is the case, for instance, for particles in the early days of
the universe. Ultimately, these results have to be included in an equation like the
Boltzmann equation in the collision term to describe the full process. A similar
procedure, for instance, would be needed to describe the results from RHIC, heavy
ion collider.

We have considered the decay and scattering amplitudes at the tree level. These
can be extended to loop diagram contributions that require renormalization. How-
ever, it is possible to carry out the calculation to higher order perturbation theory.
For particles in a many-body system at high temperature, it is not quite correct to

Wep(T) =

use the Lagrangian density as obtained for decay of particles in free space. The par-
ticular problem arises since coupling constants and mass of particles change with
temperature [127]. In such a case a self-consistent calculation has to be carried
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out. A consistency can be achieved by using Ward-Takahashi relations at finite
temperature. This assures that the results obey the symmetry of the interaction
Lagrangian. Renormalization procedures and Ward-Takahashi relations at finite
temperature are discussed in the next two chapters.



Chapter 10

Topics on Renormalization Theory

In this chapter we present some of the structural elements underlying renormaliza-
tion theory. We concentrate ourselves on the massive A¢*-theory, and skip almost
all the proofs. For rigorous treatments of the presented topics, specific references are
indicated throughout the chapter. Our plan is to be neither rigorous nor exhaustive,
but to discuss the main aspects of the techniques of dealing with ultraviolet diver-
gences in Feynman amplitudes. For the renormalization group and the Bogoliubov
recurrence only an overview is presented. In particular, we analyze procedures of
renormalization including the effect of temperature and spatial confinement.

10.1 Ultraviolet divergences
We start from the Lagrangian density,

L= 20,0(0)90(a) + 5 (w) + 564 (2), (10.1)

and let us examine some properties of Feynman integrals. The set of Feynman
amplitudes with a given number of vertices, V' and external lines N, is the coefficient
of AV in the perturbative expansion of the N-point Green function. For the moment
finiteness and dimension of the coupling constant are not considered, we just look
at some formal properties of the integrals.

Products of fields at the same point are, in general, divergent, and the translation
of this fact to Feynman diagrams in momentum space gives rise to divergences of the
Feynman integrals over the momenta of independent loops at the upper limit. The
structure of these divergences has been clarified and a way to treat them has been
established with a recursive process, the Bogoliubov recurrence [128, 129]. This and
similar procedures are known under the general denomination of renormalization.
The underlying idea is to hide the infinities into unobservable bare parameters,
that would describe phenomena at vanishingly small distances, or equivalently at
extremely high energies. Unless some fundamental graininess of space-time is as-
sumed, as could be the case of the Planck scale in string theory [130], these distances
should truly vanish, corresponding to the product of fields at the same point, lead-
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ing to infinities. The procedure then prescribes to add to the Lagrangian density
equally infinite counterterms, such that lead to finite, physically observable, quan-
tities. For a clear and pedagogical presentation on the subject see [130] and for a
rigorous treatment for both commutative and non-commutative field theories, the
reader is referred to [131].

But renormalization is not only a way to remove divergences by, at first sight, a
rather artificial procedure. Renormalization was discovered to apply to condensed
matter physics [132], besides particle physics. The important point is that precisely
one of the disturbing aspects of the renormalization process in particle physics, the
existence of an arbitrary scale parameter, plays a central role. The renormaliza-
tion group (RG), was discovered to be the appropriate mathematical tool to move
through the different scales of physics. RG techniques become a major tool for a
better understanding of phase transitions, in particular of the universal character
of critical exponents and the relations among them [133].

The simplest example of these divergences occurs in the diagram of Fig. 10.1(a),
the first correction to the two-point function. More generally, any insertion of the
type shown in Fig. 10.1(b) in a larger diagram does give rise to the same diver-
gence. The diagram of Fig. 10.1(b) corresponds to an integral (in the 4-dimensional
Euclidian space) given by

d*k 1
/ i R e (10-2)

This integral is quadratically divergent. As a second example, we consider the

(a) (b)

Fig. 10.1 Diagrams with the same type of divergence: (a) Mass correction diagram, (b) General
diagram insertion.

diagram given in Fig. 10.2. The corresponding Feynman integral is given by

d*k 1
/ , (10.3)
(2m)* (k2 +m?)[(p — k) + m?]
which is logarithmically divergent at the upper limit.
As a third example, we consider the diagramatic insertion of Fig. 10.3, corre-
sponding to the integral,
/ d*kyd* ks
(k2 +m2)(kf +m?)[(p — k1 — k2)? +m?]’

(10.4)
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Fig. 10.2 Logarithmically divergent diagram.

ky

D ks p

ks

Fig. 10.3 Quadratically divergent diagram.

which is quadratically divergent at the upper limit.
In general in a D-dimensional Euclidian space, a diagramatic insertion G has
an expression of the form (omitting external factors and coeflicients)
I

a({p}) = /H a7 a m2 H Zevzqz (10.5)

where {p} stands for the set of external momenta, V is the number of vertices, I is

the number of internal lines and ¢; stands for the momentum of each internal line
1. The quantity €,; is the incidence matriz, which equals 1 if the line i arrives at
the vertex v, —1 if it starts at v and 0 otherwise. Performing the integrations over
the internal momenta, leads to a choice of independent loop-momenta {k;} and we
get,

dP kl ! 1
ot = / H o L ey (100

where L is the number of mdependent loops. The momentum g; is a linear function
of the independent internal momenta k; and of the external momenta {p}. The
integral is convergent if DL — 21 < 0; otherwise, if DL — 21 > 0, the integral is
ultraviolet divergent in the upper integration limit. So, given a diagram G, we
define the quantity

d(G) = DL(G) — 21(G) (10.7)

as the superficial divergence degree of the diagram. If d(G) > 0 the diagram will
be ultraviolet divergent.
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For any sub-diagram S C G there are corresponding sub-integrations,
L(S
o d% 1

<= | 11 ot I gy gy Hes)

where L(S) and I(S) are, respectlvely7 the number of loops and the number of
internal lines of the sub-diagram S. Then if the quantity

d(S)=DL(S)—-2I(S) >0, (10.9)
an ultraviolet divergence will appear associated with the sub-diagram S. Thus even
if the diagram G is said to be superficially convergent, d(G) < 0, the Feynman
integral A is divergent. For this, it is enough that there is a sub-diagram S such
that d(S) > 0. This has been stated in [128] as:
If for all subdiagrams S C G we have d(S) < 0 the Feynman integral Ag is ultravi-
olet convergent. If there is at least one S C G, such that d(S) > 0, Ag is ultraviolet
divergent.
The divergent subdiagrams of a given diagram are called renormalization parts. For

the full renormalization process, we need consider only non-overlaping renormaliza-
tion parts [128, 129].

10.2 Regularization

Regularization is a procedure to replace divergent Feynman amplitudes with more
general integrals by means of a set of supplementary parameters, such that the
theory does not have ultraviolet divergences when these parameters belong to some
domain. For a certain limit of these parameters we find the original theory with
their divergences. This is a provisional procedure allowing to perform formal cal-
culations to explore more precisely the divergences to be suppressed. Some types
of regularization are described in the following.

e Cutoff in the momenta
In this case we introduce an upper bound in the momentum modulus, that is
|k|? < A, and the original theory is recovered when A — occ.
e Pauli-Villars regularization
We introduce a mass parameter M by the correspondence
1 M? —m?

i M 10.10
2tm2 (k2 + m2)(k2 + M?) — 0 ( )
e Analytic regularization
By changing the propagators
1 1
(10.11)

2 +m2 (k2 1+ m2)s’
the integrals converge for high enough values of {s} and define regular functions
of the variables s, for which one looks for the analytical continuation notably
in the neighborhood of {s = 1}.
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e Lattice regularization
In this case we proceed with a discretization of the continuous space-time by
introducing lattice characterized by a spacing parameter a between neighboring
sites. The original theory is recovered by taking a — 0. This method is an
important tool particularly in the non-perturbative domain of non-abelian field
theories.

e Dimensional regularization
The central idea is to define the Feynman integrals in a generic space-time
of dimension D for which the integrals are convergent. The divergences are
recovered as poles of some functions. We will be particularly concerned with
the integral,

p 1 _T(-5) 1
/ @0 1M (4n)3T(s) M F (10.12)

This method was developed, independently, by Bollini and Giambiagi [134] and
't Hooft and Veltman [135]. In this book we largely employ this method.

Let us emphasize that regularization does not suppress the divergences. This
will be performed by the renormalization procedure, a concept to be summarized
in the next section.

10.3 Renormalization

Let us consider a primitively divergent diagram, that is, a diagram that is divergent
but does not contain divergent sub-diagrams. Moreover we start with the simple
case of a logarithmically divergent diagram. Let N be the number of external lines
of a diagram G. The basis of the pertubative renormalization method is that the
starting theory is not consistent as a physical model, and this fact manifests itself as
divergences. Then one attempts to modify the theory, by introducing supplementary
terms, counter-terms, in the original Lagrangian, in such a way to cancel the original
divergences. It is outside the scope of this chapter to present all the steps of the
proof of renormalizability. However we present some examples and will describe in
a simplified manner the basic steps of the technique [128, 136].

In the simple case of a logarithmically primitive-divergent diagram, depicted in
Fig. 10.4, we change the Lagrangian according to

L— L+ cap . (10.13)

With this new Lagrangian, we have not only the amplitude Ag for the diagram in
Fig. 10.4(a), but also the amplitude c¢g for the new diagram in Fig. 10.4(b). Next we
introduce anyone of the regularization methods described in the previous section,
represented by a parameter . We represent symbolically by 1 — 0 the suppression
of the regularization. Then it is verified that the regularized amplitude is written
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b1 PN
b1 N

P2 PN-1 Do PN-1

O/

Dj
bj

() (b)

Fig. 10.4 Logarithmically primitive-divergent diagram.

in the form

AGE({pYim) = AGY (n) + AF ({p}im), (10.14)
where
lim AR () =co;  lim AR ({p};n) = AR ({p}) < o0 (10.15)
n— n—
If we choose in the Lagrangian £ the coeflicient c¢g with the value cqg = —Agiv(n),

we find that the sum of the amplitudes corresponding to Fig. 10.4(a,b) tends to
the finite limit Age“({p}) when the regularization is suppressed. The amplitude
Age“({p}) is said to be the renormalized amplitude. Before going to the general
situation we give some examples of ultraviolet divergent diagrams, and how these
divergences can be suppressed. Let us start by presenting some comments about
dimensional analysis. We are presenting results in dimension 4. The action (energy
x time) is measured in units of the Planck constant, i, and velocity in units of the
speed of light, ¢. We take h = ¢ = 1, the natural units. The Lagrangian density
has the same dimension as the Hamiltonian density, i.e., [£] = [H] = Energy/L3,
where L stands for the linear dimension of space. Then energy has dimension of
mass, M, i.e. [energy] = M = L~ = T~1, with T standing for time. As the action
is dimensionless, then [£] = M*. For the scalar field, ¢(x), we find [¢] = M. Let us
remark that, for the perturbative series to be meaningful, the coupling constant has
to be dimensionless. This is true for the A¢p? model in the 4-dimension space-time.
If we use dimensional regularization, we need to take D # 4, and in this case we
can choose a dimensionless coupling constant defined by A" = A\pu~4+P
an arbitrary constant with dimension of mass. This kind of arbitrariness is present
also when we use other regularizations.

, where p is
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As a first example, we consider the tadpole diagram given by,
dPk 1
A a oLe )\
/ P
—D+4 - 2—-D
_ D/2 D—2 r
T () 7 X
where we have used Eq. (10.12). If we take D = 4, T'(252) = T'(~1), which is
singular. Taking D = 4 — 2¢ we have,

2—-D
F(T) =T(-1+e), (10.17)

which can be expanded around € = 0 using the formula
(_1)77,

n!

), (10.16)

I'(—n+e¢€) =

1
{Z +Yn+1)+ O(e)] , (10.18)
where ¢ (z) = dIn(z)/dz.
Taking n = 1 in Eq. (10.18) and replacing it in Eq. (10.16), we get
/\/ﬂ.D/Z
(2m)P

—A(;”T];f [w(z) 2 (%) + O(e)] :

When ¢ — 0 the divergence is isolated in the term

ATadpole ~ -

)\/7'I'D/2 p-21
Adw — _ 2\ =5 =
Tadpole (27T)D m ) €l p_s
A L1
1602 "€

Let us now take a look at the contribution of the tadpole to the 2-point Green
function, depicted in Fig. 10.5(a). We have,

.
L

(a) (b)

Fig. 10.5 Tadpole contribution to the 2-point Green function.

2
a® — 1 _ N7Pr? (m?) D21
p% 4+ m? (2m)P €

A2 - 2) o]
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If we add to the Lagrangian a partial counterterm cy X ¢? with the choice

)\/ﬂ_D/Q o\ D=2 1
Cl = ——— |'m 2 -,
YT 2m)P €
then it results that the renormalized two point Green function, given by the sum of
the two diagrams in Figs. 10.5(a) and 10.5(b), in the limit of € — 0, is

ARen % { {—w(z) +2In <%)] } . (10.19)

This gives us a finite amplitude.

As a second example, let us analyze a two-loop contribution to the two-point
function, depicted in Fig. 10.6(a). More involved calculations are required in this
case. We find,

-
N

(a) (b)

Fig. 10.6 2-loop contribution to the mass.

A2 3m2 3m? /3 dmp?
Age (pe) = 6(1672)2 [262 * € <§ —|-¢(1)—|—ln( m? >>:|

AQ pQ Ren
624722 € + Ag™ (pse),

where AZS) (p; €) tends to a finite limit, A" (p), when € — 0. In this case, we have
to add to the Lagrangian two partial counterterms of the form,

2N’ + chA*0,00" 9,
giving rise to the diagrams depicted in Figs. 10.6(b) and 10.6(c). With the choice

+

1 3m?2  3m? (3 4
- 2 (1) +1 10.2
27 T 516722 {262 T <2+¢( )+ n( m? ))} (10.20)
and
, 11
- - 10.21
T To4(16n2)2 € (10-21)

the sum of the three diagrams in Fig. 10.6(a-c) gives the finite result AR (p).
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)

AN
-

Fig. 10.7 Diagrams corresponding to counterterms given in Egs. (10.22) and (10.23).

/2

The diagrams in Figs. 10.7(a)-10.7(c) correspond to partial counterterms of the
type
s\ ¢? 4 chN30,00" ¢, (10.22)
and

caMN @? 4 N0, 00" . (10.23)

The definition of a 1PI (one-particle-irreducible) diagram, as a diagram such
that it cannot be transformed into a disconnected diagram by cutting just one line,
means that the diagrams considered above of order A2, A3 and A\* are 1PI diagrams.

If we represent by a full circle, as depicted in Fig. 10.8(a), the sum of all 1PI
diagrams with two external lines cut, any insertion as represented in Fig. 10.8(b)
can be written in the form

1
mz@),
where X(p) is the sum of all 1PI diagrams in Fig. 10.8(a). For complete evaluation
of the 2-point Green function, we limit ourselves to just 1PI-diagrams.

The logical structure of the process tells us that in order to suppress the ul-
traviolet divergences of the two-point function, it is necessary to introduce two

X(p)

counterterms (not partial counterterms) of the form
C(Q))\Z(bQ + 0(2)/)\28#¢8;L¢

where each counterterm ¢®) and ¢?”, is an infinite series in A corresponding to
ultraviolet divergent diagrams to all orders, i.e.

() = AP () + N2 () + -+ AR () + -
() = AP () + N2 () + -+ AP () 4
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(0)

Fig. 10.8 Tadpole contribution to the 2-point Green function.

where ¢{? (n) and 07(12)/(17) are such that
lim {2 (n) — 0o
n—0

lim ¢* () — oo,
7’]4}0

in order to cancell the ultraviolet divergences of all the diagrams contributing to

(2)/

the two-point function. Each coefficient, P (n) and ¢;, ’ (n) is exactly what we have

called partial counterterms.

Let us now consider the 4-point insertion to lowest order (Fig. 10.2), given by

B ‘u2)27%()\l)2 dPk
Aow =G / [(p— k)2 + m?](k2 + m2)’

This amplitude can be evaluated using the identity,

s ()
_— = de,---dx, 6 x; — 1
A A ), —
" (I—-1)!
[x141+ -+ 21 ALl
and Eq. (10.12). By taking D =4 — 2¢, and using Eq. (10.18), we get
b (V) 2-p (2X)?
1674e (32)2

Agw = (1*)*~ + (1)

m? + p*x(1 — )
4

X [¢(1)—/Olda: m—MS +0(e).

(10.24)

(10.25)

(10.26)
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The choice of the partial counterterm
0(4) _ (/\/)2
2 1674e
suppresses the ultraviolet divergence of the diagram in the limit € — 0.
Similarly, for higher order diagrams, we have respectively partial countertems
of the form /\3c§4) and )\40514). This can be extended to all orders, which correspond
to the addition of a counterterm of the type

D) = A2 () + - XD () - (10.28)

(10.27)

10.3.1 Renormalization parts in the A¢* theory

An essential aspect of renormalization is to determine how many counterterms must
be introduced in the theory to make it convergent. In order to examine this point let
us first note that for a given diagram G of the A¢* model, the number of independent
loops L(G), internal lines I(G) and vertices V(G) satisfies the topological formula,

L(G)=I1(G)-V(G)+ 1
Moreover, if the diagram has N(G) external lines, the relation
2I(G) + N(G) =4V (Q),
holds. Then the superficial degree of divergence d(G) = DL(G) — 2I(G) becomes

D
d(G)=D-V(G)(D —-4)+ N(G) <1 — 5) . (10.29)
For D = 4, we find that d(G) > 0 if, and only if, N(G) < 4. This implies that, to
any order, the only ultraviolet divergent diagrams are those for which N(G) = 2,4;
see Fig. 10.9. Note that, as one infers from topological considerations, there are no
diagrams with N(G) = 3 in the A¢* model.

(a) d=2 (b)d=0

Fig. 10.9 Tadpole contribution to the 2-point Green function.

The insertions Age) and Age with 2 and 4 external lines respectively, and
only those, are ultraviolet divergent. Thus for D = 4, we need to introduce only
two counterterms, ¢ ¢? + ¢(29,00"¢ and ¢ ¢?*, to get a divergence free theory,
at least as far as primitively divergent diagrams are concerned. We will see later
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that this holds also in the general case. Recall that ¢(?) and ¢(*) are infinite series
in the coupling constant, corresponding to the infinity of diagrams with 2 and 4
external lines. Theories of this type, in which we need to introduce a finite number
of counterterms to render the theory finite, are called renormalizable, or strictly
renormalizable.

10.3.2 The Callan-Zimanzik equation

Whenever regularization is not suppressed, amplitudes are finite to a given pertur-
bative order. Trouble starts when we suppress the regulator. So, let us focus for
the moment on our regularized objects (Feynman amplitudes, counterterms, etc)
emerging from the “bare” Lagrangian density,

1 m2 A
_ m o2 4
L 5 MoYoaons 5 10 +4!¢ . (10.30)

Two sets of counterterms, corresponding to two distinct renormalization schemes
(see Eqgs. (10.40) and (10.41) in Sec. 10.4), or two values of the parameter p in
Eq. (10.26), differ by a finite counterterm. To completely define the theory this
ambiguity has to be eliminated. This can be done by defining the theory by means
of physical conditions, fixing the normalization of some Green functions. In the
case of the A\¢* theory it is enough to fix the two- and four-point functions.

The full two-point function, including corrections to all orders is

1
a@ R
W)= )
Since G®(p) must have a pole at the physical mass, p> = —m> we have

[p? + X(p) + m? |p2:7m2 = 0, and the residue of the pole is equal to 1. Analo-
gously, we fix the physical coupling constant by means of a normalization condition,
for instance, such that the amputated four-point function, including the correction
from the counterterm c®)),

G@Wamputaded(,, py, ps, pa) + ), (10.31)
equals the physical coupling constant at the symmetric point p3 = p?; (p;+p;)? =
%. Then the theory is dependent on an arbitrary constant pu.

The renormalized Lagrangian density, is obtained from the bare Lagrangian by
including the counterterms (10.24) and (10.28) as,

Z2(\ +c®)
4!
where Z = v1+¢c®’. Z and the counterterms ¢(®’ and ¢* are dependent on the
regulator 7 and on the arbitrary parameter u. With the rescaling of the field, ¢ =
VZ¢ and defining the physical mass and renormalized constant by m? = m? + ¢(?)

and X = X + ¢ respectively, we have,

Lhen = %éw ¢ + §<m2 +c)e? + ¢, (10.32)

1. —.— 1 .2 A=
LRen _ 58ﬂ¢8#¢ + §m2¢2 + E¢4 (1033)
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When the regularization is suppressed, everything explodes: the counterterms and,
for consistency, the bare mass and coupling constant diverge, in such a way as
to provide finite physical mass and coupling constant. The Lagrangian given in
Eq. (10.33) generates a perturbative series in the physical coupling constant \. All
Feynman diagrams will have the factor A at each vertex. Among them, those strictly
containing subdiagrams with two and four external legs will have UV divergences
to be subtracted along the lines described above. The main difference is that the
series is in the physical coupling constant .

Since there is a factor v/Z for each field, the N-point renormalized amputated
1PI Green function is obtained from the non-renormalized one by,

DN (), (1), 1) = Z% (g, )T (A, 1, 7). (10.34)

In Eq. (10.34) I‘((JN) is independent of p but depends on the regulator 5. When the
regularization is suppressed, I'™) is independent of 7, but depends explicitly on .
Or, p is an arbitrary parameter and we expect on physical grounds that results do
not depend on it. We rewrite Eq. (10.34),
N _N T\ —

TSV (N m. ) = 27 (g, )P (X(po), W(12), ) (10.35)
The independence of F((JN) on p implies that the right hand side of Eq. (10.35) does
not depend on this parameter,

0 N —
= \7—3 (N) = _
P (27 0T R0, m ] =0, (10.36)
which can be rewritten in the form,
0 - 0 — 0 — —
— — + (N =—= — N ) = 10.
3+ B+ () i = N2 ()| TR ) =, (1037)
where the functions 3, v and G are given by,
_ o\ - om - 0
B =ngrs AV =nzgrs 1V =uzin VZ. (10.38)

The independence of the renormalized Green functions on the arbitrary parameter
w is given in Eq. (10.37). It is known as the Callan-Symanzik or the renormalization
group equation .

10.4 Bogoliubov recurrence

For a renormalizable theory, we look for the organization of the set of subtraction
to be performed in order to define the complete set of counterterms. When a
counterterm cg, for a subdiagram S;, with N; external lines is present, the modified
Lagrangian contains a new vertex with Nj lines. For any So D S1, to subtract the
divergent integration corresponding to S; is equivalent to considering the sum

Ren
AG"h = Ag, +cs,As, /s,
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where Ag, /g, is the reduced diagram obtained by shrinking the subdiagram S; to a
point. If Sy is superficially divergent (independently of the Si-divergence), we must
define another counterterm cg,, such that
AS™ = Ag, + s, Ag, s, + €S,

The process is continued in a recurrent manner, starting from the smaller diagram
to the larger ones. It may be shown that, in order to obtain finite amplitudes, it is
enough to take simultaneously all the non-overlapping subdiagrams S. This is the
origin of the BPH (Bogoliubov, Parasiuk, Hepp) recursive process [128, 129, 136].

Suppose that we have defined all counterterms up to a given order n. Then for
a diagram G of order n + 1, we define the renormalized amplitude, AZ®® by the
formula

AF =Y " Agysy ] es| +co (10.39)
{s} Se{S}

where c¢ is present if G itself is superficially divergent. The sum in Eq. (10.39) is
over all the families {S} of superficially divergent non-overlapping subdiagrams of
G, including the empty family, which corresponds to the term Ag. The amplitude
Ag /sy corresponds to the diagram obtained by reducing to a point each subdiagram
of the family {S}. In the recursive process, it is understood that the intermediary
step of the regularization has been done, which is suppressed after the recurrence
is performed up to a given order.

An equivalent way to introduce counterterms and implement renormalization
using the Bogoliubov recurrence formula (10.39), consists in taking the regularized
amplitude Taylor-subtracted at a fixed point in the external momenta, {p} = {w};
that is, for a logarithmically divergent diagram, for example, we subtract the zeroth
order term in the Taylor expansion on the external momenta, around the point {w}.
We can verify that the divergence is contained in the first term of the expansion.
This procedure is in principle not unique, due to the arbitrariness of the choice of
the point {w}. Consider now a primitively divergent subdiagram S C G with {p;},
it =1--- N, external momenta, for which d(S) > 0. In this case it is not enough to
subtract only the zeroth order term in the Taylor expansion, but to subtract up to
the order d(95),

AS™({p}) = lim [1 A (w)} ABeE({p)on) (10.40)

where Tg(s) (w) is the Taylor operator up to order d(S), around the point {w}; it is
defined, in a simplified version, by

757 (@) AFE({phi) = AFFwim) + D (s — )

opt*
pPi=wi

+> (p1 —wi)#is - (py — wn)iv | U AT ({p}in)
e d(S)' Opht - - - OphN . .

(10.41)
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It is not a trivial task to show that this procedure can be generalized to take
into account all renormalization parts of every diagram G. We define a forest F
of G as a set {S; C G} of proper (connected and 1PI) subdiagrams such that for
Si, S; € F, either S; C S;, S; D Sj, or S;N.S;. Then the renormalized amplitude
of the diagram G can be written as

AT ({ph) = lim RAG™ ({p}sm), (10.42)

where the renormalization operator, R, is given by

R=%"1I (_Td<si>) (10.43)

F S;eF

and the sum extends to all forests F of G, including the empty forest (), which
corresponds to the term 1.

In Eq. (10.42) the product of Taylor operators is to be performed following the
ordering in each forest, that is from smaller to bigger diagrams. Each Taylor op-
erator 795 takes the beginning of the Taylor expansion up to the order d(S;) in
the ezternal momenta of S; which can be internal momenta of G or of a bigger
diagram. The definition of R may therefore depend on the choice of momentum
routing, that is, on the choice of the independent loop momenta solving the delta
function in Eq. (10.5). This difficulty has lead to the definition for each diagram,
of sets of admissible momenta and for these, to the statement of the theorem [128]:

Theorem: The amplitude AZ™({p}) in Eq. (10.42) is convergent for any dia-
gram G in Buclidian space and its analytical continuation to the Minkowski space
define tempered distributions.

In Fig. 10.10(a) we have a 4th order diagram and the set of its renormalization
parts is shown in Fig. 10.10(b). The list of forests of this diagram is,

0 ) {Sl} ) {52} ) {53} ) {G} ) {Slﬂ S3} ) {527 53} )
{S1,G}, {52, G}, {S3,G}, {51, 55, G}, {52, 53,G}. (10.44)

We invite the courageous reader to apply formula given in Eq. (10.42) to this case
and verify that a finite amplitude is obtained [128, 137].

10.4.1 Dimensional renormalization

The simplest case of dimensional regularization consists in generalizing the dimen-
sion D in the formula given by Eq. (10.12) to complex values D’, by considering
the analytical extension of its right hand side. This may be done for more involved
Feynman integrals, with the result that they become meromorphic functions of D’,
Ag(D'), and the ultraviolet divergences appear as poles of gamma functions at
D’ = D. The expansion around these poles allows us to define the dimensional
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Si So S G
(b)

Fig. 10.10 (a) The 4th order diagram of the A¢* theory. (b) Renormalization parts of the diagram
in (a).

renormalization: at each step in the BPH recurrence, we perform an expansion in
powers of D' — D = € of the dimensionally regularized amplitudes,

AgimReg(D/):Z Ag/{s}(D/) H Cs(D/) —I—Agen(D/)

{s} se{s}
e Q.
_ m 4 ARen(py 10.45
ﬂ;l (D . D/)m + Ag ( )7 ( )
where
Jim AR (D) = AR™(D) < <. (10.46)

Dimensional renormalization consists, essentially, in subtracting the pole terms in
the limit D’ — D, i.e. by subtracting the counterterms

-y = (10.47)

This is not obvious, but the counterterms are polynomials in the external mo-
menta, in the dimension D, supposed to be an integer. It is worth mentioning that
there is no convenient definition of the momentum in complex dimensions; actually
it is hard to imagine a complex number of components of a vector. It is necessary
to work with the invariants directly.

The main advantage of the dimensional renormalization is that, in general, it
respects the symmetry properties of the theory, which are often dimensionally in-
dependent. On the contrary, in other renormalization schemes, one need usually to
reestablish the symmetry by adding new finite counterterms. However, a defect of
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the dimensional renormalization in practical applications is that it must be done
following the Bogoliubov recurrence, step-by-step. A solution to this situation has
been found with the BPHZ systematics [136], where an explicit global solution is
obtained for the dimensional renormalization [138].

10.4.2 Other renormalization procedures

(i) renormalization in the a-parametric representation

The Bogoliubov-Schwinger parametric a-representation is introduced by ex-
pressing each propagator in Eq. (10.6) in the form,

1 o 2 2
———— = [ daeotitm) 10.48
T, dac (10.48)
Upon integration over each k; the Feynman amplitude is expressed as [139]
Ag({p}) _ oo Hllzl dale_ZLo‘l m2e—N(sK;oz)/U(o¢) (10 49)
o U¥2(a) ’ .

where U and N are homogeneous polynomials in the «; parameters, of order L and
L + 1, respectively, constructed with topological relations defined by the 1- and
2-trees of the diagram G:

U =Y [[er. Ne@)=> sk (H al> . (10.50)
K

T 1¢T 1¢K

The symbols ), and ), denote, respectively, summation over the 1-trees T' (a
tree is a set of lines of the diagram connecting all the vertices without loops) and
2-trees K of G (a two-tree is a tree with two connect components); sx is the cut-
invariant of one of the two connected pieces of the 2-tree K, that is, the square of
the total external momentum entering one piece of K (any one of them equivalently,
by momentum conservation). U and N are known in the literature as the Symanzik
polynomials.

The Bogoliubov-Schwinger parametric a-representation has been employed to
provide a simpler proof of the Bogoliubov recurrence [137, 140].

(ii) renormalization in the complete Mellin representation

Starting from the parametric a-representation, we rewrite the Symanzik poly-
nomials as [141, 142, 150],

iy = 0 if the li.ne 1 belongs to the 1-tree j (10.51)
1 otherwise
and
—— 0 if the hlne 1 belongs to the 2-tree K (10.52)
1 otherwise
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with
Zuij :L7 V],
> nik=L+1, VK.

The Feynman amplitude in Eq. (10.49) has a complete Mellin (CM) representa-
tion [142]. For convergent amplitudes it reads,

T Ty 2\ — %1
Ac(sx) = A%gs%m—ymﬂ(m) “Tl@). (1059

where A is the nonempty convex domain (o and 7 standing respectively for Re x;
and Re yk),

o

and the symbol [, is defined by,

/ /*wImijmyK (10.55)

2wy 2w

Vi ReqbZ ZJUzJUJ+ZanKTK+1 0 ’

If the Feynman integral, Eq. (10.6), is ultraviolet divergent, the domain A in the
complete Mellin representation, Eq. (10.53), is empty. The renormalization proce-
dure does not alter the algebraic structure of integrands of the CM representation
[142, 143]. Tt only changes the set of relevant integration domains in the Mellin
variable space. Actually, by the action of the renormalization operator R, the inte-
gration domain A is split into a set of cells C' corresponding to integration domains
A¢ in the Mellin variables, in such a way that the renormalized amplitude has the
form,

I
AR (s, m?) = iy dou R (e_ 3y O‘ler_N(SK’a)/U(a))

o U2 (a)
(- _
~Sre [ e Tereuo TL0e) T,
K

J J

where o are numerical coefficients and

P <0 < 0; o :—2;
Ac:{UEC’,TEC’UJ K 20T+ 2 UK 12 0}- (10.57)

Vi, Re ¢; =3 uijoj + 3 i ik Tk +
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10.4.3 Borel summability

Perturbation theory makes sense if the coupling constant is small and dimensionless.
The renormalizaton procedure gives a way to get finite coefficients of the perturba-
tive expansion (Feynman diagrams) at any order in the physical coupling constant,
but nothing is said about the convergence of the expansion itself. On the contrary,
there are indications that some physically relevant perturbative series asymptot-
ically diverge [144], but even so, very precise predictions can be made using the
perturbation theory. QED is an example of this. However, in spite of its remark-
able achievements, there are situations where the use of the perturbative method
is not possible, or is of little use. These situations have led to attempts to improve
analytical methods to circumvent the limitations of the perturbation theory. In
particular, non-perturbative renormalization methods in constructive field theory
have been improved [144].

In perturbation theory there are a number of successful attempts to solve the
problem. There are methods that perform resummations of perturbative series, even
if they are divergent, which amounts in some cases to extending the weak-coupling
regime to a strong-coupling domain [145-149]. For instance, starting from a series
in powers of a coupling constant g, not necessarily convergent,

flg) =Y a"g", (10.58)
n=0

it is possible under the assumption of the validity of the Watson-Nevanlinna-Sokal
theorem [144] to define its associated Borel transform series in the Borel variable,

say b,
> an n
B(b) = 2) —b" (10.59)
It can be easily verified that the inverse Borel transform,
_ 1 [®
B(g) = ;/ dbe= "9 B(b), (10.60)
0

reproduces, formally, the original series in g. From a physical point of view, the
important point is that the Borel series in b can be convergent and can be summed
even if the original series in g diverges. In this case, the inverse Borel transform
defines a function of g, which can be taken as the sum of the divergent series in g.
This function is defined for values of g not necessarily small and, in this sense, an
extension from a weak to a strong-coupling regime can be performed.

10.5 Temperature effects

We now address the question about the renormalizability of a theory at finite tem-
perature. Specifically, we indicate how to use dimensional regularization and ana-
lytic zeta function techniques to calculate Feynman amplitudes at 7' # 0. Let us
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start with Eq. (10.6), written in the form

L D
acth ~ [ 1] %
a=1

where A; = ¢Z({p}, {k})+m?. Using the identity Eq. (10.25) and the fact that each
i is a linear function of the internal momenta, Eq. (10.61) becomes

de I1-1)!
({p}) / Il/H (+k%)+A2]I’

A? = A%({p}, {z;};m)
is a function of the external momenta, {p}, of the Feynman parameters, {z;}, and
of the mass m [31].

As pointed out in Chapter 8, the thermal (TFD) free-boson propagator,
Eq. (8.11), fulfills the KMS conditions and is periodic in the imaginary time, with
period 3 = T~'. Thus, in its Fourier expansion, k° takes values on the discrete set
of Matsubara frequencies, {w, = 27n/B}. For an amplitude with L independent
loops, Ag, the Matsubara prescription should be applied to all kY to get the finite
temperature expression,

D—1
Ac({p}B) = iL Z / dzx, . 1/H d27T Dkl

lo=—00}

~

1
-, (10.61)

where

y (I-1)!
7212 :
[k% + e +k% +Z§:1 452la +A2]I

We rewrite this equation as

1 > !
Ac({phi6) = 57 {la_z_m} [ o dn, Ba(to) o L))

where

Lo dP-lk, (I-1)!

BG({p}7 {m]}v {la}76) = ‘/O];_‘[1 (27T)D_1 [k% NI k% + Zifl bgli + Ag][’

- - (10.62)

with
2
b= T

To perform the integration in Eq. (10.62), we proceed by recurrence. We start
by rewriting Eq. (10.62) as

Bottoh ot = | T o i i
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with A? given by

= A%({p}7 {.Tj}; {la}vﬂ; {ka>l})

L
=I5+ ki + > VL + AP({p}, {z; 1 m).
a=1
Then, we perform the integration over k; by using the formula given in Eq. (10.12)
and obtain

Boltoh st = T ) [Tt

(2m)P-1 k2+AQ]

where

= A3({p} {zj}; {la}, B; {kas2})

L
=k3+ - +kp+ > U2+ A
a=1
The second step is to integrate over the momentum ko, again using Eq. (10.12).
The result is
2[5+

e pak,
BG({p}v{ J}v{la}vﬁ)— ( ) [ ] /a_3 (QW)D—I [k§+A§]172[D;1]5

>—Al\7

where

= Ag({p}v {zj}i{la}, B; {ka>s})

L
=ki+ -+ k7 4+ > 02+ A({p}, {z;}im).

a=1
This procedure is continued until we have integrated over all momenta. The final
result is
1 r(I-r[5])
ﬁL (47‘()L[ D2—1

1
1
></O do, - -dr, , Y IEA]’ (10.63)

0.y (a2

Ac({p};8) =

where

A7 = A7 ({p}, {z;}3m, B)
L
=) UL+ A%({p} ey }im).

We recognize the sum over the set {l,} in Eq. (10.63) as one of the multivariable
Epstein-Hurwitz zeta function defined by
2 = 1
AG (viaq,...,aq) = Z >
d 202 a2
{nj=—occ} (Zr 1 a;n;. +c )

(10.64)
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This function can be analytically continued to the whole complex v-plane. We
postpone to Chapter 18 the full construction of such an analytic extension [284]
and present now only the result:

%
Af;(l/; {a;}) = #{M [F (V - g) ey (V - g; {@},c)} , (10.65)
where the function F' (v — d/2;{a;}, c) is the finite part, which is expressed by sums
with j indices (and 1 < j < d) involving modified Bessel functions, K, _q/5 (see
Chapter 20), while the first term, proportional to I' (v — d/2), has simple poles at
the values v = —n +d/2, n € N.

Now, if we take

d=L, a=---=ap=5b, 02=A2({p}7{mj};m)7 V:[_L<#>

in the above expression, the L-loop amplitude, Eq. (10.63), becomes
1 LD\ [* _
Ac(pyiB) = Sip—zp—n [P (I— T) /O dz, - dz,_, [A{p} {a;};m) 07

o ‘do e, T (v §i. 800} ki) ) | (10.66)

The first term in this expression does not depend on the temperature, 37!, and car-
ries a singularity for space-time dimensions D satisfying I — LD/2=0,—1,-2,....
The second term is finite. To get the renormalized amplitude, this term should be
added to the finite part that remains when the pole of the first term is suppressed.
Applications of this method will be presented in Chapters 18 to 21.

The general aspects of the topic presented here can be extended to models where
the matter field (bosons or fermions) is coupled with a gauge field. In these theories,
an important role is played by the gauge symmetry in the discussion of perturbative
renormalization. The Ward-Takahashi relations, that manifestly contain the full
implications of the symmetry, are discussed in the next chapter.



Chapter 11

Ward-Takahashi Relations and (Gauge
Symmetry

Ward [151] established a relationship between the vertex and the propagator for
quantum electrodynamics. It played a fundamental role in the renormalization
theory and the theory of spontaneous symmetry breaking. This relationship was
generalized by Takahashi [152] to many particle Green’s functions. These non-
perturbative results, called Ward-Takahashi (W-T) relations, have played an impor-
tant role in keeping perturbative schemes in quantum field theory and many-particle
systems consistent with the underlying symmetry properties. Quantum electrody-
namics (QED) with a U (1) gauge symmetry leads to the continuity conditions on
the current, i.e. d,5* (x) = 0. Similar relation exists for the axial current J ;14 which
is only partially conserved, i.e. 8“,];? () = C¢ (x) where ¢ is a pseudo-scalar field
that is taken to be the pion field.

Relationships of the type mentioned above provide a limitation on the longi-
tudinal part of the vertex function. The transverse part is not determined by the
W-T relations. In order to study gauge theories through Dyson-Schwinger equa-
tion [153], a complete knowledge of the vertex function is required. A great deal
of effort has been devoted to gain a better understanding, and thus construct the
transverse part of the vertex function. Perturbative schemes [154-161] have been
devised to get a handle on the transverse part. However these attempts are not
unique since these are not based on a basic symmetry property of the system. It is
possible to establish a proper constraint on the transverse part of the vertex by a
WT-type relation as is possible for the longitudinal part of the vertex, by a method
suggested by Takahashi [162].

This chapter provides a detailed operator relationship that gives W-T relations
at T = 0 and at finite temperature. First we present an analysis of the W-T
relationship that gives the longitudinal part of the vertex function. These are exact
results, only ones available for quantum field theory. Then we establish a WT-type
relationship for the transverse part of the vertex [163] and these are obtained to
one-loop level. Again these results are used for both 7' = 0 and finite temperature.

183
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11.1 Ward relation

The Ward relation in momentum space is obtained from the definition of the Feyn-
man propagator for a fermion

1
Sp(p) = ——
Y-p—m
then
0
——S8r (p) = —SF (p) 7. SF (p)- (11.1)
Opy
This relation has proved very useful in understanding the connection between
renormalization constants defined by Dyson and then indicated that all divergences
in quantum electrodynamics may be removed by a renormalization of charge and
mass. Dyson conjectured that Z; = Zs and the above identity led to a formal proof
of this equivalence by Ward. However this started a search for a generalized Ward
relation valid for arbitrary momentum transfer g that was discovered by Takahashi.

11.2 Ward-Takahashi relations

The Ward relation has played a fundamental role in canonical quantum field theory.
Now we will discuss the generalization as given by Takahashi. In canonical field the-
ory, the Lagrangian depends on the field operators, ¢, (z), their conjugate, ¢}, (),
and their derivatives, 0,64 (x) and 0,0}, (x). Consider an infinitesimal transforma-
tion of the field operator

bo () = ¢, (T) = ¢a () + Ia (2) . (11.2)
The Lie derivative of the transformation is defined as
5 ¢o (x) = ¢, (2) — ¢a () (11.3)

= 0¢a (¥) — 02" Opda (2) .
It follows that
8#5L¢a (z) = 5L8u¢04 (z)

and
stT (¢a (331) ¢ﬁ ($2) e ) =T (5L¢a (331) ¢ﬁ ($2) o )
+T (¢a (1) 6 g (z2) -+ ) + - (11.4)
where T is the time-ordering operator. Then the current is defined by the relation

oL, oL
Aok (x) 09,0k (x)
oL, oL

Aok () 09,0k (x)

Oud" — g (x) = 60}, (w){

} 0¢a(x) (11.5)
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where g (z) should not have any time derivatives of the canonical variables. The
FEuler-Lagrange equation i.e the dynamical equation, has not been used in defining
this equation for a given Lie derivative.

The relation for the current is not unique; divergence of an anti-symmetric
tensor would still satisfy this relation. The generator of the transformation given
by Eq. (11.2) leads to the quantization conditions of the field, ¢, (x),

~i6¢q (2) = [da (2) , G (0)] (11.6)
where x lies on the space-like surface o and G (o) is the generator of the transfor-
mation given as

G (o) = /daﬂ (@) J* (z). (11.7)

Thus the field quantization is given by the two equations: Eq. (11.5) determines the
form of the generating current for a given transformation and a given Lagrangian
and Eq. (11.6) provides a restriction on the algebra satisfied by the field operator.

We are ready to define the generalized Ward-Takahashi relations. The Lie deriva-
tives of the field operator is written as

—i6 0 () = ba () G (0) — G (0) ba (2)
= ¢a (2) [G (0) = G (—00)] = [G (0) — G (+00)] ¢a ()
+ ¢ (2) G (—00) — G (+00) ¢q (2)
_ / 0427 [T (b (2) D7 (') — OLT (b () J* (')} . (1L8)

This relation may be generalized to arbitrary number of field operators with a
time-ordering operator, T', leading to

—i0"T (¢a (21) pp (22) - +-) = /d%/a;/»T (¢a (1) D (2) -~ - T (2))
-T (an (x1) Pp (xg)---al'LJ“ (a:')) ) (11.9)

It is important to make a few remarks about these relations.

The Euler-Lagrange equations, the dynamical equations for the field operators,
have not been used. The use of the field equations implies that the right-hand side
of Eq. (11.5) is zero, and we get

O J* (z) =g (). (11.10)
Using this relation in Eq. (11.9) we obtain

—i6"T (¢a (1) ¢p (22) -+ +) =/d4x'{5LT(¢a (z1) ¢ (x2) - - J* ()

—T (¢a (21) dp (22) -~ g (2"))} . (11.11)

This defines the most general Ward-Takahashi relation. It is clear that for a gauge
theory, the current J* (z) is conserved,

OpJ* () =0
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and g (x) = 0. However it is well-known that for weak interactions, the axial current
is partially conserved while the vector current is conserved. For the axial current
we have

" J(x) = Cor(x)

where C'is a constant and ¢, (z) is the pion field. In such a case the generalized W-T
relations given by Eq. (11.11) provide a relation between the fields interacting with
the axial current and the pion field. Such relations for many particle systems have
been analyzed. These have proved very useful in providing important information
about perturbation schemes and cancelation among several different contributions.

The generalized W-T relations, being the only exact relations in quantum field
theory, have proved very useful not only for gauge theories but also for fields that
have a partial conservation of the current. The generalized W-T relation given in
Eq. (11.9) is an operator relation. The Ward relation given by Eq. (11.1) is for the
expectation values of the product of operators i.e. for Green functions. The operator
form provides a much wider applications not only for quantum field theory at zero
temperature but also for finite temperature quantum field theory. In defining the
Green functions, the operator form of the generalized W-T relation requires the
vacuum state to find the expectation value. Applications to finite temperature are
considered later.

11.3 Applications of generalized Ward-Takahashi relations

The generalized W-T relations are completely equivalent to the canonical quanti-
zation conditions. These relations have played a fundamental role in quantum field
theory. Some of the important applications of the W-T relations for the longitudinal
component of the generating current are to the Dyson equation and the dynamical
rearrangement of symmetry that is connected to the Goldstone theorem and to the
presence of Goldstone bosons in cases of spontaneous breaking of a symmetry of
the ground state. These aspects have been studied in detail [164].

11.3.1 W-T relations for the case of n-body current amplitudes

An explicit form for the case of the Noether current and its divergence is given by
a Lagrangian. Assume that

I =Eaad (11.12)
and
JY =E&vad)s, (11.13)

where €4, and &y, are infinitesimal parameters for the axial-vector and vector
transformations in the chiral-spin space. The subscript « indicates the isospin
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components. Assumptions for low-energy hadron physics lead to conservation of

vector current (CVC) and partially conservation of axial current (PCAC), i.e
o), =0, (11.14)
"Il = 1 frtm, (11.15)

where g is the pion mass and f, is the pion decay constant. A simple Lagrangian

to allow the relation for axial current is the linear o-model [165]. The equation of
motion of the nucleon field becomes

04 (z) = i€aaTaVs¥ (T), (11.16)
5AE (x) = ZE (I) Y5€AaTa (11'17)
and
ovy (z) = ibvatath (2), (11.18)
5VE (JI) = ZE ('T) TafVoz- (1119)

The generalized n-particle W-T relations for the axial current [166] are

2{54 i — 2) YT M 4 MTiAks* (2 — 2) )} = 1P frMinye — 04 Mo, (11.20)

where
M =T [¢py (x1) i (x:) -~ Y (20) Py (1) -3, (2,)]
My =T [Y1 (z1) i (i) - P (20) ¥y (@) -+ 1)y, (27,) 70 (2)]
My =T [1 (1) -5 (23) -+ o (@) Oy (&) - -1y, (2,) T1 (2)] -

Taking an expectation value with zero temperature vacuum state we get the general
relation

(%‘Fm) (T ps @y, 2l 2) = PP Sy
x/dszT”ﬁ) (Tiyeooy T3 @y @5 2" ) Dpa (27— 2)

=D [8710t (o] — 2) viTa + Tavsd (o) —2) ST

where
S=8M (z;,. .. xn;at,.. . xl) = (0] M|0).

The proper current functions are defined as

<0| Mua |O /Hd4yld4y/SFAp,a (y17 cey ynvyia e 7y;z7 Z) Sa

=1

<0| Mﬂ')a |0 /H d4yzd4 dZ/SAaB (Z - Z/) ]-—‘7(1-7;3) (yla s 7yn;y17 s 7y;1; ZI) N
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and
Aag (2= 2") = (0| T [ma (2) 75 (/)] |0) -

It is easy to find the familiar results to one-body system, i.e. for the weak decay
of a nucleon in momentum space,

¢'T (kik+ qrq) = i fT8) (ks k + 4:q) Dap (q)
—i [STY (k) y5Ta + TasS T (k)] . (11.21)

This is to be compared to the one-body W-T relations for the case of vector current,
i.e. QED, that is conserved

TP (ksk+qq) = =i [ST (k) Ta — 7aS ™ (g +F)] - (11.22)

It is important to note the difference in sign for CVC while for PCAC the last two
terms in Eq. (11.21) have the same sign. This implies that for Eq. (11.22)

lim TP (kik+q;9) — 0, (11.23)
q—>

while for the axial-vector current, the right-hand side of Eq. (11.21) does not vanish
in the limit ¢ — 0. This leads to a relation for the pion radiative amplitude

12 FaT s (ks B 0) Aga (0) = {sﬂ)*l,wra} (11.24)

where {A, B} = AB + BA. This relation was obtained as a consistency condition
by Adler and Dothan [167].

11.3.2 Ward-Takahashi relations at finite temperature

So far we have presented W-T relations at zero temperature where the operator
relations are sandwiched between T' = 0 vacuum states. However we have learned
that at finite temperature the Lagrangian density, £, is replaced by £ given as

L=L-L. (11.25)

In order to write the W-T relations in a compact form, we consider Eq. (11.5) and
write the Noether current, J, (x), in terms of change in the Lagrangian

/d‘*a:',c [¢' (2),0 /d‘*x,c , 0,0 ()] = e/d4x5£ (z), (11.26)

where € is an infinitesimal constant. Now using the relation
O (x hahal)) /0 (x1x0w31s) = 1+ €002
leads to
6L =LI[¢ (2)),0,¢ (2')] — L[ (x),0u0 (x)] + D 6arL (). (11.27)
With the definition
0,8 (2') = 9.6 (z) + €006 (z) — €0” ¢ (z) Dy, (11.28)
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we find
5£ oL

oL
oLr

a[%mw(ﬂ %¢mw5%+mwﬁ

56 (x) + 550 90ubes + 08, L.

Using the Heisenberg equation we get

5L (x) =0, {5gf¢(5¢( ) — aV¢5xV)4-5xﬂa}.

This defines the Noether current N, u as

oL

Aﬁ‘_'aau¢

ol (x) + sz L

and it satisfies the relation
N (z) = 0L (x).

Then the generator of transformations is given as

:/d?’x./\/o (x)

Here N, (x) is the same as J, (z) defined in Eq. (11.10).
The W-T relation may be written in the following form

S OITIV (@ 6 o) 6 (] 0) = D50 - 1)

X (01T 6 (1)~ IV (£) & ()]~ & ()] 0)
)T [N@w(xl)---as(mn)] 0).

Since
N:/#mg
we get
O OITIV @) 6 2) - b z)][0) = ~ih D5~ 1)

189

(11.29)

(11.30)

(11.31)

(11.32)

(11.33)

(11.34)

(11.35)

< (01T [¢ (1) 8% () & ()] [0)
+/d3m O T 6L (@) 6 (@1) - 6 ()] [0)

The left-hand side vanishes leading to

ihy 6 (t—1) (0| T [¢(21) -8 (2:) - & (x)] [0)

i=1

_ / &z (0| T[6L (x) ¢ (21) -+~ & ()] [0)

(11.36)
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To find a compact expression for W-T relations, define

Zz/d%fi (z) s () (11.37)

where f (z) is a c-number. Then using the transformation given by Eq. (11.28) we
get

yg / d'al f] (a/) ) ()
_ / i fi (2) vn (2) + € / dizf; () 0; (x)

=L+ e/d4xfi (z) 8%; (x) . (11.38)
This leads to
ﬁ:@ Q%
= /d4xf¢ (2) 6%%; (). (11.39)

Now multiplying Eq. (11.36) by fi(z1)--- fn(zn) and then integrating over
T1y...,Tn We get

ZE:zhn 0|11[5c( )" }|0> /fd4x<0|1ﬂ[5c(x)(2)”]|o>. (11.40)
With sum over n on the left side we get
<m7’&5zemo<%z>}|o>:-/l#x<mzﬂp5ﬁ(x)(% ﬂ|o> (11.41)

In order to get W-T relation for different number of field operators, n, take
functional derivative with —i% n-times then take f(z) — 0. For example for

n =1, we find
(018% (1) |0) = = [ &' O[T [ (@) & 22))0) (11.42)
and for n = 2,
(0 6% (1) & (2)0) + (0] 6 (21) 8% (w2) [0)
= [ QT )6 (1) 0 (22)] 0). (11.43)

In this way we can get W-T relations with an arbitrary number of fields.

Now we can make two changes to write down the W-T relations at finite
temperature: (i) change the vacuum state, |0), to finite temperature vacuum state,
|0(5)) and (ii) change the Lagrangian £ to L=L—L . Then the W-T relation is
written as

0@NT | oZex (12) |06 = - [ate0@IT |358ew (3Z)] 000
(11.44)
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where

&b
I

[dtalret @ o @)+ 6! ) 7 @)
a1 () 801 () + 8% (2) 17 (2)]

&b
I

0

and
6L = 6L — OL.
Here doublet notation for the field, ¢; (x), is used i.e.
vi=vi  oF =4

and 0L and 6L define the change due to the transformation in £ and L respectively.

It is important to note that the operators need to be in the finite temperature
form using Bogoliubov transformations and then use of the vacuum at 7" # 0 leads
to an explicit form for the W-T relations. These relations are essential to check
whether the perturbation expansion obeys the symmetry properties of the model
to any order.

11.4 Transverse Ward-Takahashi relations

We have discussed the Ward-Takahashi relations for the Noether current that follows
from the gauge symmetry and is, thus, conserved

9"J, = 0.

This implies that the relationship established here refers to the longitudinal com-
ponent of the current and thus leads to W-T relations, at T'= 0 or T" # 0, put
restriction on the longitudinal components and no restriction on the transverse
component. This implies that if we wish any limitation on these components we
are forced to use the Euler-Lagrange equations of motion.

In order to obtain the transverse W-T relations we define the Lie transformation
for a fermion field

551/1/) (33) = oy (33) (1145)
and
5,0 () = ¥ () o, (11.46)
where 0, = % [v,,7,] . This would imply that
1 1
L v — vsL
0 (x) = 56‘“ ot (x) = 56“ 8,0 (),
st _1 2N _1 wv §L
’l/)(ﬂj‘) - 56 ’l/)(ﬂl‘) Opv = 56 NV"T/) (33)7
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1

Iy (z) = 56’”’ {(¥ (@) v (@) 630 — (¥ (@) Wth (@) xp}

q(z) = %6‘“’ {2”@(96) T (%) = o () i (8 - W) ¢(x)}. (11.47)

This leads to the transverse W-T relation

iSET (4 (21) - zb(ﬂcn)@(yl) 9 (yn))

- / dia’ [T [ (21) -0 (@) 6 (1) -+ 0 (yn) i ()]
—OT [ (1) -4 (@) ® (1) 0 (yn) T ()]

—T [ (1) -+ () B (1) - Mn 8’ <’>]

2')]]

—T [ (1) (20) ¥ (1) -+~ (yn) D), (11.48)

The first two terms on the right hand side are similar to the curl operation on the
current operator.

It is important to emphasize that both the longitudinal and transverse W-T
relations are obtained by using the Lie derivatives in canonical field theory. Next
we will give the example of U (1) gauge theory i.e. quantum electrodynamics.

Ezample: U (1) gauge theory

We construct the time-ordered product of the three-point function for the U (1)
gauge theory with the fermion-gauge boson vertex

T (7" (2) ¢ (21) ¥ (22)) (11.49)

with j# (z) = ¥ (z) ¥*¢ (z). The longitudinal W-T relations relate the divergence
of the current operator and the transverse W-T relations arise from the curl of the
current operator. Therefore we need to calculate

OLT [j¥ ()t (1) T (22)] — VT [j# (2) 0 (e1) B (a2)] . (1050)
In order to obtain an explicit expression we need the identity

ET [fo (21) $a (22) -] = T [0 @ (21) da (22) -]
+ T [¢pa (1) 6%a (z2) -] +---  (11.51)

and a bilinear covariant current operator

V)\p,l/ ((E) — %E ({'C) ["y)\, O'MV] ¢ (iC) )

=i (g™ (x) = gV i* (2)), (11.52)
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where we have used the anti-commutator {y*,~v"} = 2¢g*”. In order to calculate the
curl of the three point function we note the general identity

O [T (@) (1) -+ 4 () P (y1) -+ ()]

=80 T [{[Ju (@), ¢ ()] ¥ (4:) 8 (2° —af)
=1

o (23) [T (@), (53)] 6 («° — 99) }

O (@1) - () (1) - (yn) ¥ () ¥ (13)

T (05, (@) ¢ (1) - (2) O (1) - - (yn)] (11.53)
where the symbol ~ implies that 1 (z;) 1 (y;) are omitted in the preceding set of
field operators. The curl-like terms for the three-point functions may be written as

LT [ () (21) T (22)] = i0UT [ (&) ¥ (20) F (22)]

= 5 (@~ 1) 5 (100" — ") T (4 (00) B (22)
(700140 — ghv
()6 (21)F (22)
()6 (21)F (22)

~—

N =

+6% (& — x2) T (¢ (21) ¥ (22))
+T [E () (%w”” - cr’“’—/%)
o1 5oy (35 7%)

[ T NS ~—

(4
) (11.54)
where
1
SA‘uV = 5 {"/A,O'HV} = —EA‘uup")/p"m.

In order to express the right-hand side of Eq. (11.54) in terms of Green func-
tions, we have to take the derivative operation outside the time-ordered product by
making the right and left derivatives for z and z’. Furthermore to recover the gauge
invariant expression we include the line integral so that the last term becomes

(3§ - 33”/) T | ¢ («') SM exp (—ig /r Ay (y) dy”) ¥ ()¢ (Il)i(ﬂsz)l (11.55)

where A, (y) is the gauge field and g is the coupling constant between fermions and
the gauge boson. For the U (1) gauge field, QED, g = e and A, (y) is the photon
field. For the SU (3) gauge field, QCD, A, = Ajt®, A¢ is the gluon field and ¢ are
the generators of the SU (3) color group. Explicitly Eq. (11.55) becomes

(35— 88 ) T [ () M Up (&, 2) ¥ (2) ¢ (21) 6 (2)]
=7 ([(35 - 88) 0 @) ¥ ()] Up (¢',2) ¥ (21) P (22))

+6% (z —w2) T (¢ () Up (2, $)¢( 1)) 705
+6* (2" — 21) SUYOT (¢ (2) ¥ (22) Up (2, 1))
¥

—26* (z — ') Tr(v° ST (¢ (z1) ¥ (22))
+T[E(x')gw((a§_a§) P(x,x))@b(xw(xl)@(m)} (11.56)



194 Thermal Quantum Field Theory: Algebraic Aspects and Applications

where

Up(2',z) =T

exp (—ig /: Ap (y) dyp)}

with T being the time ordering operator so that functions from right to left are
ordered with increasing time.
Combining all the terms we get

MT [V (x) ¢ (1) ¢ (2)] — OYT [ (2) ¢ (x1) P (w2)]
=iT (¢ (1) ¥ (32)) 06" (& — @2) + ic™ T (¢ (21) ¥ (22)) §* (x — 21)

+ 1im, i (9% = 95) T [B (") ¥73,35Up (') ¢ (2) ¥ (21) ¥ (2)]
__ — — _
T [0 () (i o = i 0™ ) ¥ (2) ¥ (22) ¥ (22)] (11.57)
g - . < Ay . . . .
where D, = 0, +igA, and D, = 0, — igA, are covariant derivatives and
D= Dy,

Now using the fact that the dynamics for the fermion field i.e. the Euler-Lagrange
equation implies that

— =
(iD—m)wzo and ¢(iD+m) —0.

These equations are valid for both QED and QCD. Finally we arrive at the W-T
relation for the transverse fermion-gauge boson vertex to be

ORT [3” (x) v (21) ¥ (w2)] = YT [j" () ¥ (21) ¥ (22)]

=T (¢ (21) P (22)) "6 (2 — 22)
+iotrT (1/) (z1) ) (332)) 5% (x —x1)
. (T Sz Auvp AW / -
+ 1im i (8% = 93) MT [§ (@) 335 Up (', 0) ¢ (2) ¥ (21) W (2)

2T [ (2) 04 () (1) ¥ (22)] (11.58)

The transverse vertex depends on tensor and axial-vector vertex. In addition the
line integral in the axial-vector makes the calculations complicated and has to be
considered loop-wise [168]. This operator equation may be converted into a Ward-
Takahashi relation between Green functions by taking its vacuum expectation value.

11.5 Transverse W-T relation in momentum space

The transverse W-T relation has a simpler form in the momentum space. As usual
the three-point function in momentum space is defined as

/d4xd4x1d4mgei(p1'r1+p2'm2+p3'z3) (0] ja () ¥ (z1) ¥ (22) |0)

= (2m)* 6 (p1 — p2 — q)iSr (p1) T (p1,2) iSF (p2) (11.59)
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where the subscript A = V, A, T, denote vector, axial-vector and tensor vertices
respectively for I'y. The corresponding currents are:

]IY = E’V}ﬂb ’ ];;4 :E%ﬁfﬂﬁ ) ]MI; = EO—NV’@[]'
This now leads to the transverse W-T identity in momentum space
ig"TV (p1,p2) — iq"T{ (p1,p2) = Spt (p1) o + a** St (p2)
+2mplL” (p1, p2)
+ (pix +par) P T, (p1,p2)  (11.60)

where ¢ = p1 — p2 and mp is the mass of the fermion. Again the axial-vector vertex
has the line integral, which forces a perturbative analysis. This equation is valid at
tree level. For loop corrections, Wilson loops have to be included.

11.5.1 Full vertex for the fermion-gauge boson verter

The longitudinal W-T relation in Eq. (11.22) after multiplying with ¢* is

a"q"Ty (p1,p2) = ¢" (Sz" (p1) — Sz (p2)) (11.61)
while the transverse W-T relation is
¢.q"T" (p1,p2) — @ ¢"T" (p1,p2) = iq, h"” (11.62)

where h,,, is the expression on the right-hand side of Eq. (11.60). Combining the
last two expressions we get

¢*TH (p1,p2) = ¢" (S;l (p1) — S’;l (pg)) + iq, h*". (11.63)
The full vertex for the gauge theory has two components: longitudinal (first term)
and transverse (second term). Explicitly the full vertex is given as

TY (p1.p2) = ¢ °¢" (Sgl (p1) — Sp! (p2))
+iSg! (p) 200" + ¢ 20" iS5 (p2)
+2impq 2@ (p1,p2)
+472q (p1x +p2x) T 4, (p1,p2) - (11.64)
This shows that the vector vertex depends on the axial-vector and the tensor vertices
in addition to the fermion propagator. However for QCD in the chiral limit, mp = 0,
the dependance on the tensor vertex disappears.

It is interesting to note that in the case of bare vertices and free propagators,
the transverse W-T relation reduces to

i(g"Y" —7"¢") = (pr —m) o™ + " (p2 —m)
+2mot 4 (pix + pax) €y (11.65)

which is a trivial identity of the y-matrices. The longitudinal W-T relation at tree
level is similarly a trivial identity

4" = (p1—m) = (2 —m). (11.66)
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Thus the transverse, longitudinal and total vertices for gauge fields satisfy gener-
alized W-T relations. It is to be stressed again that the longitudinal and transverse
W-T relations have to be considered differently, in the sense, that the former is
a consequence of the gauge symmetry while the latter depends on Euler-Lagrange
equations and does not emerge from any symmetry considerations. There are pre-
vious attempts to obtain the transverse component of the vertex. They met with
limited success [169-172].

11.5.2 Tranverse W-T relation for axial current

By a procedure used to calculate the W-T relation for vector current, a similar
relation is obtained for the axial current, ¥ (z)v,75¢ (), as

T (G5 (x) ¢ (w1) ¥ (x2)] = OFT [34" () ¢ (1) ¢ (22)]
+io" T [¢ (21) ¥ (22)] 6* (21 — )
—iT [ (1) ¥ (x2)] 0" 750" (21 — @)
+i Tim (ai - ai/) A

X T [¢ (¢") 7 Up (2", 2) ¢ (2) 9 (21) ¥ (22)] -
After taking the expectation value of this expression between vacuum states the
transverse W-T relation in momentum space is

ig"T 4 (p1,p2) — i¢"TYy (p1,p2)
= Sp' (p1) "5 — 0" 555" (p2)
+ (p1x + p2x) €Ty, (p1,p2) -
This is valid at tree level. For corrections at loop level, Wilson loops have to be

considered. Thus we find that the transverse vector and axial vertex functions are
connected. These relations have been shown to be accurate to one-loop order [168].

11.5.3 Transverse W-T relation at finite temperature

In order to get the transverse W-T relation at finite temperature, the expectation
value of the expression in Eq. (11.58) is taken between finite temperature vacuum,
|0(8)), state. This suggests the versatility of the W-T relations that are operator
relations. Taking expectations value between finite temperature vacuum transverse
relations are obtained. Bogoliubov transformation has to be applied to the operators
in transverse W-T relations.

11.6 W-T relations and spontaneous symmetry breaking

It is possible to relate W-T relations and spontaneous symmetry breaking and thus
deduce that Goldstone boson has zero mass. It was shown by Takahashi [164] and
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the results are similar to those obtained elsewhere [173].
From Noether current we obtain for the Lie derivative of a field to be

—ist¢ (z) = / d'z'T [¢ () 9],J" ()]
- / d'a/ 0T ¢ (x) J* ().

An invariant transformation implies that
OuJ* (x) = 0.

Therefore we have

ish g (z) = / d*2'0,T ¢ (x) J* ()] .
If the vacuum expectation value of §%4 (z) is non-zero, i.e.

(0[6%¢ (2)]0) =a#0
where a is a c-number then
/ 9, T 6 (2) J* ()] = ia (11.67)

However we can write the left-hand side in terms of its spectral representation by
using

/d4x’T [p (x) J* (2)] = —i /OO dk*py (k%) 0,A% (z — '3 k?)

0
which gives for current conservation condition

k*py (K*) = 0. (11.68)

However we wish to write
8, (0| T 6 () J* ()] |0) = i/ooo k0 () DA (z — /5 12)
= z‘/ooo dk’py (K*) K* A, (z — 2’5 k)
+z‘/oo dk*py (k)6 (z —2').

0
Therefore we get the following expression for a

a= /d%’/ dk?py (*) K*Ac (z — 2'3 k?) +/ dk?p, (K?) .
0 0
However k?p; (k?) = 0, leading to

a= / dk?p; (kQ) .
0

Therefore this relation along with the one in Eq. (11.68), we have that there exists
a massless boson. This is the Goldstone theorem.
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It is important to remark that the presentation in this chapter has focussed on
quantum field theories with U(1) gauge symmetry. This provides longitudinal W-T
relations for the vertex function. The transverse W-T relations are studied by look-
ing at an expression that appears curl-like. The combination gives the complete
vertex function. These have proved very useful in assuring that the perturbative
calculations are gauge-invariant at every order. However these ideas are much more
general and are equally applicable to a perturbative study of many-body systems.
The W-T relations provide a consistency condition so that all conservation laws
are obeyed. Such procedures have been used for spin systems among others. As
mentioned earlier, the W-T relations provide us relations for renormalization con-
stants in quantum electrodynamics. These relations are important for studies at
low energies and other gauge theory. For many-body systems, the sum rules can be
easily derived by using W-T relations.

Ending this chapter we close the second part of this book, where we consider the
quantum field theory at finite temperature from symmetry bases. Now we explore
some consequences of the thermal states that we have introduced. In particular we
analyze the meaning of the different thermal states, by studying their non-classical
properties.
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Chapter 12

Thermalized States of a Field Mode

Thermofield dynamics formalism provides a general prescription to define thermal-
ized states of a boson oscillator. We shall show that TFD states, obtained by re-
peated action of a'(/3) on the thermal vacuum |0(3)) and their linear combinations,
correspond to physical states of a field mode which incorporate thermal effects. We
also show how these states are represented within the density matrix formalism of
quantum mechanics and investigate procedures to determine expectation values of
physical observables in order to discuss their nonclassical properties. Other classes
of elements of the thermal Hilbert space Hr are also considered.

12.1 Thermalized states

Consider the thermal Hilbert space, Hr, of a boson oscillator at a given temperature
T = 3~'. As we have discussed earlier, this space is spanned by vectors of the type

~ ~ 1 n
[n,m; B) = U(B) [n,m) = AN [a"(3)]" [a'(3)] " 10(8)) , (12.1)
with n,m = 0,1,2,...; that is, Hy corresponds to the application of the Bogoliubov
transformation U () to the doubled space HRH. It is easy to verify that, fixing the
value of m = myg say, the subspace of Hy spanned by {|n,mo;5) ,n=0,1,2,...}
is isomorphic to the physical Hilbert space (H) of the boson oscillator. Among all
these subspaces, we initially detach the one for which my = 0, corresponding to the
subspace H that is spanned by the set of vectors { [af(8)] " [0(8)) ,n =0,1,2,...}.
The isomorphism between Hg and the usual zero-temperature Hilbert space of a
single mode of the electromagnetic field, H, can be directly demonstrated from the
correspondence

a™[0) — [a'(8)]"10(8)) , [a,a'] =1 [a(B),a'(B)] =1.

Therefore, we can construct thermal states of a field mode by mimicking states usu-

m

ally considered in quantum optics [174-177] with the zero-temperature formalism.
As we are going to show later, such states are physical states of a field mode that
carry temperature effects. Before treating this physical interpretation, however, we
work out some basic examples.

201
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12.1.1 Thermal number states

Let us first write the hat Hamiltonian for a boson oscillator as H = HQp) =
H(B) — H(B), where

H(f) = wa'(B)a(B) (12.2)

and, similarly, H(8) = wa'(B8)a(8). It is then easy to check that [H(3),a(3)] =
~wa(B3) and [H(B),a'(B)] = wa'(B), so that a(B) and a'(B) are annihilation and
creation operators of quanta of H (), respectively. Now, since a(8) |0(8)) = 0, the
normalized eigenstates of H(() are given by

In(B)) = ﬁ [W'(8)]" 0(8)) . n=0,12,..., (12.3)

with the corresponding eigenvalues being nw. Naturally, these states are also eigen-
states of the thermal number operator N(3) = af(8)a(3), i.e.

N(B) In(B)) = n[n(B)) -

Also, the action of a(3) and a(8) on the thermal number states |n(3)) is given by

a(B) [n(B)) = vn |(n — 1)(B)),
al(B) [n(B)) = Vn+1|(n+1)(3)).

Note that, being non-degenerate eigenstates of a hermitian operator, these ther-
mal number states are orthonormal, that is

(m(B)|n(B)) = bm.n
> 1n(B) (n(B)| = 1.
n=0

Therefore, an arbitrary normalized state |¥(5)) of Hp can be written as

)= caln(B)), (12.4)
n=0
where ¢, = (n(8)]¥(8)) and Y22 |e,|” =

12.1.2 Thermal coherent states

Similarly to the zero-temperature case, we define displacement operators acting on
states of Hg and then introduce the notion of coherent states. The unitary thermal
displacement operator, D(q; (3), is defined by

Dz ) = exp [aa' (8) — a*a(8)] (12.5)

where « is an arbitrary complex number. Notice that Df(a;3) = D~ ; 3) =
D(—a; ). The name “displacement operator” comes from the property

D¥(a; B)a(B)D(a: B) = a(B) + a (12.6)
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which is readily verified by using the normal ordered form of D(«; 3),
D(a; B) = elel?/2 exp [aaT(ﬂ)] exp [—a*a(B)]. (12.7)
This expression is a particular case of the Baker-Campbell-Hausdorff operator iden-
tity
A+B A B, —[A,B]/2

e =ee’e ,

which holds only if [A,[A4, B] = [B,[4, B]] = 0. It also follows from this identity
that the repeated action of thermal displacement operators corresponds, apart from
a phase factor, to a displacement by the sum of the complex parameters, that is

D(3:8)D(a; §) = ™0 D(y + o 9). (12.8)
Multiplying Eq. (12.6) from the left by D(«; 3) and applying the resulting op-
erator identity to the thermal vacuum |0(3)), one obtains
a(8)D(a; 8) [0(8)) = D(e; B) (a(B) + @) [0(8)) = aD(a; B) [0(3)) .
This means that the state

() = D(a; 8) [0(8)) (12.9)

is an eigenstate of the thermal annihilation operator a(3) with eigenvalue given by
a. Notice that the eigenvalues of a() are complex numbers in accordance with
its nonhermiticity. We shall refer to states of the kind presented in Eq. (12.9)
as thermal coherent states. By construction, due to the unitarity of the thermal
displacement operator D(«; 3), the thermal coherent states are normalized,

[((B)](B)[* = 1.

The expansion of thermal coherent states in the thermal number basis of Hg is
found by directly applying the thermal displacement operator, in the normal form
(12.7), to the thermal vacuum |0(3)); one gets,

a(B)) = e-‘“'”; = ) (12.10)

Also, it follows that the scalar product between two thermal coherent states is a
nonvanishing complex number given by

(N = exp |3

implying that distinct coherent states are not orthogonal. The square of the absolute
value of this scalar product is

[(1(B)a(@)? = el

which shows that the coherent states |«(8)) and |y(5)) can be taken as approx-
imately orthogonal only if a and 7 are very distant apart complex numbers, i.e.
when |a — | > 1.

(laf? + ) + av*} (12.11)
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For a given 3, the set of thermal coherent states, which is labeled by a two-
dimensional continuous parameter, constitutes an overcomplete basis of Hg. In
fact,

%/anla(ﬁ)Ma(ﬂ)l = %n%;()%/d%e‘“'za”a*m =1, (12.12)

since
2
/dzaefla‘ aa'™ = mn! dum,

where d?a = dRe(a)dIm(«). Thus, an arbitrary normalized thermal state is written
in the thermal coherent basis as

W(B) = 1 [ Pala@)B(E)a(e). (1213)

Particularly, we find that any thermal coherent state |y(3)) is written as

o172

(8)) = / Pae(1a=2va)2)0 gy

s

12.1.3 Thermal displaced number states

In a similar fashion as thermal coherent states are defined as displacements of the
thermal vacuum, we can introduce thermal displaced number states by applying
the thermal displacement operator to thermal number states, i.e.

[n(B); ) = D(e; B) [n(B)) - (12.14)

These states are eigenstates of the thermal displaced number operator,

No(B)|n(B); a) = al(B)aa(B)n(B); a) = n|n(B); a),

where

aa(B) = D(e; B)a(B)D'(a; 8) = a(B) — o,
1(8) = D(a; B)a’ (8)D' (e; B) = a(8) — o,

al

are the thermal displaced annihilation and creation operators, respectively. From
these relations, we find that the thermal displaced number state can also be ex-
pressed as
(@) = = [al(5) = o] a(3)) (1215)
The unitarity of the thermal displacement operator, together with the orthonor-
mality of the thermal number states, implies that the set of thermal displaced num-
ber states, for an arbitrary but fixed value of «, constitutes a discrete orthonormal
basis of Hg, i.e.

(m(B); aln(B); @) = mn s Y [n(B);a) (n(B);a| = 1.
n=0
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The projection of the thermal displaced number state |n((3); ) onto the thermal
number state |m(3)), which corresponds to the matrix element of the thermal dis-
placement operator in the thermal number basis, is given by

[
(m(B)[n(B):a) = (~a*)"~" [ LG (|a?)e” /2 ifn 2 m,
(m(B)In(B); a) = [(n(B)Im(B); —a)]" , forn <m,
where Lgs)(z) denote Laguerre polynomials.
On the other hand, the overlap of |n(8); ) with the thermal coherent state

|v(8)) is found from Eq. (12.8) to be

((B)n(B); ) = (0(8)| DT (v; B)D(es B)n(B3))
:%exp 5 (WP +la) +r'al . (12.16)

We notice that two displaced thermal states, with the same value of n but distinct
values of the displacement parameter, are not orthogonal to each other; in fact, it
follows from Eq. (12.8) that

(n(B);yIn(B); o) = e~ ™) (n(B)| D(ex — 7; B)n(B))
= 7m0 By (<, 15 |a — ~[?),

where 1 F1(p, ¢; z) is the Kummer confluent hypergeometric function. Also, expand-

ing |n(8); ) in the thermal coherent basis by using (12.16), one can show that
1
> [ @aln@ra)n(@)al - 1

™

therefore, for fixed n, the set of all thermal displaced number states (with o € C)
forms an overcomplete basis of Hg.

12.1.4 Thermal squeezed states

The thermal version of the unitary squeezing operator, acting on Hg, has the form

S(&;8) = exp <%€*az(ﬁ) - %éa”(ﬂo , (12.17)
where
£ =re
is a complex parameter. It is such that ST(¢;8) = S(—¢; ). Using the operator

identity
en(A+B) — e(tanhn)B eln(coshr])[A,B] e(tanhn)A,

withn=r A= %e*“"a2 (B) and B = —%e“"cﬂr2 (8), the thermal squeezing operator
is written in normal-ordered form as follows

S(&6) = ﬁ exp {—i’u aTz(ﬁ)} e~ (nm al(B)aB) ey, [% aQ(ﬁ)} ) (12.18)
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where
pw=coshr, v=e%sinhr
and, therefore, 2 — |v|? = 1. Under the action of S(¢; 8), the thermal annihilation
and creation operators transform accordingly
ag(8) = S(& B)a(B)ST (& B) = pa(B) +val(B), (12.19)
al(8) = 5(&8)a’ (B)ST(&: ) = pa' (B) + 1" a(B). (12.20)
We have [ag(ﬂ),az(ﬁ)] =1, since S(&; 5) is unitary.
Many states of Hg can be formed with the use of the operator S(&;3). For
example, the thermal squeezed vacuum state is defined by
1£,0:8) = 5(&8)[0(8)) - (12.21)

More generally, thermal squeezed coherent states are generated by first displacing
the thermal vacuum and then applying the thermal squeezing operator; that is,

1§, 05 8) = S(& B)D(e; B) [0(8)) = S(&: 8) |a(3)) - (12.22)

One naturally wonders whether inverting the order of these operations, i.e. first
squeezing the vacuum and then displacing, would lead to a distinct type of state.
To answer this question, first observe that the thermal squeezed coherent state,
Eq. (12.22), corresponds to the displacement of the thermal squeezed vacuum im-
plemented with the transformed thermal displacement operator, that is

€, ;5 8) = De(e; B) €,0;8)
where, using Egs. (12.19) and (12.20), we have
De(o; B) = S(&8)D(e; 3)ST(&:8)
= exp [aaz(ﬁ) - a*ag(ﬂ)}

= exp [a¢al (8) — afa(B)] = D(ag; B), (12.23)
with
Qe = pov — var. (12.24)
Therefore, the state defined by Eq. (12.22) can also be written as
€, o B) = D(ag; B)S(&: 8)[0(8)) - (12.25)

Conversely, the state

17,& 6) = D(v; 8)S(&3)10(3))

is the same as the state

1€, 7-¢;8) = S(& B)D(v-¢; 8)10(B3)) 5

where

Y-g = py + 7"
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In other words, changing the order of squeezing and displacing operations acting on
the thermal vacuum leads to the same kind of state but with a modified displacement
parameter.

It is important to note that, since S(&; 8) and D(«; 3) are unitary operators, all
these thermal squeezed states are normalized. Moreover, it follows that the set of
all thermal squeezed coherent states, for a fixed value of the squeezing parameter
&, constitutes an overcomplete basis of Hg. In fact, from Eqgs. (12.12) and (12.22)
we have

» [ #aleanicas = s |1 [ Eala@)am] s'em -1,
and, also,
(& 7: 818 3 8) = (v(B)IST(& B)S (& B)le(3))
—exp [~ + b 4070

Furthermore, the overlap between the thermal squeezed coherent state |, a; 5) and
the thermal coherent state y(3) is given by

| a2+ 2va -1y + 1202
D)€, 0 B) = —= exp (— + ,
Vi 2 2p

while the projection of the state |, «; 3) onto the thermal number state |n(3)) is

/ vn 1 v* «
(n(B)E, a; 8) = mexp [—5 (|0¢|2 - ;a2>} H, <m) )

where H,,(z) denotes the Hermite polynomial of order n.

12.2 Physical interpretation

In the preceding section we have presented examples of basic thermalized states that
are constructed mimicking some zero-temperature states. Although these states
were consistently introduced and form bases of Hg, a natural question emerges
relative to their meanings. We address this question with the goal of providing a
physical interpretation for a general thermalized state |¥(3)); that is, to find what
such a state represents in the standard quantum mechanical description, where the
Hilbert space does not carry any thermal degree of freedom and thermal effects
appear in the density matrix representation of states. In other words, we would
pursue the search for the density matrix associated with the thermal state |¥(83)).

We start by recalling the density matrix description of the thermal vacuum
|0(8)). By construction, given any observable A acting on H, we have

1 —Bwal
wa G.A
Z(8) ¢ ) !

(0(3)A0(8)) = T (
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where
. —Pwn 1
Z(ﬁ)zzeﬁ T 1 _eBuw
n=0

is the partition function for the boson oscillator system. This means that the
density matrix associated with the thermal vacuum state is the density matrix of
the thermal (chaotic or Bose-Einstein) mixed state of the boson oscillator, that is

1
Prosy =Py = 70 exp (—ﬂwaTa)
1

_ </ aB) \"
T 1+a(h) nZ:o (1 n n(ﬂ)) [n)(nl. (12.26)
Here we use the notation
_ 1
7B) = 55—

for the mean number of thermal photons in the chaotic state at temperature 371.

Following this observation, we associate with a general thermalized state |¥(53))
the density matrix p, ,, defined such that, for an arbitrary operator A acting on
the physical Hilbert space H, we have

(T(B)ANE(B)) = Tr (P4, A) - (12.27)

On general grounds, this can be accomplished if we manage to write |¥(()) in the
form

(W(8)) = f(a,a’;8)10(8)), (12.28)
in which case we get
(W(B)AIW(B)) = (0(B)|f1(a,a’; B)Af (a,a’; 5)|0(5))
Tr [prT(a, a': 3) Af (a,a'; B )}
Tr [f(a,a®; 8)p, fT(a,a’; B)A] |

leading to the identification

Plepy = f(a7a’T;ﬂ)pﬁfT(a7aT;ﬂ)' (1229)
Note that the density operator p,, ., will have unit trace as a consequence of the
normalization of the state |¥(3)).

Before proceeding with the analysis for the case of a general state |¥(5)), we
have to calculate the density matrix associated with basis states. Consider, initially,
the thermal number state |n(3)). The expectation value of an arbitrary physical
operator A, (n(8)|A|n(B)), is calculated as follows. First, recall that

al(8) = u(B)a’ —v(B)a
and that

v(B)

al
o510,

al0(p)) =
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which is a consequence of a(3)|0(3)) = 0. These relations imply that

a'(B)|0(8)) =

1
i
a'|0(8)). 12.30
—all0) (12.30)
Thus, since [a(3),a'] = 0, the thermal number state |n(3)) can be obtained by
repeated applications of af on the thermal vacuum as

(8)) = ——

Now, it follows that

(n(8)| Aln(8)) = <0(ﬂ) \W 2 Aatn

_ 1 n tn
=1 (0 g ")

=Tr ({W aT”pBa”] A) . (12.32)

Therefore, the density matrix associated with the thermal number state |n(3)) is
given by

05))

1
=————a"p,a" 12.33
wTu(aP (1259
Taking A =1 in Eq. (12.32) leads immediately to Tr Pinsy = 1 asa consequence
of the normalization of [n(8)). However, it is instructive to check directly whether
the operator p, ., given by Eq. (12.33), does indeed correspond to an acceptable
density matrix. In fact, working in the number basis and taking into account that

a™lm) =0, if n > m, while

Plaesy)

a"lm) =+v/m(m—1)---(m—n+1)jm—n) ,ifn <m,

Plncsy, can be written as

B 1 E aB) ' (ntr)!
Plusy = (m) go (1+n(5)> = [n+ 7Y {n +r|, (12.34)

where we have used u?(3) = 1 + (). Now, with the aid of the identity

oo

Z(TH_T)!ﬁT: n!

| _ n+1?
— ! (1-99)

which holds for ¥ < 1, one easily demonstrates that

Z<l|p\n(ﬁ)> ) = 1.

1=0
The density matrix written in Eq. (12.34) has appeared before [178] referred to
as the number-chaotic state, since it is seen as a state interpolating between the
number state |n) (when T = 37! =0, i.e. n(3) = 0) and the chaotic state (when
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n = 0). From Eq. (12.33), we notice that this state also corresponds to the n-photon
added thermal state [179] of a field mode.

We now determine the density matrix associated with the general state |¥(3))
by working with its representation in the thermal number basis, Eq. (12.4). In fact,
using Eq. (12.31) we have

SN i ,
RE::) Ty~ 100 (12.35)

so that
cmcn 1 -
(T(B)|A[¥(B)) = Z (ﬂ)]m+n< (B)|a™ Aa™[0(3))
n,m= O
cr.c 1
= Z - m+n [pfamAaTn}
n,m= 0 (ﬂ)] + &
Can 1 n m
<§: @ )A
n,m O
which implies that
n C” 1 n m
Pragey = Z [w(B)]mHn ap,a™. (12.36)
n,m= 0

Again, Trp,, ,, = 1 follows directly from the normalization of [¥(3)). But, also,
we readily verify that the operator (12.36) has unit trace by using the formula

Tr [a"p,a™] = nlfu(B)|*" 8o,

which is a consequence of p, being diagonal in the number basis and Trp, 5, =1
Therefore, any normalized linear combination of states belonging to H g is associated
with a unit trace density matrix and so corresponds to a physical mixed state of
the boson oscillator that incorporates thermal effects.

Consider, as another specific example, the thermal coherent state |a(8)). Using
the normal-ordered thermal displacement operator, Eq. (12.7), we rewrite |a(5)) in
the form of Eq. (12.28) as

u(6)

From this expression for the thermal coherent state, using the general procedure
described above, we get its corresponding density matrix,

Prag =€ exp [ﬁoﬁ] P, exp [%a} . (12.38)

Naturally, this density matrix can be obtained directly from Eq. (12.36), by gath-
ering the coefficients of the expansion of |a(3)) in the thermal number basis,

la(B)) = e*\a|2/2 exp [aaT(ﬁ)} 10(3)) = e*la\2/2 exp {La’r] 10(B)) . (12.37)
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Eq. (12.10), in the form that corresponds to the Taylor expansion of the expo-
nentials in Eq. (12.38). Also, if we consider the expansion of a general state |¥(3))
in the thermal coherent basis, Eq. (12.13), we have

~*

o = 73 [ Eadr @B ()| B() eI +hP2 ety (e,

(12.39)

We now determine the density matrix associated with the thermal displaced

number state. Notice initially that, using a(8) = u(f8)a — v(B)a’ and the corre-

sponding expression for a'(3) in Eq. (12.5), the thermal displacement operator is
written as

D(a; B) = D(u(B)a) D (v(B)a*), (12.40)

where 5(7) = exp (ya' — v*a) is the displacement operator acting on H. Further-
more, writing D(v(G)a*) in the normal-ordered form and considering that

v(B)

a = at

10(8)) w3 10(3))
and

at :—u(ﬂ)a

008)) = 5 00),

it is shown that

- . a2 o

Bl(@a)0(@) = e D (e e || o). Gz
Therefore, using Eqgs. (12.31), (12.40) and (12.41), the thermal displaced number

state is written as

n(@)ia) = -

Vallu(B)]"

which leads to the density matrix

D(u(B)a)a™ Dt (u(B)) exp [%aq 0(8)),

67‘042

Plngyiay = W D(u(B)r)a' DT (u(B)c)

*

X exp {ﬁd] P, exp [%Q] D(u(B)a)a™ D' (u(B)a).

Using that
D(y)a"D'(v) = [a —~]",
we rewrite p . in the form
e—lal?

Pingyiay = B [a" —u(B)a*]"

*

X exp [ﬁcﬁ] P, exp [%a} [a — u(B)a]™. (12.42)
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This simpler form can be obtained, alternatively, using directly Egs. (12.15) and
(12.37).

To obtain the density matrices corresponding to thermal squeezed states, we
start by considering the thermal squeezed vacuum state, |£,0; 8). Taking the ther-
mal squeezing operator S(§; ) in the normal-order form, Eq. (12.18), the thermal
squeezed vacuum state, Eq. (12.21), is written as

gy - L Yt
6.036) = —= exp | ~a"(3)] 1000
_ v 1 T2]
77 o0 | 0
so that the associated density matrix is
1 1 * 1
Aeon = o |~ oo |G| 02w

Now consider the thermal squeezed coherent state

1€, a; B) = |ag, & B) = D(ag; §)[€,0; 6),

where ae = pa — va® as in Eq. (12.24). Using Egs. (12.40) and (12.41) with «
replaced by ag, and taking |£,0; 8) in the form (12.43), we obtain

| _e—|a§\2/2D v 1 12
€.03) = e Dlu(Bag)exp |~ oz
<Dl (a(B)ac) exp |25t 03

Thus, the density matrix associated with thermal squeezed coherent state is

e—lael? v
Ple oy = T D(u(8)ae) exp {—Emam} DT(u(ﬂ)ag)
X ag CLT X O‘z a
e p[u(ﬂ) ]"’ﬁ ¢ p[uw) }
x D(u(B)ag) exp [—g—umﬂ DT (u(B)ag). (12.44)

Before closing this section a word must be said about these states in the zero-
and the infinite-temperature limits. Consider initially the density matrix associated
with the thermal vacuum |0(5)), given by Eq. (12.26). As T — 0 (i.e. f — 00),
u(B) — 1 and 7i(6) — 0. Then it follows from Eq. (12.26) that, in the limit 7" — 0,
the density matrix p, reduces to that of the pure vacuum state of the Hilbert space
H, that is limz . p, = [0)(0]. Using this fact, one finds that the density matrix
corresponding to the thermal number state [n(3)), given by Eq. (12.34), tends to
that of the single number state [n) of H, that is p , — |n)(n|. This argument
can be readily generalized to show that the density matrix associated with the
general state |¥(f5)) of Hp reduces, as T — 0, to the general state of H having
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the same coefficients, that is, as follows from Eq. (12.36), p,,,, — [¥)(¥| where
|¥) = > jcnln). In other words, density matrices of all thermalized states we
have discussed so far reduce to the corresponding pure states of H as T' — 0.

The other limit to be considered is the infinite-temperature limit. As T — oo
(ie. B —0), u(f) — oo and n(f) — oo, which implies that the density matrix p,
tends to the mixed state where all Fock states are occupied with the same weight,
that is

N
1
li = lim —— g ;
Am p, = lim \/_n:0|n><n|,

of course, such a “hell” state possesses infinite energy. Also, in this limit, none of
the states we have discussed makes any sense at all, since they have been defined
from actions taken over the thermal state.

12.3 Other possibilities of thermalized states

States belonging to the subspace Hg of the thermal Hilbert space Hy, which is
spanned by the set {a'"(3)|0(3)),n € N} have been considered so far. A natural
question emerges about the meaning of other states belonging to Hp but not to
Hp. In fact, taking the set of states pertaining to Hr of the form U(f5)|n, m) with
either n or m fixed, we get a subspace that is isomorphic to H and, therefore,
also isomorphic to Hg. From all those subspaces, we choose to look specifically
at the one with n = 0 fixed, that is, we consider the subspace ﬁﬁ spanned by
{a™0(B)),m = 0, L2,... }. Other interesting possibility is to take states of Hr

of the form U(8)|¢, ¢), where |¢) is a “replica” of the state |¢) in the tilde Hilbert
space; such type of states will be considered later.

12.3.1 Thermal tilde states

To begin, let us construct the Fock basis of ﬁﬁ. The normalized thermal tilde
number state is defined by
1

17(8)) = —= [a"(3)]™ [0(3)), (12.45)

where m € N, the thermal vacuum state corresponding to m = 0. These states are
eigenstates of the thermal tilde number operator N(3) = a'(8)a(s3), that is

N(B)|m(B)) = mlm(3))-
They are also eigenstates of the tilde Hamiltonian H(3) = wa'(8)a(8), with eigen-

values mw. Notice that the action of the thermal tilde annihilation and creation
operators on |m(8)) is given by

a(B)[m(8)) = vm |(m —1)(8)),
a'(8) [m(B)) = Vm+1|(m+1)(8)) .
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The set of states defined by Eq. (12.45) constitutes a complete orthonormal basis
for Hg, so that an arbitrary normalized state |¥(5)) can be written as

(W(B) = > cm W(B)), (12.46)
m=0

where 37 |em]? = 1.

Similarly to thermal coherent states described in the last section, we can in-
troduce thermal tilde coherent states by applying the thermal tilde displacement
operator,

ﬁ(a;ﬂ) = exp [adT(ﬂ) — a*&(ﬁ)} , (12.47)
on the thermal vacuum state, that is
@(8)) = D(az 8)[0(8)). (12.48)

This state is an eigenstate of the thermal tilde annihilation operator with eigenvalue
a, i.e.

a(B)|a(B)) = ala(B))-

Its expansion in the thermal tilde number basis is given by

m!

2 > am

[@(B)) = e 1°12 " —— |m(B)), (12.49)
2, v

which allows us to conclude that distinct thermal tilde coherent states are not
orthogonal to each other but satisfy

<s<ﬁnauﬂ>::exp[ (o + hP) + v

1
2
The scalar product above shows explicitly that the thermal tilde coherent states are
normalized, |(&(8)|@(3))|> = 1. Also, the set of thermal tilde coherent states, for
a fixed value of 3, constitutes an overcomplete basis of ﬁg, with the completeness
relation given by

» [ #alan@Ee) -1

It is worth mentioning that the thermal tilde displacement operator defined by
Eq. (12.47) is such that D(e; 8) = [D(a*; 8)] since a is a complex number and so
a=a*.

With the same underlying structure as presented in the last section, we introduce
thermal tilde displaced-number states defined by

[ (B); a) = D(a; B) | (B)). (12.50)

All the relations presented for the displaced thermal number states in subsec-
tion 12.1.3 can be written down by just replacing a(8) (a'(8)) by a(B) (af(B)).
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Similarly, thermal tilde squeezed states can be defined: the thermal tilde squeezed-
vacuum state is given by

1€,0;8) = 5(& H)lo(B)), (12.51)
while the thermal tilde squeezed-coherent state is introduced as
€, 8) = S(& B)D(cv 8)[0(8)) = S(& B)|@(B)), (12.52)
where S (&; B) is the thermal tilde squeezed operator,
8(&5) = exp <%€*&2(ﬂ) - %saﬂ(m) : (12.53)

Again, all relations stated in subsection 12.1.4 apply to the present case if the
thermal annihilation and creation operators, and the thermal squeezed states, are
replaced by their thermal tilde counterparts.

12.3.2 Physical meaning of the thermal tilde states

The introduction of thermal tilde states was performed simply by relying on the
isomorphism that exists between Hz and 7‘75, that is, mutatis mutandis by replacing
the algebra of the thermal annihilation and creation operators by the isomorphic
algebra of the thermal tilde annihilation and creation operators. However, a fun-
damental question left out from this isomorphism concerns the physical meaning
of these thermal tilde states. Since we are assigning physical significance to the
Hilbert space H, and the operators acting on it, we expect that corresponding ther-
mal and thermal tilde states are associated with density matrices possessing distinct
characteristics.

To obtain the density matrix associated with an arbitrary thermal tilde state,
we must be able to write it in a form similar to Eq. (12.28), that is

W(8)) = gla,al; B)[0(B)). (12.54)

This can be implemented, in general, if we manage to write the action of af(3) on
|0(3)) in terms of @ and a acting on the thermal vacuum. In fact, from a(3)[0(8)) =
0, we infer that

a0(8)) = %am(ﬁ».
Then, from
a'(8) = w(B)a — v(Ba,
we find that
it (3)]0(8)) = ﬁamw» (12.55)
and

[a'(B),a] = 0. (12.56)
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These relations permit us to write [¥(3)) in the form shown in Eq. (12.54).
Let us start searching for the density matrix associated with the thermal tilde
number state. Using Egs. (12.55) and (12.56), we write |m(8)) in the form

a™|0(8)). (12.57)
Then it follows that, for an arbitrary physical observable A = A(a,a'),
(B AN = (00) |t e 0(6))
1 Tm m
= (o1 g ")
1
= (| oo 4)

Thus, we find the density matrix associated with the thermal tilde number state as

1
Piaen = [w(B)]2™
From this expression we verify that the thermal tilde state |m(3)) corresponds to
the m-photon subtracted thermal state.
This density matrix is clearly diagonal in the number basis of H since p, is
diagonal in this basis. Using

a™r) = \/(r + 1)(r +2) - (r +m) [r +m),
Eq. (12.26) leads to the following representation of the density matrix p _ ., in the

ampBaTm. (12.58)

number basis

B 1 \""' & ) \ (m+r)!
Piamey = (Tn(ﬂ)) ;) <1+n(ﬂ)) g |r)(r|. (12.59)

Although this expression looks similar to Eq. (12.34), the nature of the mixed
state described by p . ), is very distinct from that of p .. In fact, we find that
Pimsy — |0)(0] as T — 0, independently of the value of m, while Pluesy, Teduces to
the number state |n) in this limit.

For a general thermal tilde state, using Eq. (12.57), we have

a™|0(g 12.60
so that
(3 AT () = Z o ﬂj]m (0(8)|a™ Aa™]0(3))
Z C:;C'm. 1 Ty [pﬁ aTnAam] ’

Valvml! [v(B)]"

n,m=0
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which leads to the identification

Cncm 1 m n
Plaey = Z [w(B)]" ™ a“ppa . (12.61)
n,m= 0
That Pia iy is a physical density matrix, with unit trace, follows from the normal-

ization of the state |¥(3)). This can be proved directly from the above expression
if one uses

Tr [a™pgal™] = ml[v(8)]* " Spn.
Also, using the number basis representation of pg, Eq. (12.26), it can be shown that

Jim p g o = 10)(0]

for all thermal tilde states.

We can work out various cases as we did for thermal states. For example, using
the normal-order form of D(a; 8) and Eq. (12.55), the thermal tilde coherent state
is written as

3(9) = e exp ! (9)]08) = e 2 exp | 2

o| 0.

Therefore, the density matrix associated with |a(3)) is

exp [UF;}) a} Py eXp L}O(“;) aq . (12.62)

This expression is very similar to that for p ., ;
other just by making the replacements af <+ a and v(8) « wu(f). This is not a
particular feature for coherent states but rather a general consequence of the fact
that ﬁg and Hg, being isomorphic to H, are themselves isomorphic. This can
be inferred by comparing p,, ., and p, . Egs. (12.36) and (12.61), and it is a
result of the comparison of the actions of a'(3) and a'(3) on |0(3)), Egs. (12.30)
and (12.55). Therefore, properly using these replacements, we can find the density
matrix associated with a thermal tilde state if we know the density matrix of the

corresponding, non-tilde, thermal state.

_ ol

Pacsy)

we can get one from the

12.3.3 General states of Hr

We now address the question about the construction of the density matrix corre-
sponding to states of Hp which can, in general, be written as linear superpositions
of the states |n,m; ) = U(B) |n,m). The thermalized Fock states |n,m;3) were
used to treat the Jaynes-Cummings model [180] in the context of thermofields [75].
Among the general states of Hr, the class of states of the type

|O‘7:?; ﬂ> = U(ﬂ)\aﬁ% (1263)

where |a) and [7) are coherent states in H and H, respectively, has been widely
used, particularly to discuss the interplay between thermalization and coherence
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[75, 181, 76, 182, 183] and generalizations of uncertainty relations to include both
quantum and thermal fluctuations [77, 184, 185]. Also, states of the type

|6, 0;8) = U(B)|o, ), (12.64)

where |¢) (€ H) is a replica of the state |¢) (€ H), can be considered as an alter-
native thermalization of the state |¢@).
Let us analyze a simple case, considering the state

1,1;8) = a’(B)a' (8)[0(8)). (12.65)
Using Egs. (12.30) and (12.55), and the commutation relation
[aT(ﬁ)v a] = _u(ﬁ)u [dT(ﬁ)v aw = —’U(ﬁ) ) (12'66)

we find

1.5 8) = = a'(8) al0(5))

=L ata—w28)] 1003)),

where we have used [a,a’] = 1 and u?(3) = 1 + v2(8). Proceeding as before, we
find the density matrix associated with this state as

1

Pusier = wggyaE [0~ VB s [ala = v?(B)]. (12.67)
Other simple examples are obtained in a similar way:
1
Poig = W [CLTZG — 21)2(ﬂ)aw Ps [CLTGQ - 2v2(ﬂ)a] ; (12.68)

1
Pz = W [aT2a2 — 4@2(ﬂ)aTa — 202(5)}
x p, [a"?a® — 40*(B)a’a — 20%(B)] ; (12.69)

also, the density matrix P s COI be obtained from Eq. (12.68) making the re-
placements a « a and v(8) «> u(B3). These examples clearly indicate that all the
thermalized Fock states of the type |n,7; ) have density-matrix representations
which are diagonal in the number basis of H; particularly, we find

_;‘X’ 775(6) Tr—ﬁ 21r
Puie = [1_’_%(5)]2*(5) TZ::O (1+n(5)> [ (ﬁ)] | >< | (12~70)

3
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For a generic thermalized Fock state |n,m; 3) = (n!m!)~1/2a!"(3)at™(3)|0(B)),
one can proceed by using Egs. (12.30) and (12.55) and repeatedly applying the
commutations relations given by Eq. (12.66). Since an arbitrary normalized state
of Hr can be written as

W, $; 8) = Z Crm |1, 75 ), (12.71)
n,m=0
where an —o|Chm|?* = 1, in principle, one can write down the density matrix

associated with any given state of Hp, although this can be a hard task. We shall
not provide examples here, leaving for the reader to work out those states he (she)
gets interested with.

The general structure of the states of Hyp is such that their density matrices
have the form

_ T. T T.
p‘\p@:ﬁ) - F(a7a’ ,ﬂ)ng (a,,a aﬂ)
Conversely, any density matrix of the form
p= Gla,a )psG'(a.al)

can be associated with a state of Hp. In fact, the average value of an arbitrary
operator A in the mixed state p is given by

(4),="Tr (G(a,a')psG'(a,a’)A]
=Tr [ngT(a a")AG(a T)}
= (0(8)|G" (a,a") AG(a, ") 0(5)).

Now, using the relations

we write

Then we have
(4)
which leads to the identification

p— G'(a(B),a (8),a(B),a" (8))0(8)) € Hr.

Finally, it is worth to point out that the TFD approach allows us to cal-
culate averages of physical observables of the form A = A(a,a’) in these ther-
malized states, which are mixed states, without using their density matrix rep-
resentations. First, we write the operator A(a,a’), acting on H, as a function
of the thermal and thermal tilde creation and annihilation operators, that is,

= (0(B)|G"TAG"|0(B)),

p
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Aa,a’) = A'(a(B),a’(B),a(B),a'(B)). Then, it follows from the definition of the
density matrix associated with a given state |¥, ®; 3) that

<A>\\P,<i>;ﬁ> =Tr [p\“Pﬁ"mA}
= (U, 3; 8|A'(a(B),al (B),a(B),al(B))| ¥, ®; 8);  (12.72)

since tilde and non-tilde operators commute, the expectation value in the right hand
side of the this equation is easily calculated for states in Hp. Such a procedure
will be employed in the next chapter where we discuss nonclassical properties of
thermalized states of a field mode.



Chapter 13

Nonclassical Properties of Thermal
Quantum States

The thermal quantum states introduced in the preceding chapter, elements of the
thermal Hilbert space Hr, are all, by construction, mixed states of the physical
boson oscillator that incorporate thermal effects. Some of such states, like thermal
number states, [n(3)), and thermal-tilde number states, |m(/3)), correspond to den-
sity matrices that are diagonal in the number basis of the physical Hilbert space,
‘H. Nevertheless, some of them present nonclassical features that are fingerprints
of the original, non-thermalized, states that have quantum nature. In the present
chapter, we discuss some nonclassical properties of these thermal quantum states.
We will mainly concentrate on states of Hg and 7—~(ﬁ, spaces which are isomorphic to
‘H, establishing comparisons among them. To be definite, we will consider states of
a linearly polarized electromagnetic field mode of frequency w, although the results
can be applied to other bosonic fields.

13.1 Photon statistics

One of the quantum characteristics of states of an electromagnetic field mode, not
having classical counterpart, is the occurrence of sub-Poissonian photon statistics.
Although this property does not appear in all quantum states of a field mode, when
it does the state is guaranteed not to have a classical analogue. The nature of the
photon statistics of a state is determined by comparing the dispersion of the number
operator, ((AN)?) = (N?) — (N)2, with the mean number of photons, (N), where
N = a'a is the physical number operator. In terms of the Mandel Q-parameter
[186], defined by

(AN)?) — (N) _ (N?)

Q % ™) (N) -1, (13.1)
we have: Poissonian states, when ) = 0, super-Poissonian states, for ) > 0, and
sub-Poissonian states [187] when @ belongs to the interval [—1,0). Coherent states
are pure states for which the photon statistics is Poissonian, while the smallest
admissible value of @), —1, occurs for number states where no dispersion in the
number of photons exists. The chaotic (thermal) state, on the other hand, is super-
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Poissonian. In any case, the photon number distribution of a sub- (or super-)
Poissonian state is narrower (broader) than that of coherent states with the same
average photon number.

To calculate the Mandel parameter for a given thermal quantum state, we can
use directly the density matrix representation of the state to evaluate the mean
values appearing in Eq. (13.1). Alternatively, and in a simpler way, we express
the physical number operator, and its square, in terms of the thermal creation and
annihilation operators and get benefit from the fact that thermal quantum states
are pure states of the thermal Hilbert space, Hp. For the number operator, we have

N = afa
= [u(B)a’(B) + v(B)a(B)] [u(B)a(B) +v(B)a'(B)]
= ugN(ﬂ) + va(ﬁ) + uv [aT(ﬂ)dT (B) + d(ﬁ)a(ﬂ)] + 02, (13.2)

where N(8) = a'(8)a(B) and N(8) = a'(8)a(B) are the thermal and the thermal-
tilde number operators, respectively. Similarly, the square of the number operator
is expressed as

N2 = utN2(3) ot (R(9) +1) +u? (3N(O)(F () + 1
+ IN(8) + 1IN (8) + a*(8)a*(8) + a*(8)a'(8) + 1)
+u’v ([2N(8) + 1] a(B)a(B) + 2N (6) — 1] a' (B)a’ (8))
+uv* (12N(8) + 3a(D)a(8) + 2N(9) + 1al(B)a'(8)) . (13.3)

Then, the Q-factor for thermal quantum states is determined by calculating expec-
tation values of N and N2. Let us now consider some examples.

(
(

13.1.1 Thermal states

We start investigating thermal quantum states belonging to 7. Consider, initially,
the thermal number state

() = <= [al (3] 1003).
Using a@(83)|n(8)) = 0 and remembering that u? = 1 + v2, we find
(N) sy =N+ (n+1)(B) (13.4)
and
(N?),. sy =n°+ (20° + 3n + 1) n(B) + (n® 4 3n 4 2) 7°(B), (13.5)
where
A(B) = *(8) =

efv —1
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is the mean number of photons in the chaotic state, corresponding to |0(53)), at

temperature S~'. Note that the mean number of physical photons in the state

[n(B)) is given by n plus a contribution of thermal photons which is linear in 72 ().
Using these expressions, we get the Mandel parameter of the thermal number

state as

(n+1)n%(B) —n

CENLIOET R (13.6)

Qugayy =

Note that, for n = 0, we obtain

Q oy = 1(B), (13.7)

which is the correct Mandel parameter for the chaotic, thermal, state at temperature
B~'. On the other hand, as n() — 0,ie. as T = 7! — 0, we find Q ,, = —1+0d,0
properly reproducing the Q-factor of the zero-temperature number states. The
Mandel parameter of some thermal quantum states are plotted in Fig. 13.1 as a
function of n. From this figure, and directly from Eq. (13.6), we find that the
thermal number state with n > 1 changes from sub-Poissonian to super-Poissonian
statistics as the temperature is increased [179]. This transition in the nature of the
photon statistics occurs at a critical value

sn) _ [T 13.8
A = [ (13.8)

corresponding to the “critical” temperature (in units of w)

T = lln <1+,/"+1>
n

below this value, @ ,, < 0, while above it we have @, ., > 0. This means
that the sub-Poissonian character of the number state gradually disappears as the
temperature is raised. From Eq. (13.8), we obtain 1/v/2 < A" < 1 as n varies
in N* ={1,2,3,...}, so that all thermal number states are sub-Poissonian for low
temperatures (7(8) < 1/4/2) and become super-Poissonian for high temperatures
(1(8) > 1).

The mean number of photons and the expectation value of N2 for an arbitrary
state of Hg,

—1

(W(B)) =D cnIn(B)),
n=0

are given by
<N>\\I/([-3)) = <N>\\p> + (<N>\\p> + 1) ﬁ(ﬂ) (13'9)
and
<N2>\\I/([-3)) = <N2>\\p> + (2<N2>\\p> + 3<N>\‘I'> + 1) ﬁ(ﬂ)
+ ((N?),,, +3(N) ,, +2) 7%(8), (13.10)
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Fig. 13.1 Mandel parameter for some thermal number states.

where (N) ,, = (¥|N|¥) and (N?) ,, = (P|N?|¥) refer to the corresponding state
inH, |¥) =), cn|n). This is a direct generalization of Egs. (13.4) and (13.5). The
Mandel parameter for |¥((3)) is then

(N2) g, = (ND2, | 1L+ A(B)J2 + [(N),y), + 1] R2(8) — (N,
[<N>w> + 1] n(f) + <N>w>

Note that, as n — 0 (I" — 0), Q,,, tends to the @, the Mandel parameter of
the zero-temperature state |¥), as expected; also, Eq. (13.11) reduces to Eq. (13.6)
for thermal number states since |n) has vanishing photon number dispersion.

Let us consider some particular examples. For the thermal coherent state |«(83)),
we find

Qe = (13.11)

0 - 2|al*n(B)[1 + n(B)] + n*(B)
la(8)) la2[L + 7(B)] +n(B)

Note that, for n(8) — 0, Q,,,, goes to 0 while, for any finite temperature, the
thermal coherent state is super-Poissonian. Actually, it follows from the general
expression, Eq. (13.11), that the Mandel parameter of an arbitrary state |¥(3))
increases with 7(8), which is the expected effect of the temperature on photon
statistics of the state.

In the case of the thermal displaced number state, |n(3); ), we find

2lal? + 1)(n + 1)n%(8) + 2|al?(2n + Dn(B) + (2|al®> — 1)n

(la[* +n)[1 +n(B)] + 7(5) '
This expression reduces to the Mandel parameters of the thermal number,
Eq. (13.6), and thermal-coherent states, Eq. (13.12), in the limits & — 0 and n — 0,
respectively. Also, taking 7" — 0 we obtain the Mandel parameter of the displaced

(13.12)

Qlnisriar = (13.13)
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number state, namely
2laf* —1)n
aP+n

Quay =

3

which is a sub-Poissonian state for |a| < 1/4/2 irrespective of the value of n. Thus,
in this case, raising the temperature leads to a change in the nature of the photon
statistics similar to the effect observed for thermal number states. On the other
hand, if |a| > 1/v/2, at T # 0, all thermal displaced number states are super-
Poissonian.

Let us now consider elements of Hg that correspond to the thermalization of
normalized superpositions of two coherent states belonging to H. When the overlap
between the coherent states is negligible, such states are referred to as Schrédinger-
cat states since the component states are macroscopically distinguishable. For sim-
plicity, we consider the even (+) and odd (—) coherent states [188], defined in H by

[0 (0)) = N*(a) (|-a) % [a)), (13.14)
where the normalization constants are
NE(@) = [2 £ 2exp(—2]a)?)] 12

Even and odd coherent states are degenerate eigenstates of a? with eigenvalue equal
to a?. Without loss of generality, we take o € R. For these states, we have:

<N>w+> = o? tanh o?; (13.15)
(N) ., = o’ cotha?, (13.16)
and

<N2>\\1/+) = o’ tanha? + o*; (13.17)
<N2>W> = o’ cotha® + a*, (13.18)

which lead to
Q-+, = o (cotha® — tanha?) | (13.19)
Quy = Qs (13.20)

This means that even states have super-Poissonian statistics while odd states are
sub-Poissonian [189], for all values of a.

Thermal even and odd coherent states in Hg, corresponding to the thermaliza-
tion of even and odd coherent states (13.14), are given by

[ (6;0)) = N5 (a) (|=a(B)) £ |a(B))) - (13.21)

Note that, due to the isomorphism between H and Hg, the normalization constant
is the same as that for [¥¥(a)); also, these states are eigenstates of a?(3) with
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eigenvalue o?. For a moderately large, i.e. such that (—a|a) = exp(—2a?) is small,
these states can be referred to as thermal Schrodinger-cat states of the field mode.
Using the corresponding mean numbers of photons and expectation values of N2
of Egs. (13.15) to (13.18) in Eq. (13.11), we find the Q-parameter for the states
|U*(3;a)). For the even state, we get
(14 a*) cotha® + o?(2 — o? tanh a?)] 72 (3)
@ oy = (a2 4 cotha?) i(B) + o2
a*(cotha? — tanh a?)(2n(8) + 1) + 2a27(3)

(a? + cotha?) i (B) + a2 , (13.22)
while, for the odd state, we find
0 _la+ a*)tanh a? + a2(2 — a2 cotha?)| n%(B3)
1w~ (B30) (a? +tanh a?) i (B) + o2
a*(tanh o? — coth a?)(27(8) + 1) + 2a27(3)  (13.23)

(a? + tanh a?) 2 (B) + a2
these expressions transform one into the other with the replacements tanh < coth.
The even states, which have @ > 0 at T = 0, remain super-Poissonian. On
the other hand, odd states gradually loose their sub-Poissonian character as the
temperature is increased. The @Q-parameters for the thermal odd coherent states,
at some temperatures, are illustrated in Fig. 13.2. We find that, for all values of «
(# 0), the thermal odd coherent states become super-Poissonian if the temperature
is such that n(8) > A =1 /v/2; this value reflects, consistently, the fact that
¥~ (a)) — |1) in the limit o — 0.

Fig. 13.2 Mandel parameter for thermal odd coherent states, for some values of 7(8).

Many other states of H are sub-Poissonian; for instance, squeezed coherent states
can present sub-Poissonian statistics for some ranges of values of the squeezing and
displacing parameters. In all cases, however, the effect of raising the temperature
in the corresponding thermal state leads to the change of the nature of the photon
statistics at some temperature, as in examples presented above.
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13.1.2 Thermal tilde states

We now investigate the photon statistics for states in the Hilbert space ﬁﬁ. Con-
sider, initially, the thermal tilde number state

1

m

im(B)) = T [a"(3)]" [0(8)) -
Since u? = 1 4 v2 and a(8)|(3)) = 0, from Egs. (13.2) and (13.3), we get
(N) 1y = (m+1)A(B) (13.24)
and
(N?) oy = (m+1)A(B) + (m® + 3m +2) 2> (0). (13.25)

Then we obtain the @Q-parameter for the thermal tilde number states as
Q\ﬁx(ﬁ)) =n(B) , VmeN. (13.26)

In words, all thermal tilde number state have the same super-Poissonian photon
statistics as that of the chaotic, thermal, state p,.
Now consider a general thermal tilde state,

[T(B) = > em [W(B)) -
m=0

The mean number of photons and the expectation value of N2, in this case, are

(N) gy = (V) +1)7UB) (13.27)

and
(N aiy = (V)14 + 1) (B) + ((N?) 4, + 3(N) o, +2)0°(8), (13.28)
where <N>w/> and <N2>w> refer to the state |¥) = > cn|n), as before. Inserting

Egs. (13.27) and (13.28) into Eq. (13.1) we obtain the Mandel parameter for the
state |W(/3)),

(V%) — (N2, )
Qagey = < <J{[>>‘\p> T 1‘ : +1> n(p). (13.29)

Note that all thermal tilde states have a positive Q-parameter for T # 0, which is
equal to the Mandel parameter of the thermal vacuum |0(3)) multiplied by a factor
greater than 1. In particular, for a thermal tilde coherent state |a(3)), we have

ol
Qagey = <1 + |7|o¢) (). (13.30)

Other examples can be readily worked out. Therefore we find that all thermal tilde
states are super-Poissonian irrespective of the nature of the photon statistics of the
original, non-thermalized, state.
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13.2 Quadrature squeezing

We now turn the discussion to another important nonclassical feature which may
be present in quantum states of a field mode, which is the reduction of the quantum
noise of a field quadrature below the vacuum value. The field-quadrature operators,
acting on ‘H, are defined as

1
Xy =5 (atal) (13.31)
and
1
-~ (a—af
Xo = 5% (a—al). (13.32)

They correspond to position and momentum operators of a boson oscillator and
satisfy the commutation relation
i
X1, X5 = =.
[X1, Xa] = 5

Therefore, their variances, ((AX;)?) = (X7) — (X;)?, fulfill the Heisenberg uncer-
tainty relation

(13.33)

P

VIAX1)?) V((AX,)?) >

This quantum mechanical requirement must be respected for all states of the system,
irrespective of the nature of the state, whether pure or mixed.
For coherent states |a), including the vacuum |0), we have

\/<(AX1)2>\Q> = \/<(AX2)2>‘Q> = %

and the equality in Eq. (13.33) holds. These states are minimum uncertainty states
but not the only ones. Consider the squeezed vacuum state

) 1 ’ 1 .
|rew, 0) = exp (51"6_“0&2 — 57‘6“‘06LT2> |0) ; (13.34)
for this state, we have
1 )
<(AXJ-)2>WW 0 =1 [cosh® r + sinh® 7 + (—1)’2sinhrcoshrecosp] . (13.35)

Taking ¢ = 0, we get
1 1
2 -2 2 2
<(AX1) >\r,0> = Ze ", <(AX2) >\r,0> = Ze "

while, for ¢ = 7w, we have the same values but with X; exchanged with X5. Thus
the squeezed vacuum states |r,0) and | —r, 0) are also minimum uncertainty states.
However, for these states, one of the quadratures presents less quantum noise than
for the vacuum state or a coherent state; that is, fluctuations in that quadrature
are squeezed while in the other they are augmented to preserve the uncertainty
relation. Naturally, this does not happen for all the squeezed vacuum states; for
example, when ¢ = 7/2 none of the quadrature variances are squeezed at all.
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Also, by varying the parameters r» and ¢, we easily find squeezed vacuum states
presenting quadrature squeezing without equalizing the uncertainty relation. This
kind of analysis can be extended for squeezed coherent states.

Quadrature squeezing is a quantum property which is not restricted to states
obtained by applying the squeezing operator to other state. In the case of the even
and odd coherent states, Eq. (13.14), for example, we find

1 a?
2 L,
((AXy) >‘Wi(a)> =1 + 1T oxp(—202)’ (13.36)

1 a?exp(—2a?)
AX,)? =-F " 13.37
(AX2P) s ) = TF 1T men—30) (13.37)
this shows that, while odd states do not present reduced fluctuations in the quadra-
tures, even coherent states, with a not too large, have the X5 quadrature squeezed.

Another example is the Yurke-Stoler state [190],

1
Wi(a)) = 7 (i] = ) + @), (13.38)
for which (taking o € R)
<(AX1)2>\\Pi(a)) = i + a2,

1
() 4 o’ exp(—4a2);

((AX2)%)

in this case, the Xo quadrature is squeezed for all values of a.
Let us now consider thermalized states of the field mode. The variances of
the quadrature operators for thermalized states are more easily calculated if the
the operators X; and XJ?, j = 1,2, are written in terms of thermal creation and

annihilation operators. We have

H = % {u(®) [a'(8) + a(8)] +v(8) [a"(8) +a(B)] } ; (13.39)
X2 = % u(B) [a(8) - a'(8)] — v(B) [a(8) —a'(8)]}, (13.40)

and

X} = 1 {(u2(8) [2N(8) + 1+ a(8) + ()]

+0%(8) [2N(8) + 1+ a(8) + @(9)|
+ 2u(B)u(B) [a'(8)a" (8) + o' (B)a(B) + a(B)a’ (B) + a(B)a(B)] }
(13.41)
X3 = 1 {w?(8) PN (B) + 1~ a(5) — ()]
+u2(8) [2N(8) + 1 - at(8) - a(9)|

+ 2u(B)o(B) [a'(B) — a' (B)a(B) - a(B)a' (8) + a(B)a(B)] } ,
(13.42)
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where, again, N(8) = a!(8)a(8) and N(3) = @' (8)a(8).

Let us analyze the occurrence of quadrature squeezing in thermal states. In this
case, from the isomorphism between Hg and H, we immediately get, for a generic
state [¥(3)),

(Xi) 1wy = wB)(X) 4, (13.43)
and
() iy = 02(8) (X, + 0°(6), (13.49)

with j = 1,2, where |¥) is the corresponding state in H. These equations lead to,
for both quadratures,

(AKX 00y = L+ RO (A, + g0(B), G=1,2. (13.45)
Note that the effect of temperature is the same on both quadratures although the
variances are not equal in the general case. The quadrature variances in the state
| (3)) reduce to those of the state |¥) in the limit T — 0. On the other hand, as
7(0) increases from 0, the quadrature variances also increase; therefore, if a state
|¥) presents squeezing in one of its quadratures at T = 0, by raising the temperature
the Heisenberg limit is reached and the squeezing effect disappears. Let us look at
a typical example.

Consider the thermal Yurke-Stoler state, defined by

1 )
|W;(8; ) = 7 (1] = a(B)) + |a(B))) 5 (13.46)
in this case, we find
(AX2)?)y, ey = L+ 7(0)] H —a? exp(—4a2)} + iﬁ(ﬁ). (13.47)

The square of the variance of the X5 quadrature for this state is plotted in Fig. 13.3
as a function of |a|?, for some values of 71(3). We find that the quadrature squeezing,
which occurs for all values of a at T' = 0, gradually disappears as the temperature
is increased. Also, the minimum value of Sy(|af?*7(3)) = ((AX2)?) . (5.0, — 025,
with respect to variations of |a|? (for fixed 7i(/3)) which occurs at |a|? = 0.25, reaches
0 for i(B) = 0.2254; this means that, for T 2 0.59w no quadrature squeezing exists
for any thermal Yurke-Stoler state. Other examples can be worked out in the same
way, leading to similar results.
Consider now states pertaining to Hg. For an arbitrary state |¥(3)), we find

(Xi) gy = (G108 (X)) 4, (13.48)
and :
2 .2 2 9
<Xj>\~”v<za>> = v*(B) <Xj>m + 1Y (B), (13.49)
with 7 = 1,2. These expressions lead to, for both quadratures,
_ 1 _
<(AXj)2>\‘i'(ﬁ)> - n(6)<(AXj)2>\@> T (3 +1], j=1,2. (13.50)

We find that ((AX;)?) > 0.25 for any value of T (no matter how small it is), so
that quadrature squeezing does not appear for thermal tilde states, irrespective of
the occurrence of this effect in the state |¥). Therefore, the thermal tilde states do
not present any of the nonclassical features we have discussed so far.
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Fig. 13.3 Plot of S = ((AX2)?) — 0.25 for the thermal Yurke-Stoler state, for some values of
7(B). The dotted line corresponds to the value i(8) = 0.2254.

13.3 Atomic population inversion

In some experiments in cavity quantum electrodynamics, the population of atomic
states is monitored as a function of time. For the case of a two-level (Rydberg)
atom interacting with a cavity-field mode, as described by the single-photon Jaynes-
Cummings model [180] in the rotating wave approximation, the atom-field Hamil-
tonian is given by
wo

H:703 +wala+\(oya + o_al), (13.51)
where wy is the frequency of the transition between the ground and excited atomic
states, wo = F|¢) — E|yy, w is the field-mode frequency and A is the coupling param-
eter. In the above equation, o3, o4 and o_ are the Pauli matrices,

(10 o (01 . _ (00
P~ \o-1) """ \oo) """ \10)"

with o4 and o_ corresponding to the raising and lowering operators in the atomic
two-level basis, respectively. For a general state of the field mode, described by the
density matrix pp, the time evolution of the atomic population inversion is

W(t) = Tr [par(t) 3]
=Tr [e7"™" {|ha(0)) (¥ (0)| ® pr(0)} e 03] (13.52)

where |15 ) represents a pure atomic state.
When the initial atomic state is an arbitrary superposition of the ground, |g),
and excited, |e), states

[¥a(0)) = ¢qlg) +cele)
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the atomic population inversion [191, 192] is given by

oo

Ws(t) = |ce|? {1 - QZ l/él) 1 sin ()\t\/ ) (| pr(0 }
=0

_ |cg|2 {1 - 22 % sin? (/\t\/m) (I pr(0) |l>}
1=0
) sin (2/\t\/m)

+2lce| |c sin(¢ +
| ||g|z ¢+~ OES
sin ()\t\/ )
+ 0 cos(¢p +7) D1 ]| pr(0) ]I+ 1) . (13.53)
Here
52
H=1+—
V() + 4 )
the detuning parameter is
Wy —w
)
A )

and the phases ¢ and ~ are defined by

Ce C; = |ce||cq| exp(—id)

and

(U] pr(0) 1+ 1) = [(U] pr(0) |l + 1)| exp(—i7) .
Note that the last term in Eq. (13.53) does not appear when one deals with a
mixture of number states but it is relevant for treating pure states; in fact, for pure
states, this general expression reduces to that obtained in [193].
Considering the resonant case, § = 0, and the initial state of the atom being the

excited state |e), the expression for the atomic population inversion becomes much
simpler than Eq. (13.53),

t) = i cos (m\/z ¥ 1) (1 pr(0) [1) . (13.54)
=0

For simplicity, we shall consider this case in the analysis of some examples, without
loosing the relevant physical aspects. For the number state |n), we have

W™ (t) = cos (2Atv/n + 1) , (13.55)

which is periodic and similar to the behavior obtained with the semiclassical Rabi
model. On the other hand, for a coherent state |«), we get

W (t) = elol’ Z cos (2/\75\/1 n 1) . (13.56)
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Fig. 13.4 Atomic population inversion for the field in a coherent state with |a| = 4, at zero
detuning with the atom initially at the excited level.

The atomic population inversion for the field mode in a coherent state [194] is shown
in Fig. 13.4. We clearly find that collapses and revivals of the Rabi oscillations
in a non-periodic pattern is quite different from the semiclassical case where the
oscillations have constant amplitude. This happens for the field in the most-classical
pure state, the coherent state, distinctly from the number state; this somewhat
counterintuitive aspect is a feature of the quantum model.
Consider now the field mode in a thermal number state |n(3)). Using the number
basis expansion of p ., Eq. (12.34), we find
o0
R ("D b5 (1) cos (2/\t\/n—|— I+ 1) , (13.57)

(14 na)n — n!l!

where we have introduced the notation
_ l
1
PP (n) = ( u ) (13.58)

for the Bose-Einstein distribution. Since

lim P (n) = dio ,

n—0
for n — 0, Eq. (13.57) reduces to the inversion for the number state given above.
On the other hand, taking n = 0 one obtains the atomic population inversion for
the field in a thermal vacuum state

WO (1) = i PE (i) cos (2/\t\/l ¥ 1) : (13.59)
=0

The atomic inversion, when the field is in a chaotic (thermal) state, is illustrated in
Fig. 13.5 for the mean number of thermal photons fixed as 7i(3) = 16; the pattern
shows a chaotic behavior very distinct from that of the coherent state with the same
mean number of photons.
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Fig. 13.5 Atomic population inversion for the field in thermal vacuum state with n(8) = 16, at
zero detuning with the atom initially at the excited level.

The atomic population inversion, in the case of the thermal number state with
n = 1, is illustrated in Figs. 13.6(a)-13.6(d) for some values of 7. It is seen that,
from a nearly regular oscillatory behavior at low 7', similar to that of the number
state |1), one gets a more chaotic inversion pattern, like that of the thermal (p,)
state [194], at a moderate temperature, and a collapse and revival configuration as
the temperature is increased further. For larger n, we get a more marked behavior
with collapses and revivals of the atomic population inversion appearing at lower
temperatures and being greatly enhanced at high temperatures. This interesting
feature of the thermal number state is illustrated in Figs. 13.6(e)-13.6(h), where
the atomic inversion is plotted as a function of the rescaled time At for n = 5 and
some values of n(3).

It follows from the discussion of the nature of the photon statistics and of the
atomic population inversion made above that nonclassical properties of the ther-
mal number states gradually disappear as the temperature is increased; it looks as
though |n(6)) evolves continuously from being quantum to becoming classical as
the temperature is raised from zero.

Let us now consider the atomic population inversion for a two-level atom inter-
acting with a field mode in the thermal tilde number state. Using the number-basis
representation of p . .., Eq. (12.59), we find

By _ L s~ mAD s ( )
Wy () = (D ; PP (@) cos (2MVI+1) (13.60)
where PP(n) is given by Eq. (13.58). For 7 — 0, we obtain the atomic population
inversion when the field is in the vacuum state and the atom initially in the excited
state |e),

W(lm = cos(2)t),

associated with the spontaneous emission and reabsorption of photons by the atom.
The behavior of ng(ﬁ )>(t) as temperature is varied is shown in Fig. 13.7 for two



Nonclassical Properties of Thermal Quantum States 235

10 20 30 40 50 60 10 20 30 40 50 60

10 20 30 40 50 60 10 20 30 40 50 60
V‘él(t ) (e) V‘él(t ) (f)
0.5 0.5
. A R o
’IHH\”W‘}|IHU“WUHUHWHUr||
-0.5 -0.5
10 20 30 40 50 60 10 20 30 40 50 60
V‘él(t ) (9) V‘él(t ) (h)
0.5 0.5
|- —a-—
0.5 -0.5
10 20 30 40 50 60 10 20 30 40 50 60

Fig. 13.6 Atomic population inversion for the field the thermal number states |1(8)) (a)—(d) and
[5(8)) (e)—(h), at zero detuning with the atom initially at the excited level. The values of 7(53)
are: (a) and (e) 0.1; (b) and (f) 1.5; (¢) and (g) 3.0; and (d) and (h) 5.0.

cases, m = 1 and m = 5. Comparison with the plots of the inversion for the
thermal number states [1(3)) and |5(3)) (Fig. 13.6) shows that differences when the
temperature is low but essentially the same behavior of collapses and revivals for
large T

On general grounds, and as indicated by the examples discussed above, one
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Fig. 13.7 Atomic population inversion for the field in thermal tilde number state |1(3)) (a)—(d)
and |5(8)) (e)—(h), at zero detuning with the atom initially at the excited level. The values of
7(B) are: (a) and (e) 0.1; (b) and (f) 1.5; (c) and (g) 3.0; and (d) and (h) 5.0.

expects that quantum characteristics of the thermalized states tend to disappear
as the temperature is raised. But the question whether a thermalized state, like
the thermal number state, becomes a classical state above a certain temperature
cannot be answered by analyzing few nonclassical properties. To properly address
this point, one should investigate the representation of the state in phase space with
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increasing temperatures.

13.4 Phase space representation

The basic representations of a field-mode state in phase space are the P-, - and
Wigner functions. These are linear representations of the corresponding density
matrix, p, defined as two-dimensional Fourier transforms of the normally, anti-
normally and symmetrically ordered characteristic functions,

X () = Tr[pen™ =],
—n*a& nat

xa(n) =Tr[pe™ “e™ |,
at—na

x(n) = Tr[pe™ =7 9],

respectively:
1 * *
P(y) = p/dznexp (" —=~"n) xn(n), (13.61)
1 * *
QM) =— /dznexp (yn* =) xa(n), (13.62)
1 * *
W) =— /d2nexp (yn™ —=~™n) x(n), (13.63)

where  and 7 are complex numbers and d*n = dRe(n)dIm(n) [174].

The P representation, introduced by Glauber and Sudarshan [195, 196], is the
diagonal representation of the density matrix in the coherent basis and is also defined
by

p= / @y P(7) 17) (]

where v = x +1iy and d?v = dxdy, while the Q-function corresponds to the diagonal
matrix elements of p in the coherent basis, namely
1
(el -

QM) = p

On the other hand, the Wigner function is a coordinate-momentum representation
which can be alternatively defined by

1 ,
Wi(x,y) = —/ <x—2z/2|plr+z/2>e Y 7dz,
o
as presented in Chapter 3.
Distinctly from the P-function, which is usually highly singular, the Q-function
is always a positive regular function. The Wigner function is also regular, but it is
not a true probability distribution in phase space for a quantum state since, even

being regular, it may assume negative values. Both the @-and the Wigner functions
are Gaussian convolutions of the P- function,

2 2
W) =2 [ dnpapenr,

Qo) =1 [ @puye
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which accounts for their rather smoother behaviors.
Now consider the case of mixed states whose density matrices can be written in
the form

p=>_pjlv;) (] (13.64)

Jj=0

with Z;io p;j = 1, where |¢;) are normalized pure state of the field mode. The
linearity of the P-, Q- and Wigner representations assures that these functions, for
mixed states of the type presented in Eq. (13.64), are expressed in terms of the
corresponding functions of the constituent pure states as

P(y) =Y pi Py, (13.65)
j=0

Q(Y) =Y _pi Qu)(), (13.66)
j=0

W) = pi Wiy, (7)), (13.67)
j=0

with Py y(7), Qjy,y () and Wiy, y(7) denoting the P-, Q- and Wigner functions of
the state |1);), respectively. Here we consider particularly the case where |¢;) = |j)
is a number state.

We now use these observations to find the phase space representation of thermal
states focusing, particularly, on thermal number states. Since the P-function is a
more complicated object, we concentrate on the Q- and Wigner functions.

13.4.1 Q-function of the thermal number state

For a single number state |n), the Q-function is given by

2"
nl ’

Q) = = I, | = 2 exp (~1?]) (13.68)

where v = x +4y. Note that Q,)(0,0) = 0, for all n # 0. Now, it follows from

Egs. (12.34) and (13.66) that the @-function of the thermal number state |n(3)) is

given by

17 i (n+r)!PrB(ﬁ) (xQ +y2)n+r .

1+a)n nlr! (n+r)!
(13.69)

where PB is given by Eq. (13.58). Note that, for n = 0, the above equation reduces

to the @Q-function of the chaotic, thermal, state

Qunay (T, y) = % exp [—(z* + 3?)] (
r=0

1 1 x2—|—y2
== - 13.
Qo (@,9) = —177 eXp< T ) , (13.70)
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which becomes the Gaussian @Q-function of the vacuum state as n(8) — 0; the
temperature effect on the vacuum state is manifested in the broadening of this
Gaussian function.

On the other hand, the Q-function of a number state |n) (with n # 0) is a
Gaussian with a crater dug symmetrically in it, reaching zero at the origin. As the
temperature is increased (7 grows), the @Q-function of the thermal number state pre-
serves the form of a non-active volcano, but with the mountain becoming broader
and losing height, as illustrated in Fig. 13.8. Since the Q-function is everywhere
positive, vanishing only at the origin, for all values of T', it is not a good represen-
tation to show any eventual change in the nature of the thermal number state as
the temperature is varied; this may not be the case of the Wigner quasi-probability
distribution.

Fig. 13.8 Q-function for the thermal number state |3(8)) for two values of @(3): (a) 0.1, (b) 1.0.

13.4.2 Wigner function of the thermal number state

The Wigner function of the number state [174], |n), is given by

2 n

Wiy (7) = —exp (=21*) (=1)"Ln(4]7]%) , (13.71)
where L,(z) stands for the Laguerre polynomial. Therefore, it follows from
Egs. (12.34) and (13.67) that the Wigner function of the thermal number state
is 5

_ 2 Y- -

() B
X ZO WPTB(n)(—l) Ly [A@® + 7)) (13.72)
Naturally, when n = 0, Eq. (13.72) becomes the Wigner function of the chaotic,
thermal, state
1 2 2 (22 + y?)
== Sl A 13.
Wion (2,y) = — 5= exp e ) (13.73)

having a Gaussian form which reduces to that of the vacuum state as n — 0.




240 Thermal Quantum Field Theory: Algebraic Aspects and Applications

Both @- and Wigner functions of the thermal number state are symmetric
around the origin, since they are mixtures of number states which have random
phases. For n # 0, the Wigner function varies gradually, as the temperature is
increased, from the shape of an active volcano, characteristic of a number state,
to that of a non-active one, similar to the form of the Q-function, as illustrated
in Fig. 13.9. Apparently, for a given n # 0, the thermal number state changes
its nature from being a quantum state at low temperatures, the Wigner function
possessing negative values, to becoming classical for high values of . However, a
detailed analysis of the crater of the volcano shows that the Wigner function never
becomes nonnegative and thus the thermal number state does not reduce exactly
to a nonclassical state as the temperature grows. This leads to the question about
the nonclassical depth of the thermal number state, the point addressed in the next
section.

S i

Fig. 13.9 Wigner function of the state |6(3)) for two values of n(3): (a) 0.1 and (b) 1.5.

13.4.3 R-representation and mnonclassical depth of the thermal
number state

To discuss the nonclassical depth of the thermal number state, we consider the Lee
procedure [197] and introduce the one-parameter representation

1 2
R(y;s) = — /dzn P(n)e”In=17/s, (13.74)

where v = x + 4y. The function R(7y;s) interpolates between P-, W- and Q-
functions, reducing to them for the values s = 0, 1/2, 1 respectively. This one-
parameter representation is a simplified version of the complex-parameter represen-
tation earlier introduced by Cahill and Glauber [198]. The nonclassical depth of a
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given state is defined as the minimum (s,,) among the values of s for which the
R-function becomes strictly nonnegative. Naturally, 0 < s, < 1 with 0 being the
classical value, associated with coherent states for example, and 1 corresponding to
the maximum degree of nonclassicality, as for a number state.

For a number state |n), we have

Rt = Lo (- A= 0 (LBE)

Since the R-representation is linear in the density matrix, using Eq. (12.34), we
obtain the R-function for the thermal number state |n(3)) as

L1 (22 + y?) 1
R\n(ﬂ)}(iva Y3 S) - 7T_ exp |:_ s (1 n ﬁ)”
(4! [ (L8] (= +9?)
— Lypyr |———— .
XTX: n!r! P ){ s ] T s(1—s)
(13.76)
The value of this function at the origin when 1/2 < s < 1,
1 (1—s)™
()= —(—1)n——— 13.
R|"(5)> (07 07 S) 7T( ) (S n ﬁ)"+1 ) ( 3 77)

shows that, for n odd, the R-function has a negative value at origin for s in this
range; thus, s,, = 1 and the thermal number state with n odd is as nonclassical
as possible. When n is even, Rj,,(gy,(0,0;s) is positive and one has to analyze the
minimum value of the R-function. As illustrated in Fig. 13.10, where profiles of
R-functions along the z-axis are plotted for a specific thermal number state, the
minimum value of R (for n even) tends to zero as s approaches 1 but remains nega-
tive for all s < 1, implying that the thermal number state is always as nonclassical
as possible within the measure discussed. In this way, it is clear that the thermal
number state satisfies the Lee’s theorem [199] by which a state with density oper-
ator not containing the vacuum component, |0) (0|, possesses the maximum degree
of nonclassicality. Analyzing how a given R-function changes as the temperature is
increased, it is found that its minimum value tends to zero but it is negative for all
s < 1, as occurs with the Wigner function (s = 1/2) illustrated in Fig. 13.9. It may
be stated that the quantum fingerprint of the number state remains in the thermal
number state and cannot be completely erased by increasing the temperature.

13.4.4 Phase space representations of the thermal tilde number
state

A thermal tilde number state, |m(3)), is represented by a density matrix that is also
diagonal in the number basis of H. Thus, from the linearity of the R-representation
and the R-function for the number state |n), Eq. (13.75), we find the R-function
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Fig. 13.10 Profiles along the z-axis of some R-functions for the thermal number state |4(3)) with
n(B) =0.5: (a) s =0.7; (b) s = 0.8; (c) s = 0.9; (d) s = 0.99.

for the thermal tilde number state |m(3)) as

Rimay) (@, 95 8) = % exp {— C ::yQ)} a +1ﬁ)m
<Ot [ [5E5)

r=0
(13.78)

Taking the limit s — 1 in this expression, and using

o |- e )

we obtain the Q-function for |m(3)) as

1 i (n—’_r)'PB(ﬁ) (xQ +y2)r .

o 1 2 2
Q) (@,9) = — exp [=(* +¢°)] 1+ )" el T !

r=0

(13.79)
This function is plotted in Fig. 13.11 for a given thermal tilde number state at two
distinct temperature. We find that, for low temperatures, the @-function has a

nearly Gaussian shape that resembles that of the vacuum state of H,

Quy = —expl-( + 7],

which is the proper limit of Eq. (13.79) as 7(8) — 0. Note that, distinctly of the
case of the thermal number state, the Q-function of |m(3)) does not vanish at the
origin or on any other point at a finite distance from the origin.
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Fig. 13.11 Q-function for the thermal tilde number state |3(3)) for two values of a(3): (a) 0.1,
(b) 1.0.

Now fixing s = 1/2 in Eq. (13.78), we get the Wigner function of the thermal
tilde number state |m(3)) as

2
Wimy (,y) = —exp [—2(2* + y?)] rmm

> p ) (1) 1 [ + 7).
r=0 e
(13.80)

In Fig. 13.12, we illustrate the Wigner function of the state |6(83)), for two distinct
values of the temperature.

(@)

Fig. 13.12 Wigner function of the state |6(8)) for two values of #(3): (a) 0.12 and (b) 1.5.

Comparison between these figures clearly shows that the thermal tilde number
state has a much more classical behavior than the thermal number state; its Wigner
function does not assume negative values. Actually, its R-function is non-negative
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even for s smaller than (but close to) 0.5; this can be verified by plotting profiles of
the type shown in Fig. 13.10.

The discussion of phase-space representations can also be made, along these
lines, for other thermalized states of a field mode. In particular, for simple states
of the type |n,n; ), which have diagonal density matrices in the number basis
and have R-functions that are symmetric around the origin, one can look at the
competition between the tilde and non-tilde parts to establish the degree of non-
classicality of the state. We leave such analysis to the interested reader. In the next
chapter we move on to another relevant aspect for quantum optics and discuss the
amount of entanglement of states of bipartite systems constructed with inspiration
from TFD.



Chapter 14

SU(2) and SU(1,1) Systems:
Entanglement

Considering states of systems with SU(2) and SU(1,1) symmetry, the TFD ap-
proach is applied to spin 1/2 systems and bipartite entangled states. This analysis
of entangled states constructed with the inspiration of TFD is the main goal of the
present chapter.

We study the nature of the entanglement for boson and fermion states. We
first investigate two-mode squeezed states in the case of bosons, then we construct
the fermionic version, to show that such states are maximally entangled, for both
bosons and fermions. For the case of fermions, the situation is more intricate, de-
manding coherent fermion state and density operator, which is achieved by using
Grassmann variables. Hence the problem of constructing entangled states, using
squeezed states, can be put in a succinct form. We start by deriving some prop-
erties of the two-mode squeezed-vacuum state and its generalization, the Caves-
Schumaker states [200]. These results will be used later to prove the property of
maximum entanglement of boson squeezed states; then the fermion counterpart of
the boson squeezed-vacuum and the Caves-Schumaker states are introduced and
some properties, like the maximum entanglement, are analyzed.

14.1 Maximum entanglement

Quantum mechanics gives rise to the notion of entangled states, which are states
of two or more systems correlated with each other, but without a classical analog.
Indeed, this entanglement may have non-local features. Bell [201, 202] was the first
to present a way to analyze entangled states, by comparing such correlations to the
classical correlated states, that are defined via classical probability distributions.
The appearance of entangled states is a consequence of the direct-product struc-
ture of the Hilbert space of multipartite systems and the superposition principle of
quantum mechanics.

A recent interest in entangled states arose since they are essential for teleporting
quantum states, from one locus to another, which is a basic ingredient in the theory
of quantum computers [203, 204]. In order to progress with such a program of quan-

245
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tum communication, the measure of entanglement is a crucial aspect of the theory
that has to be fully developed; and this has been discussed in the literature in differ-
ent ways [205-211]. On the other hand, the ideal conditions for teleporting require
specific entangled states characterized by a maximum entanglement [212, 213], a
characteristic feature that can be present not only in boson systems, but also for
fermions.

The notion of maximum entanglement of a bipartite system, say (A, B), de-
scribed by a pure state |¢)(A, B)) is analyzed. Let us introduce the reduced density
operator, pa, by

pa = Trp([¢(A, B))($(4, B)]), (14.1)

where Trp stands for the trace over the variables of the subsystem B. A measure
of entanglement of the pure state |[¢)(A, B)) is defined by the von Neumann entropy
associated with the reduced density operator [212, 213],

S(pa)=—-Tr(palnpa). (14.2)

The condition for a maximum entanglement of A and B, that is, the condition for
| (A, B)) to be a maximally entangled state, is that S(p4) be a maximum. Note
that, for a product state of the type |®(A)) ® |®(B)), the reduced density operator
corresponds to a pure state of the subsystem and, therefore, its von Neumann
entropy vanishes.

Since S(pa ) is a homogeneous function of first degree in its dependency on E4 ,
the energy of the sub-system A, we require §S(E4 ) = 0 under the constraints

EA = <HA> = TrpAHA, Tl"pA = 17 (14.3)

where H 4 is the Hamiltonian of system A. Following methods similar to those of
statistical mechanics, as presented in Chapter 2, we derive a constraint equation for

PA,
ag—1+a1Hys+1Inpy =0, (14.4)

where ap and oy are Lagrange multipliers associated with given constraints. Using
Eq. (14.4) we get a Gibbs-like density operator,

1
pa = exp(a1Ha), (14.5)

where Z = exp(l — o). Multiplying Eq. (14.4) by pa, taking the trace and using
Egs. (14.3) and (14.5), we derive

InZ+oa1Exs +5=0.

For convenience, let us write @y = —1/7, then we have 71InZ = E4 — 75. The
function F(7) = 7In Z describes the Legendre transform of S since we assume that
7 = OFE/0S. Here 7 is an intensive parameter describing the fact that E4, given
by Eq. (14.3), is constant in the state described by p4 . Although fluctuations can
exist, these are not a result for any heat bath (or ensemble of states) but rather a
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consequence of the entanglement of the states A and B. We thus have a prescription
for a bipartite pure state |¢)(A, B)) to be maximally entangled, under the energy
constraint: its corresponding reduced density matrix, as defined in Eq. (14.1), is
explicitly given by Eq. (14.5), such that

7Z =Trexp(—7Ha). (14.6)
This provides the maximum entangled state. In this way we show in the following
that, using the scheme of TFD for the SU(1,1) and SU(2) symmetries, we can

explicitly construct examples of maximally entangled states, such that the mea-
surement of the entanglement is given by Eq. (14.2).

14.2 Maximally entangled states and SU(1,1) symmetry

Let us consider a two boson oscillators described by creation, a and b, and anni-
hilation, @ and b, operators satisfying the algebraic relations

[bvbT] = [ava'T] =1, (14.7)
[a,b] = [a,b'] = [aT,b] = [af,b'] = 0. (14.8)

Following the TFD approach, we construct a two-mode linear canonical transfor-
mation presenting an SU(1,1) symmetry. First, define the following operators

S, =alb,
S_ = ab,
1
So = 5(aTa + bbT),
which satisfy the su(1,1) algebra, namely
[So, S+] = S4,
[S+,S5-] = —So.
Now, introduce a canonical transformation
U(v) = exply(S4 = S-)],

where 7 is a parameter to be specified later. The canonical nature of U(y) maintains
the invariance of the algebra specified by Eqs. (14.7) and (14.8) for the transformed
operators, which are given by

a(y) = U()a'U(),
a'(y) =U(7)a'U(v),
b(y) = UMB'U(y),
b'(y) =UMH'U(y).

Consider the two-mode vacuum

|Oa,0b> = |Oa> ® |Ob>a
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such that a|0,) = b|0,) = 0. Applying the transformation U(y), we have
0(7)) = exp[y(S1 = 5-)] | 0a; 0p), (14.9)

Here we use the notation |0(7)) = |¢(A, B)) for the transformed vacuum in order to
emphasize that we are dealing with a bipartite system, with A and B referring to the
degrees of freedom associated with the boson operators af,a and b, b respectively.
For convenience we write Eq. (14.9) as

|’l/)(A, B)> — etanh’yaTbTe—lncosh’y(bbT+aTa)etanh(—ba)|0a7 0b>

= exp(— Incosh~) Z(— tanh 7)’”% (a™6) ™[04, 0p). (14.10)
Using this expression, we show that the state [¢)(A, B)) is a maximally entangled
state.
Consider the density matrix corresponding to the state |¢(A, B)), p(A, B) =
[¥(A, B)){(¥(A, B)|, and take the trace in the B variables; the resulting reduced
density matrix is then

pa = Trp[[¢Y(A, B))(y(A, B)]

= T 2 2 g ()™ )0 0o 161 05) 045 )
m,n [ o

_ m S (— tanh )™ m) (m|.
m=0

Define the parameter 7 such that

1
COSh’Y(T) = \/ﬁ
tanh (1) = e Tw/2 :

with this parametrization, p4 is written as
o0
pa= (=€) 3 e m) ().
m=0

This expression can be cast in the canonical-Gibbs ensemble form by defining
Hy = wa'a
and
Z(t)=Tre ™4 = (1 — e ™)71,

Then we have

showing that the state |¢)(A4, B)) = exp[y(S+—5-)]|04, 0p), is a maximally entangled
state with the symmetry SU(1,1).
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14.3 Maximally entangled states and SU(2) symmetry

In order to construct bipartite states of two systems A and B of maximum entan-
glement, with an SU(2) symmetry, we use the two-boson Schwinger representation
for the su(2) Lie algebra, developed before in Chapter 6.

The two bosons, with annihilation operators b; and by, are such that these op-
erators commute among themselves and also with the boson annihilation operators
ay and a9, giving rise to the doubling of the su(2) algebra, i.e.

[So, S+] = £54, (14.11)
[S1,S_] =25, (14.12)
[So, S+] = 54, (14.13)
[S},5_] =25, (14.14)

such that the tilde operators §,, §+ and §0 commute with the non-tilde operators
and are now given by

S, =blb, (14.15)
S_ =blby (14.16)
~ 1

So = 5(b{b1 — blby). (14.17)

The non-tilde operators are
Sy =alay
S_ = a%al
Lot i
Sy = §(a1a1 — ahaz).

It is important to point out that tilde operators here do not refer to the TFD
operators. Instead, these mimic TFD operators to underline the SU(2) symmetry.
Consider the state [¢)(4, B)) given by

[v(A, B)) = eXp[’V(SJrng + ngf)HOa, 0s),

= exp[y(alblagbs — albytaib1)]|04, 05)

= (cosv + sinyalblagbs)|04, 0p), (14.18)
where A represents the degrees of freedom described by the operators S; B rep-
resents the other system described by the operators S, and |04, 0y) = |04)®]0) =
[0, 1)a®|0, 1)y = [0)a;|1)ay]0)s, |1)s, (see Chapter 6). The quantity + is an arbitrary
constant to be specified. Consider p(4, B) = |4(A, B)){()(A, B)|, and take the trace
in the B variables, that is

PA = TTB|"/)(A7 B)><¢(Aa B)‘
= Z (0) <m|b1 <n|b1 (COS’7 + sin ’Va]ibia2b2)|0>a1 |1>a2 |0>b1 |1>b2 <1|b2 <0|b1 <O|a2 <1|a1

m,n

x (cos”y + sinyalblasba)'|n)s, [m)s,
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where the indices in the states, as by in [1), or (1],,, are used to specify the action
of the different operators, so that |1}y, = b} [0)5,, and so on. With some algebraic
manipulations we get

PA = cos? 7|0>a1 |1>a2 <1|a2 <O|a1 + sin” 7|1>a1 |0>a2 <O|a2 <1|a1~ (1419)
In the case of spin 1/2, we have
0)a,[1)ay = [s =1/2,m = -1/2) = [ - 1/2),
and
Da,|0)a, = [s =1/2,m =1/2) = [1/2).
Defining

1 efﬂu/Q

— siny= ———
1/1_|_e—‘l':.u ’Y 1/1_|_e—‘l':.u

cosy =
pA is written as
1 1
pa = e ™ [1/2) (1/2] + e |-1/2) (—1/2],

since the eigenvalues of Sy are :I:%. As Trpy = 1, then Z = e~ T™w/2 4 ¢™@/2 Then
we have

1
pa=y Y TS m)ml
m=1/2,—1/2
1 —TwS _ 1 —TH
=€ 0 Z |m){(m| = Z¢ A

m=1/2,—1/2

where H4 = wSy. Therefore the state given by Eq. (14.18) is a maximally entangled
state. The generalization for any value of spin is straightforward.

14.4 Entanglement of a system with fixed spin

In the last section |1/(A = S, B = S;~)) was used to describe a maximally entangled
state. If we consider an arbitrary spin value, corresponding to arbitrary values of
the number operators ny and ns, |[(A = S, B = 5’;7)) is a maximally entangled
state of two systems, each one with two bosons. However, for the system of two
(defined) spin 1/2 particles, for instance, we have the eingenvalues of the number
operator as n; = 0,1 and ne = 0,1, which no longer correspond to the spectrum
of bosonic number operators, but rather to fermionic-like ones. In such a case the
bosonic algebra does not describe physical bosons but works as auxiliary variables
to treat the entanglement of two spin systems. Accordingly, since we define a fixed
(not arbitrary) value for the spin, we have to analyze more closely the consequences
of that, with the Schwinger representation which is usually introduced for arbitrary
spin.
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Returning to the Schwinger bosonic representation, imposing the conditions on
the spectrum of ny (=0, 1) and ne (=0, 1), and defining s with a fixed value, then
we are lead to a situation of redefining the algebra of the auxiliary operators a;
and ay. Summarizing first our results, originally operators a; and as, and their
hermitian adjoint operators, aJ{ and ag, satisfy the bosonic algebra

a1, a]] = [az,a}] = 1, (14.20)
[alaaQ] = [alaag] = [aIaaQ] = [ Lag] =0. (14.21)

In addition, for the spin 1/2, we have the subsidiary conditions (allowing the fixed
value for the spin),

[alaa“-i- = [&2,&5]4_ =1, (14.22)
a1, as)y = [ar,al]y = [al, as]y = [a],al]; =0, (14.23)

where [, ]+ stands for the anticommutator. A solution that fulfills all these condi-
tions, Eqgs. (14.20)-(14.23), is found by assuming the algebra for the operators a;
and a;r, (i=1,2) to be

aal =1, (14.24)
[Ni,al] = af, (14.25)
[Ni, a;] = —a;, (14.26)

with a;a; = ajaf =0and N; = ajai. Indeed it is a simple matter to show that in
this case the eigenvalues of the number operators are n; = 0,1, ¢ =1,2.

For the case of spin 1, we consider the basic algebra given by Eqgs. (14.24)—(14.26)
with IV; given by

N; =ala; + azagami,

such that aIaIaj = a;a;a; = 0, that is third and higher order monomials of al-L and
a; are zero. In this case we derive n; = 0, 1,2, (see Chapter 6) and we find s = 1
and m = —1,0,1.

This procedure can be generalized for an arbitrary but fixed value of spin. That
is, for a spin s, such that n; = 2s, we consider Eqs. (14.24)—(14.26) supplemented
by a proper definition of N;, which reads

2s
Ni = (al)'(a:)’. (14.27)
j=1

For the particular situation in which s — oo, we will find the approach of infinite
statistics proposed by Greenberg [214, 215].

In short, we have explored the similarity with the usual definition of entropy in
statistical mechanics to construct maximally entangled states using the approach of
TFD. As TFD is a thermal formalism founded on algebraic bases (duplication of the
usual Hilbert space and Bogoliubov transformations), it has been used as a compass
to give the proper direction to build maximum entangled states with a well-defined
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symmetry. We have studied the case of two bosons with SU(1,1) symmetry and
four bosons (actually two systems, each one with two bosons) with SU(2) symmetry.
Still in the case of SU(2) symmetry, the entanglement of two systems with fixed
value of spin ia considered, using a modified version of the two-boson Schwinger
representation for the su(2) Lie algebra.

The usual way to describe fixed value of spin using boson operators was proposed
by Holstein and Primakof [218]. However such a method works if we are interested
in describing a system with spin via one bosonic operator. But this has not been
the case here, since it needed two operators associated to each spin to introduce
the state of maximum entanglement through TFD. Obviously for a finite spectrum,
the pair of Schwinger operators loses the bosonic characteristic, giving rise to a new
algebra.

14.5 Entanglement of two-boson squeezed states

Let us consider a two-boson system specified by the operators a and b obeying the
algebra [a,al] = [b,bf] = 1, [a,b] = 0. Initially, we restate the results presented
in Sec. 14.2 with the language of squeezed states. In general, we can consider this
in terms of two independent electromagnetic field modes. We define two unitary
displacement operators, one for each mode,

Dq(€) = expléa’ — &*al, (14.28)

Dy(n) = exp[nb" —n*b), (14.29)
and the two-mode squeezing operator
Sab(7) = exply(a’b! — ab)], (14.30)

with ~ a real non-negative number for simplicity. From now on, we use the subscript
a and b referring to the subsystems (the field modes) A and B of the bipartite system
(A, B).

The operator Sq;(y) engenders a rotation in the two-mode space, similar to that
of the Bogoliubov transformation in TFD; thus, using the standard TFD procedure
(see Chapters 5 and 6), we get

where u(y) = cosh(y) and v(vy) = sinh(7).
Let us first consider the two-mode squeezed vacuum (TMSV) defined by

|7>ab - Sab(7)|0>ab7 (1431)
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where
[0)ap = |0)q ® 0)p = |0)4]0)s (14.32)

is the two-mode vacuum with a|0), = b|0), = 0. For the two-mode squeezed state,
we have

a(V)17)ab = b)) ab = 0, (14.33)

so that it has the same structure as the thermal vacuum used to introduce TFD.
Another important result is that Sg,(7y) is a canonical transformation, i.e.

[a(v),a'()] = [b(7),b"()] =1, [a(y),b(7)] = 0.
Using the operator identity
exp[y(A + B)] = exp[(tanhy)B] exp[(ln coshy)C] exp[(tanh v)A],
with A = —ab, B = afb’ and C = [A, B] = —a'a — bb', the TMSV is written as

exp|(tanhy)a’b][0)ap

|A/>ab = COSh’y

Introducing the change of parametrization by taking tanhy = exp(—7/2), and
defining

Z(1) = [1 — exp(—7)] " = Trexp[—7a'al,
we find

T2 o). (14.34)

V) ab = \/— Ze

Therefore, the TMSV |7)4p is written as

Vab = VFa(1) Y In)aln)s, (14.35)
n=0
where
fa(r) = % exp(—Ta'a). (14.36)

This form makes it easy to show that the TMSV is a maximally entangled state;
however, we use it to prove a more general result.

Consider two-mode squeezed coherent states, also referred to as Caves-
Schumaker (CS) states, which are defined as a result of the action of the two-mode
squeezing operator on a two-mode coherent state, i.e.

|€7n7’7>> = Sab(’y)Da(g)Db(n)|0>ab- (1437)

It can be shown that, with an appropriate choice of parameters, this state coincides
with a two-mode displaced squeezed vacuum, that is

1&m.7)) = 1€ 7,7),



254 Thermal Quantum Field Theory: Algebraic Aspects and Applications

with
|€a ﬁ7 rY> = Da(g)Db(ﬁ)Sab(7)|O>ab- (1438)

The new parameters, £ and 7, are related with the former ones by

(£)=8at0(5): (14.39)

where Bp(7) is the matrix form associated with Sg(y) given by

o uly) —v(y)
BB(”‘(—M) um)' (14.40)

Note that, for £ = n = 0, the CS state reduces to the TMSV, |v)ap = San(7)]0).
We explore these results to show that the state |£,7,7)) leads to a well-defined
Gibbs-like density matrix.

To do so, we calculate the reduced density matrix, say p, = Trppqp, associated
with the density operator describing the CS state, taking pa» = |£, 1, V) {7y, 0, &].
Using the notation,

1

)y = ﬁ(lﬁ)rl%

(similarly for mode a) to represent the number states, we write the matrix elements
of p, as

(slpalt) = Z a{slo(r|pab|T)b[t)a

T

= Z a(8|Da(€)V fa(T)[n)an(r|Ds(n)[n)s

r,m,n

% o(m| Dy () [r)pa(m| v/ fa(7) Da(€) [t)a.
Changing the order of the matrix elements in the b mode, and using the completeness
relation, we obtain

(slpalt) = (s|Da(€) fa(T)Da(&)1).
Thus, we get

pa = Da(€) fa(r)DL(€) = exp [—ra' (&)a(€)], (14.41)

Z(7)

where

a(€) = Da(§)aD}(€)
is the displaced annihilation operator of mode a. Therefore, p, is a Gibbs-like
density matrix. In particular, for £ = 0, we find p, = f.(7) showing that the
TMSV, |[v)as, also generates a Gibbs-like reduced density matrix.
Using the displaced Fock basis, {Dq(§)|n)a}, we show that the reduced von
Neumann entropy for a CS state is

S(r) = 67%1 —log (1—e7). (14.42)
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Thus, all CS states, with the same (fixed) squeezing parameter, have the same
amount of entanglement independent of the displacement parameters. Among them,
the one having the smallest energy is the TMSV (£ = 0); its reduced energy, &£, =
Tr(pgata), is given by

1
eT —1°
Since both actions of displacing and squeezing the vacuum lead to states with greater
energy, the TMSV is the maximum entangled state when the energy is fixed.

Let us now analyze comparatively the amount of entanglement of the TMSV.
Consider the state

&(r) =

1 N-1

N

0)5) = 5 D Inbalmy
n=0

which has reduced energy and entropy given by
g'(N)=(N-1)/2,
S§'(N) =log N.

This state has the greatest amount of entanglement among all pure
states belonging to the finite (N2?) dimensional subspace spanned by
{10),10),,10), 1)y 5--- [N = 1), |N —1),}, corresponding to equal occupation
probability. Naturally, as N — oo, both energy and amount of entanglement of
|\I/>f£7) goes to 0o.

Now, take another parametrization of the TMSV by writing

7 =log(x + 1) —log(x — 1);

the limiting cases of zero and infinite squeezing correspond to x =1 (y =0, 7 = c0)
and x = 0o (y = 00, 7 = 0), respectively. The reduced energy and the amount of
entanglement of the TMSV are then written as

N
S(x) = % [(x +Dlog(x +1) — (x — 1)log(x — 1) — 2log2].

We find that both £(x) and S(x) go to oo as x — oo, with S(x) ~ log x in this limit.
In Fig. 14.1, we plot the difference between S(x) and log x, showing explicitly that
the TMSV has an amount of entanglement greater than that of the state |\I!>££7)
with the same energy, for all N > 2. This comparison emphasizes the fact that the
maximum entanglement states, that we discussed, are under the energy constraint.

14.6 Coherent fermion states and density matrix operators

The experimental tools of laser cooling, magnetic and magneto-optic traps have
advanced tremendously [219, 220]. This leads to the production of a degenerate
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Fig. 14.1 Plot of AS = S(x) —log x as a function of x. The dots on the curve indicate the values
of the difference S(N) — S’(N).

Fermi gas as well as condensates of rare isotopes, a fact that has been achieved
through the technique called sympathetic cooling [220]. Due to the nature of the
Fermi gas, it is not possible to cool it to very low temperatures by itself. However, if
it is mixed with a Bose condensate, then that would produce a degenerate Fermi gas,
and recent experiments have pointed out such a possibility [221-224]. In fact such a
gas has been employed to form Fermi molecular gas using the Feshbach resonances.
These experiments have formed a 6Li degenerate Fermi gas. Then by introducing
a magnetic field and ramping it over the Feshbach resonances, molecular (°Liz) gas
is formed. The probability of formation varies from ~ 50% to ~ 80%, which is
to be compared with the Boson case where the molecule formation probability is
~ 100%. These results suggest that a careful study of the Fermi coherent state and
Fermi density operators is needed. Some of these concepts have been introduced
for fermion systems [225-227, 78]. Cahill and Glauber [228] have introduced P-
function, @-function and Wigner function for fermions; all of them are described
as a counterpart of the bosonic systems and are made possible through the use of
Grassmann variables.

A coherent fermion state [225, 226, 228] can be defined by introducing a
displacement-like operator D(£), where £ is a Grassmann variable, trying to repro-
duce formally the basic results of the boson case. This is accomplished in the follow-
ing way. Consider two Grassmann numbers £ and 7; as we discussed in Chapter 3
we have {&,n} = &n+n€ =0, and {€,a} = {¢,a’} = 0, where the fermion operators
a and a' satisfy the anticommutation relation {a,a’} = 1. (In this section, without
risk, we keep the same notation for the creation and annihilation operators as that
for bosons.) The complex conjugation is taken as an antilinear mapping * : £ —&*
such that, for a general expression involving Grassmann numbers and the operators
a and af, with ¢ € C, we have

(&&; +cning)™ = && + iy
(ai&japn)T = (i &aial)t = @kak;m'

The Grassmann variable £ is considered independent of £*.
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The fermion displacement operator is defined by
D,(€) = exp(a’é — €*a), (14.43)
such that
Dq(&)aDi(§) = a—¢,
with the coherent state given by
|§> = Da(£)|0)a;
such that al€) = £|€). Then we prove that the dual coherent state is given by
(€| = (0| D} (&), with D} (¢) = D;1(€). As a consequence

(€|n) = exp (é*n - %6*5 - %n*n)

and (£|D}(¢) = (¢|¢*. In terms of the number basis, the state |¢) is written as
1

€y =72 (=9)"m) (14.44)
n=0
and, then, we have (n|¢) = exp(—£*£/2)(&)™.
The integration is defined, as usual, by [dé = 0 and [d¢€ = 1. Note that, in
particular, we have [d&*&* =1, resulting in (d€)* = —d¢*, and

/ derde g6* = 1,
/ de*de [€)(€| = / ¢ Je)(e] = 1

Cahill and Glauber [228] introduced the following coherent fermion state repre-
sentation for a density operator, i.e.

o= [@er@©)- ol
where P(€) is the corresponding P-function. Notice that the density operator
pe = | = &)(¢l. (14.45)
possesses the expected properties to be taken as representing the coherent state |£).
First, it is normalized, Trps = 1. This property can be proved from the matrix
representation of p¢, by calculating (m|p¢|n) = exp(£€*)(—&)™ ()™, giving rise to

C(1-ge e
”“( —¢ f*s)'

Secondly, Tr(pgaTa) = £*¢, which is similar to the boson case. Observe that pe,
although not being hermitian, is introduced in such way that pf = p [228].

Using the properties described above, we can prove that the displaced fermion
number state is given by

Dy(€)[n) = (a” —&")"[¢),
with n = 0, 1. Another property useful for calculations but reflecting also the nature
of pg is given by
(mlpg|n) = (=1)" "V (g|n) (mle), (14.46)

where (m|p¢|n) = (m| —&){¢|n). For m = n we have (n|—£)(¢n) = ({|n)(n[¢). The
usefulness of this result is apparent in proving that Trpe = 1.
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14.7 Entanglement of two-mode squeezed fermion states

Let us now consider a two-fermion system, specified by the operators a and b sat-
isfying the algebra {a,a} = {b,b'} = 1, with all other anti-commutation relations
being zero. A fermionic two-mode squeezed vacuum state is defined by

V) ab = Sab(7)|0)ab, (14.47)

where

Sab(7) = exp[y(ab’ — ab)]

and -y is taken as a real number, for simplicity. Similarly to the bosonic case, some
useful formulas can be derived using Sqp(7):

a(y) = San(7)aST,(7) = u(y)a — v(y)bT,
b(7) = Sap(7)bST, (7) = ()b + v(y)al,

and the corresponding ones for af(v) and b'(v); now, however, u(y) = cos(vy) and
v(y) = sin(y). Thus, for the fermion two-mode squeezed vacuum state |v)qp, we
have a(Y)|V)ab = b(7)|7)ab = 0, since a|0), = b|0), = 0.

The squeezing operator Sg,(7y) is a canonical transformation, in the sense that,
the anti-commutation relations are preserved,

{a(),a(M = {b(7), 6N =1, {a(7),b()} = 0.

The matrix form Bg(y) associated with Sqp(7y) is

_( u(y) v(y)
50 = (140 ) (1448)

The vector |7)qb can be written as a TEFD state. To see that let us write

V)ap = [1 — y(ba — a’bl) + g—?(ba —a'd")? + ..]0) ap- (14.49)
Using the property
(ba — a0")*"|0)ap = (—1)"[0)as .
and introducing the following reparametrization

1

uln) = cosy = TAmms
1

v =siny = ——,
) =5y = T
we obtain
[V)ap = (cos’y + sin’yaTbT) 10)ab

1
\/ﬁ (1 + e_T/QCLTbT)|O>ab- (1450)
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Defining Z(1) =1+4e~7, we get
1
Mab = —= """ (10)al0)s + [1)al1)s) , (14.51)
Z(7)

where N = a'a, the fermion number operator for the mode a, is such that N|n), =
n|n),. Therefore, we obtain

1
|7>ab =V fa(T) Z |n>a|n>ba
n=0

with

exp(—7a'a).

0= 75

With these results, we can prove the following statement. Given the two fermion
displacement operators,

D,(€) = exp(a’é — £*a),
Dy(n) = exp(b'n — n*b),

where & and 7 are Grassmann numbers, then

Sab(7)Da(€)Dy(n) = Da(§)Ds(17)Sab(7) (14.52)

(&) =8 (5): (14.53)

Thus, the fermion version of the CS state, defined by
&1 7)) ab = Sab(7)Da(§)Ds(1)[0)as,

where

is related to the state

1€,157)ab = Da(§)Do(1)Sab(7)]0)ab

by the transformation given in Eqgs. (14.52) and (14.53). As in the bosonic case,
when £ = 1 = 0 we have the two-fermion squeezed vacuum state |y)ap = Sap(7)[0)ap-

Now we turn our attention to the nature of the entanglement in squeezed fermion
states. Considering the states |£, ;) and inspired by the definition of the density
operator given in Eq. (14.45), we introduce the following density matrix, associated
with the CS state,

pab = | =& —n,7) (7.1, &l (14.54)

Performing the trace in the mode b and using the properties derived before, we can
prove that

pa = Da(€) fa(7)Da(€)",

similar to the boson case. Then we find that the state |£,n,v) has reduced density
operator in the form of a Gibbs-like density. The reduced entropy is thus maximal.
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However, in the fermionic case, the CS states are not in general physical states [228]
since they involve Grassmann variables. The two-fermion squeezed vacuum state
[7)ab, corresponding to the CS state with £ = 1 = 0, is nevertheless physical and
maximally entangled.

It is worth mentioning that, in the case of fermions, there is another class of
physical states having maximum entanglement for a given value of the reduced
energy. In fact, one can show that the state

;o 1
|7>ab - Z(T)

has a reduced density operator, p/, identical to the reduced density operator p,,
associated with the state |v)qp; therefore, these states have identical reduced energy
and entropy to those of the two-fermion squeezed vacuum and are also maximally
entangled states.

Summarizing, in this chapter we have analyzed some classes of two-mode boson
and fermion states, looking for explicit realization of maximum entangled states
with fixed energy. We have studied the case of squeezed two-mode boson states,
and then, constructed the fermion version, to show that such states, in both cases,
are maximum entangled. For achieving these results we have demonstrated some
relations involving the squeezed boson states, which are then extended to the case
of fermions. The calculations for fermions are performed with a generalization of
the fermion density operator introduced by Cahill and Glauber [228].

(|0>a|1>b + e*T/2|1>a|0>b) (14.55)
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Chapter 15

Compactified Fields

Considering a topology of the type I'Y, = S!1 x ... x St x RP~4_ fields compacti-
fied in space and time are studied. In the analysis, a Bogoliubov transformation is
introduced which accounts simultaneously for spatial compactification and thermal
effects. Such a Bogoliubov transformation provides a generalization of the ther-
mofield dynamics [95-97, 106, 231]. In the same context the generalization of the
Matsubara formalism is analyzed. For both cases the Feynman rules are stated and
these results are the basic tool for applications discussed in the following chapters.

The formulation of the quantum field theory on curved space time is, for long,
one of the most intricate and still not fully solved problem in physics. Its im-
portance lies in the fact that several physical systems are described within such
a formalism. In particular, we find the class of systems defined on flat spaces,
with non-trivial topologies. This is the case of space-time considered as a simply
or non-simply connected D-dimensional manifold with topology of type I'}. The
topological structure of the space-time does not modify local field equations written
in the Minkowski space. However, the topology imposes modifications on boundary
conditions over fields and Green functions [232, 233]. The physical manifestation
of this type of topology includes, for example, vacuum energy fluctuations, giving
rise to the Casimir effect, or in phase transitions, the dependence of the critical
temperature on the parameters of compactification. In the later case, there is, in
the literature, an experimental interest in the analysis of the dependence of the crit-
ical temperature of superconductors on spatial boundaries such as films, wires and
grains [234-236]. In the case of the Casimir effect, as was first analyzed [237], the
vacuum fluctuations of the electromagnetic field confined between two conducting
plates with separation L give rise to an attractive force between the plates. The
effect has been applied to different geometries, fields and physical boundary condi-
tions [238-241] with interest in different areas such as the confinement in particle
physics and cosmological models.

In another context, this type of topology I'4, emerges in quantum field theory
at finite temperature, as we have pointed out in Chapter 8. In this case we have
I'} =S x R3, where the dimension of compactification is the time axis, and the
circumference S! has length 3 = 1/T, where T is the temperature. The formal-

263
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ism of the quantum field theory at finite temperature can be extended for space
coordinates. One aspect still to be understood in this case is how to derive this
prescription from a topological level, such that one can take into account bound-
ary conditions other than those imposed by the KMS condition. This is one of
the central aspects to be considered in the present chapter. For this a purpose, we
start with purely topological elements and consider the ingredients of the imaginary
time formalism and the thermofield dynamics to describe a quantum field theory
in I‘%. A physical consequence of such a procedure is that the compactification is
interpreted as a process with condensation of the field in the vacuum.

15.1 Compactification and topology

Consider a D dimensional Minkowski space, as a simply or non-simply connected
flat space-time, but with a topology I'¢, where d is the number of compactified
dimensions. Taking initially the scalar field, the Green function satisfies the D-
dimensional Klein-Gordon equation

(O+m?H)G(x;8) = 6(x). (15.1)
The topology I'Y, does not change the local properties of the system. This implies
that locally the Minkowski space, as well as the differential equation describing the

evolution of the system, are the same. However, the topology imposes modifications
on boundary conditions to be fulfilled by the field and the respective Green function.

15.1.1 Compactification of one space dimension

To start we take d = 1 and D = 4, with S' standing for the compactification in one
1 and with the length of the circumference S! being L;.
For this I'} topology, the Green function satisfies the periodic boundary condition,

G2,z 2% 2%) = G(a®, 2" + L1, 2%, 2%) = G(x + Liny), (15.2)
where ny = (nf') = (0,1,0,0) is a space-like vector. Note that z! = 0 is identified
with 2! = L; due to the topology, such that 0 < x! < L;; the other space-
axis variables run in the interval (—oo,+00). A solution for Eq. (15.1), respecting
Eq. (15.2), is obtained by analyzing the Fourier expansion of the Green function,
resulting in

spatial dimension, say =

 [— 1 ,
Gz —y; L1) = — — | dpodpadpse PG (p,,; L 15.3
(x —y; L) I n;@ (27r)3/ Poapzapse (pn; L), ( )
where
2m™n
Prn = (Do, P1nsD2,P3)s Pin = T
1
and
-1
G(pn; Ln) = o (15.4)
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In addition, we write,
Ly
G(pn; L1) 2/ dat /dxodedxgeip"(r_y)G(x —y; Ly). (15.5)
0

This solution is useful to treat perturbative theories, as shown by Birrel and
Ford [232]. However, it would be interesting to separate the divergent contribu-
tion of the flat space-time from terms describing the topological effect in the ex-
pression for G(x — y; L1). In this case, we can investigate and treat the divergent
contributions arising from the free space-time, and analyze the limits as, for in-
stance, L1 — oo, resulting in a 3 + 1 flat space-time, or L; — 0, a 2+ 1 flat
space-time. This is accomplished here, following some adaptation of the Dolan and
Jackiw calculations to separate the effect of temperature in the Green function for
the scalar field [60]. The method is based on finding the Fourier transform (the
integral Fourier representation) of G(z — y; L1).
We write G(x — y; L) as

Gz -y L1) = 0(a' —y")G” (x —y; L1) +0(y" —2")G=(z —y; L1).  (15.6)
From Eq. (15.2), we have
G (@1 L) yrsg = G (@ L) [y, - (15.7
Using this form, Eq.(15.5) reads

Ly )
G(pn; L1) :/ dxl/dxodx2dx3ewnm>(x;L1). (15.8)
0
The integral Fourier transform of G(x — y; L;), denoted by G(p; Ly), is
Gp: L) =G (p: L) + G2 (p: L), (15.9)
where
E(”(p;Ll) = /d4xeip””9(xl)G>(x;L1), (15.10)
6(2)(p;L1) = /d‘lxema(—xl)m(z;Ll). (15.11)
Writing
G” (2, L )—/ d'p e~ PG (p; L) (15.12)
y 1) — (27T)4 b; L .

and using the integral representation of the step function,
_iklgl
1 e " - T S | 1
/ e~ (T2m)e® T 0@,
in Eq. (15.10), we derive

—>
—(1) [ dk* G (po, k1,p2,ps; L1)
L) = —_— . 15.1
G Ly =i | o g — (15.13)
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With

d* -
G<(x;L1)=/(27T])94e_1sz<(p;L1),

and the integral representation of the step function,
—ik'z!
/lMlzfi;———'—2ﬂww“”ﬂ—xw,
in Eq. (15.11. ), we derive
d_klé (po,/ﬁ,pz,p&Ll)
2m k! —pl —ie
Substituting Eqgs. (15.13) and (15.14) in Eq. (15.9), we get

dk! §>(po,k1,p2,p3;L1) §<(p0,/€1,p2,p3;L1)
G(p7L1)_Z 27T

GP (i Ly) = —i

k1l —pl+ie k1l —pl —ie

(15.14)

(15.15)

Now we show how the periodicity condition is written in momentum space. From

Eq. (15.7) we have
G< (20, 2", 2% 23, L1) = G (2°, 2" + Ly, 22, xB'Ll)
=G> (2% 2t 22 23 L),
Considering the Fourier transform of G<(z, L1), we get
G (pi L) = /d4pe“’””G<($;L1)
_ /d4p€ipw€L161G>(x;L1).
Using Eq. (15.12) in this expression, we find
G (piL1) = ™7 G (p; L),
Defining

1
eilipt — 1’

fr. (") =
we write
G (pi L1) = fr,(p1)A(p; L)
G (0 L1) = [f, (1) + UA®; L),
that, using Eq. (15.16), gives
Api L) =G (0 L1) = G (p; ).
With these results, Eq. (15.15) reads
Gp:L1) :Z/dk1 [le(kl) (po, k1,p2,p3; L1)

21 k' —pl +ie
 [fr (k) + 1] A(po, k1, pa, p3; L1)
kl —pl —ie

(15.16)

(15.17)
(15.18)

(15.19)
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We do not have as yet an explicit expression for A(p; L1). To determine this func-
tion, we use the fact that we know G(pn; L1), according to Eq. (15.4). Combining
Egs. (15.8) and (15.12) we have

b &k s
G(pn§L1):/ dxl/dxodx2dx36p"w/ e~ kTG (ki Ly).
0 (2m)4

Using Eq. (15.17) and the integral

L .
" dpte-iwh—khet — L ‘
0 fL1(k1)p}L_kl,

we obtain

. dkl A(p07k17p27p3;L1)
nila) =1 [ —— ’
G(p 1) Z/ o p711 _ k1

where A(p) is the spectral function associated with the momentum p*.

We consider the analytic continuation of G(p,;L1) to take pl to a continuum
variable, p'. The only possible analytical continuation of G(p,; L1) without essential
singularity at p — oo is the function

. [ dk* A(po, k1, p2,p3)
gO(p)_Zfﬁ pl—kl B

where, by definition,
-1
Go(p) = e (15.20)
Using this result, we calculate A(p) by showing that

G(p;e) = Go(po,p" +ie,p*,p*) — Go(po, p* — ic, p*, p°)

[ dk? 1 1
- Z/EA(p07klvp27p3) |:p1 — kl +Z€ - pl — kl — Z€:|

dk*

= i/ﬁA(po,k17p27p3)(—27fi)5(p1 — kY.

where we have used

1 1 1
0(z) = lim — — .
() 20 27 [a:—is a:—i—ia}
It results in
A(p) = Go(po,p" + ic,p*,p*) — Go(po, p* — ic,p*, p*)

describing a discontinuity of Go(p) across the real axis p!.
As Go(p) is given in Eq. (15.20), we find the spectral function
—1
A =
R ) I e R P
N 1
(P°)? = (p' —ie)® + (p%)* — (p*)* — m?’
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resulting in
A(p) = —2mid(p* — m?). (15.21)

Then the spectral function ensures the mass-shell condition.
Using Eq. (15.21) and the identity

S(a* — 1) = 5 B 1) + 8 = ).
Eq. (15.19) reads

G(p; L) = Go(p) + vB(p'; L1)[Go(p) — G5 (p)),
where
G _ -1
o(p) = m

and

o0

—i 1
vp(P L) = fr, (ph) =) e P

1=1
The subscript B in v%(p', 3) is to emphasize the boson nature of the field. As a
final result we find

4
Gla =y L) = [ gz ™ Goo) +2 0" L) Golw) ~ Goml). (15:22

where
Go(p) — G5 (p) = 2mid(p* — m*) = —A(p).

One basic and important result in this representation is that the content of the flat
space is given in a separated term involving only G (p), while the topological effect
is present in the term with v%(p!, L1), describing the effect of compactification.
This feature will play an important role in calculating Casimir effect.

15.1.2 Compactification of time dimension

In quantum field theory at finite temperature we have the KMS condition, that for
boson operators, reads

(Au(t)Bu(t'))s = (Bu(t)Au(t +iB))s.
An immediate consequence of the KMS condition is that the Green function is also
periodic, i.e.
Gz —y; 8) = Gz — y —ifino; B), (15.23)

where ng is a time-like vector given by (nf) = (1,0,0,0). With a Wick rotation,
such that ¢ — i7, the KMS condition assures that G(x — y, ) is a solution of the
Euclidian Klein-Gordon equation with [ = — (92 + V) under the periodic boundary
condition, with period .
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As a result of the periodicity, the Fourier representation for G(z, 8) is written
as

e~ Pn(—y)
G 15.24
(x - Z / e (15.24)

n=—oo

with p, = (p%,p*, p?, p?), and p?l = 27n/( being the Matsubara frequency. There-
fore, the effect of temperature introduced by the Matsubara formalism corresponds
to taking the 7 = 0 Euclidian theory written in a topology S' x R3, where the
circumference S' has perimeter 3. This is the content of the KMS condition. There-
fore, the integral Fourier representation of G(x — y;3) is calculated following the
same steps used for the compactification of one-space dimension, using the energy
spectral function given by [60, 243]

A(p) = Go(po +ie, P) — Go(po — i€, P).
The final result is

e ) = [ e G (15.25)
where
Go(p; B) = Go(p) + vE (po; B)[Go(p) — G5 ()]
= Go(p) + 2mivE(po; B)d(p* — m?) (15.26)
and
%(po; B8 Z —nhlpol — ﬁ = n(B). (15.27)

15.1.3 Compactification of space and time

We consider now the topology I'7 = S! x S! x R2, treating a boson field in two
compactified dimensions in the directions 2" and x!. This is equivalent to imposing
on the Green function periodic boundary conditions along two directions. In the x'-
axis, the compactification is in a circumference of length Li; and in the Euclidian
x0-axis, the compactification is in a circumference of length 3. In this case, the

series-integral Fourier expansion of the Green function is

G(r —y;8,L1) = L Z Z

= n=-—oo
< [ dpadpe PGB L, (1529
where
Pt = (00, 01,97 P%),
with
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and
-1

G(pui; B, L1) = oy (15.29)

In order to find the integral Fourier representation of G(x —y; 8; L1), we proceed
by first treating the sum in I. We write Eq. (15.28) as

Gz —y: 8, L) = Z Gz —y; Ly), (15.30)

n=—oo

where

Gn(r —y; L1) = /dpzdp36 Pu @Y G (pp; Ly).

(2m)2 L_

l=—00

Therefore, following the same steps as for the case of G(x — y; L1), we obtain

1 _
Gl — i L) = —— / dpydpadpse= ™ C(pn, L),
(2m)3
where

G(pn, L1) = Golpn) +v5(p", L1)[Go(pn) — G5 (pn)] -

Using this result in Eq. (15.30), and following the steps for the case of time con-
finement, we derive

4 . —
Gz —vy;8,L1) = / (;iﬂ])l e~ @G (p; Ly)

+0%(po; B)[G(p; L) — G (p: L1)]},

that can be written as

4
Gz —y;08,L1) = / (;iﬂ_];l e e LGy (p)

+v%(po, p1; B, L1)[Go(p) — G5 (p)]},

where

v (Ko, ki; B, L) = 0B (po; B) + v (p1; Ln) + 205 (po; B)vE (p1; Ln), (15.31)
Observe that
UQB(k07 6) = Lhm UQB(kOa kla ﬂa Ll)a
1—00
vp(kii La) = lim oj(ko, kii B, L),
The same procedure can be carried out for fermion fields. In this case, we impose
anti-periodic boundary conditions for fields and Green functions. Physically, these
conditions mean that, for the time axis, we reproduce the KMS boundary conditions,

and so the compactification describes the temperature. For the space components,
anti-periodicity for fermions is equivalent to the bag-model boundary conditions,
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stating that fermion currents do not cross the bag boundary. This condition is
convenient to treat phenomenological or effective models for quark confinement.
Taking the topology S' x S! x R2, the result after compactifications is

d* .
S(x—y;8,L1) = / (27:)34 e~ PE=) L5, (p)
+U%‘(p05pl; ﬂa Ll)[SO(p) - Sg(p)]}7
where
vF(po, p1; B; L) = vE(po; B) + v (p1; L) + 207 (po; B)v(p1; L), (15.32)

with v%(po; 8) and vZ4(p1; L1) given by

oo

_ 1
’Ui“(po;ﬁ) = Z(_l)l0+le folpo = 1 + eBro
lo=1
i . 1
vE(p1; L1) = Z(—l)llﬂeﬂllhp :
11=1

Again it is important to note that
’U%(po, ﬁ) = lim v%‘(p@apl;ﬁa Ll)a
Li—o0
vh(p1; L) = 51LH;OU%(p0,p1;ﬂ,L1)-

Explicitly we have

o0

v*(po, p1; B, L1) = Z(—l)lﬁle*ﬁpolo + Z(_l)lﬂrleﬂ'hplll

lo=1 1=1

+2 Z (_1)lo+l1+26—5polo—iL1;Dlll. (15.33)

lo,l1=1

15.1.4 Compactification in d-dimensions

The results derived for bosons and fermions in two compactified dimensions can
be generalized to a D-dimensional manifold and the topology ', = S! x ... x
Ste x RP=4. To treat this general case, we distinguish the time variable and take
d =1+ N, N being the number of compactified space coordinates. Then writing
a = (ap,a1,az,...,ay), for the set of compactification parameters, and k) =
(ko, ..., kn), we obtain

bose) = 3= 3 (T o)) 2

sl{(,rS n=1

% Z (_5)54—275:1 loy eXp{—ZOéojloj ko'j}7 (1534)

Loy reorlog =1 =1
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where f(a;) = 0 for a;j = 0, f(a;) = 1 otherwise and {0} denotes the set of all
combinations with s elements, {01, 09,...05}, of the first N + 1 natural numbers
{0,1,2,..., N}, that is all subsets containing s elements, which we choose to write
in an ordered form, o1 < 09 < -+ < 0. Here vg(k(a),a) stands for both boson
(¢ = —1) and fermion (£ = +1) fields.

The Green function for bosons and fermions are, respectively, given by

4
Glx —yia) = / Th ikt (G (k) +

(2m)
v (kas @)[Go (k) — G5 (K)]}, (15.35)
and
4
S(x—y;a) = / (;lwl; e‘ik(z_y){So(k) +
i (ka; @)[So (k) — S5 (k)]}- (15.36)

Since there is no risk of confusion, we are using the notation:
v2 (k(a); @) = v% (ko @),
03 (k(ay; @) = v (kas ).

These results are similar to the case of the TFD propagator. This points to the way
to construct a field theory in a topology I'Y,.

15.2 Generalized Bogoliubov transformation

Since the structure of G(z — y;«) is similar to the propagator in quantum field
theory for bosons at finite temperature, we use vg(kq; @) to introduce a Bogoliubov
transformation following the algebraic rules of TFD. Define u(kq;a) by

U2 (ko; @) — 0% (ks @) = 1,
and

ulka; @) —v(ka; )

B(ky; o) = . 15.
(ka; ) (—v(ka;a) u(kq; @) (15.37)

We have dropped the subscript of B for simplicity. We write a doubled Green

function as

d*k

(2m)*

G (o= yia) = [ e M) G ki), (15.38)

where

GeP (ks @) = B (ka; a) G (k) BT ™) (ko ),

()= (4 )

with
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In terms of components we have

GiM (k@) = Go(k) + 12 (ka; a)[Go(k) — G (k)] (15.39)
Go’ (ks a) = Gil(k; ) = v(ka; a)u(ka; a)[Go(k) — Gg(k)], (15.40)
G2 (ks ) = =G (k) — v*(kas; @)[Go (k) — G5 (k). (15.41)

This Green function is a generalization of the TFD Green function, since here
v2(kq, ) describes space and time compactification. Therefore the doubled struc-
ture of TFD is used to introduce the canonical form of G (x — y;a) in terms of
quantum fields. The doubling is defined by the tilde conjugations rules.

In order to introduce the unitary transformation equivalent to the matrix B, a
new parametrization is defined in terms of the parameter 6(ky; ) as

u(kqo; @) = cosh8(kq; @),
v(kq; ) = sinh O(kq; ).
Using 6(k,; @), the Bogoliubov transformation applied to all modes is written in

the form

U(e)

Il Il
@D
— 2
= il
N ——
g
L o
- —~
Pl
Q
Q
N—
IS]
pir
—
o~
SN—
IS
il
—~
B
S—
I
Q
—~
)
S~—
Q
—~
N
=
——

(15.42)

where
Ul(ko; @) = exp{0(ka; a)[a’ (k)a' (k) — a(k)a(k)]}.

The k in the sum and the product of the above equation is to be taken in the
continuum limit. Since U(«) has the same form as in the case of standard TFD,
all results derived for fields follow along the same lines. We show here only some
results, in order to emphasize the d-compactification and that there is no need of
Gibbs ensemble in the analysis.

Using the boson creation and annihilation operators, a'(k) and a(k), we intro-
duce the a-operators by

a(k; ) = Ul(ky; a)a(k)U ™ (ka; @)
= u(ka; a)a(k) — v(ky; @) @l (k).
The inverse is
a(k) = u(ka; @)ak; @) + v(ka; @) a (k; @),

such that the other operators a'(k), @(k) and a'(k) can be obtained by applying the
hermitian or the tilde conjugation rules. Commutation relations for modes read,

[a(k; @), a (K5 a)] = (27)32kod (k — K'), (15.43)

[a(k;a),al (K5 )] = (27)32kod (k — k), (15.44)

with all other commutation relations being zero.
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The Hilbert space is constructed from the a-vacuum, |0(a)) = U(a)|0,0), where
10,0) = ®|0,0), and |0,0) is the vacuum for the mode k. The a-vacuum is such
k

that
a(k; @)[0(e)) = a(k; @)|0(a)) = 0
and (0(c)|0(«)) = 1. The basis vectors are given in the form
[a (ks )]™ -+ [a! (kags @)] ™ @l (ka5 @)™ - - [a" (ks )] [0()),  (15.45)

where n;,m; =0,1,2, ..., with N and M being indices for an arbitrary mode.
Considering one mode for simplicity, we write |0(«)) in terms of u(«) and v(«),

(@) = = expl halal]j0.0)

u(a)
(e
—u@;(u@) I, ) (15.46)

gt (S

Zpiifln i

which is, for arbitrary compactification, the counterpart of TFD. As a consequence,
the average of an observable A, a non-tilde operator, is given by

- (zéz%)z“-

Notice that this result is a generalization of TFD in the sense that if we consider, as
an example, S! x R3, compactified in the time axis, then p = e /Z, where H is
the Hamiltonian for the free boson system and Z(3) = u?(3) . In the next section
we use the Bogoliubov transformation in order to introduce a-dependent fields.

Defining

we write

where the matrix p is

15.3 Field theory

We define for bosons
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Using a Bogoliubov transformation for each of the infinite modes, we have
3k 1 . ,
o(x; ) = /WT]% [a(k; @)e™*® 4 aT(k; a)et*?)
and

_ 3
o) = [ g (ko)™ +l (ksa)e ).

Let us calculate the propagator, using the a-vacuum. The a-propagator for real
scalar field, as calculated in the last section, is given by

Gz —y; o) = =i(0(e) | T[p(2)$(y)]|0()). (15.47)

Following standard TFD calculations, we obtain

Gz —y;a) = / (;ZW]; e FEVG(k; a), (15.48)
where
G(k; ) = Go(k) + v*(ka; a)[Go (k) — G5 (k)] (15.49)

as in Eq. (15.35).
We can also show that G(x — y; «) can be calculated by using the a-field oper-
ators, that is,

Gz —y;a) = _i<67 0|T[¢($, a)o(y, a)] ‘07 6>

This is a motivation to write this field theory in terms of a-field operators; that is,
the Lagrangian density for the Klein-Gordon field giving rise to the a-propagator is

£=£-L = L0,0(x;0)0"6(r;0) — Lm®6(x50)

5 Oub(; )03 0) + 5 ;).

Similar structures can be introduced for the compactification of fermion fields.
In this case, the Lagrangian density of the Dirac field is

£= S0 a)h 10 —ml(s;a)

—S(@ia)[=y" i 9 —mli(wia),

where 7* = (y7)f. In this expression, the fields 1 (z; ) and i(x, «) are expanded
in modes by

wIS

HMN HMN

bc(ka; a)u (k)e ™ + df (ka; a)o' (k)e™],

- [
e = [

wIS

5®MMW@%E”“+&%MMT@kaL
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As a consequence of anti-commutation relations for these fields, we obtain
3 ko

{bc(kas @) bL (ks @)} = {dc(a; @), dL (ks @)} = (2m)*23(k = K')dcr,
{Beha; @) BL (K, )} = {4 @)L (KL )} = (2m)* 2250k ~ K)o

with all other anti-commutation relations being zero.
The Bogoliubov transformation is
U(a) = exp ) {0 (ka; )b (k)BT (k) — b(k)b(k)]
k
+0a(ka; @)[dT (k)d" (k) — d(k)d(k)]}
= [ Us(ka; )Ua(kas ),
k
with

Us(k; @) = exp{6s(ka; o) [bT (k)b (k) — b(k)b(K)]},
Ua(k; o) = exp{0a(ka; a)[d' (k)d' (k) — d(k)d(k)]},
where 6, and 6, are defined by

cos Oy (ka; ) = vp(ka; ),
cos Og(ka; @) = vi(ka; ),

while vy(kq; o) and vq(kq; ) are given in Eq. (15.34), with & = +1. In the case of
the compactification of the time axis, we have
1
205 . 3) —
o (koi A) = Hrm—my 1

1
2 . _
Ud(kOaﬂ) - eﬂ(wk'hud) ¥+ 1)

up and pg being the chemical potentials for particles and anti-particles, respec-
tively, and vy(k; 3) and vq(k; 8) fulfilling the relations: vZ(k; 3) + ui(k; 8) = 1 and
v3(k; B) + uZ(k; 3) = 1. The Bogoliubov transformation in the form of 2 x 2 matrix
for particles (b) and anti-particles (d) is

up,d(ka; ) vbd(ka; ) )

15.50
—Vb,d(ka; @) up,a(ka; ) ( )

By q(ko; ) = (

The Hilbert space is built from the a-vacuum, |0(c)) = U(«)|0, 0), where

10,0) = X)[0, 0}
k

and |0, ﬁ)k is the vacuum for the mode k considering particles and anti-particles.

The a-vacuum is such that
b(ka; @)|0(c)) = b(ka; @)[0(a)) =
d(ka; a)|0(a))

Il
IS
—~
x5
8.
Q
-
o
—~
Q
S—
=

Il
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and (0(«)|0(a)) = 1. Basis vectors are given in the form
[bF (kras @)™ - [dF (karas )] [bF (kras @)™ - - [d (kyvas @)] ™ [0(a),

where now n;,m; =0, 1.
The fermion a-operators are written in terms of non a-operators by

b(ka; @) = U(a)b(k)U () = U(k, a)b(k)U " (k, o)
= wp(ka; )b(k) — vy (ke Q)b (k),

d(k; o) = U()d(k)U " (@) = U(ka; @)d(k)U " (ka; )
= ug(ka; @)d(k) — vg(ka; @)d' (k).

The inverse formulas are

p(ko; @)b(ka; @) 4 vp(ka; a)b (ks @),

ua(ka; @)d(ka; @) + va(ka; @)d' (kas ).

Here each operator, b or d, carries a spin index that is suppressed.
The a-Green function for the Dirac field is defined by

S(z —y;a) = —i{0()| T ()1 (1)]]0(e)), (15.51)
resulting in Eq. (15.36).

15.4 Feynman rules

We have presented a formalism to consider the quantum field theory in a flat mani-
fold with topology (S')% x RP~4, such that the fields and the Green functions fulfill
periodic (bosons) or antiperiodic(fermions) boundary conditions. The result of the
topological analysis is a generalization of thermofield dynamics and the Matsubara
formalism. Let us collect the main results, emphasizing the Feynman rules.

(i) a-fields

In this case we have the generalization of TFD but using the same algebraic meth-
ods. That is the Hilbert space of TFD, Hrp, is denoted by H,, to emphasize that we
have a generalized (a-dependent) Bogoliubov transformation acting on the doubled
Hilbert space H ® 7-(, giving rise to a theory of compactified field in a topology
(S1)? x RP~4. Interacting fields in TFD theory are described by exploring the
algebraic properties of the Bogoliubov transformation. Hence for a-fields the per-
turbative theory is the same as for TFD. Considering the (1, 1)-component for the
generating function, the diagrams are the same as for the a = 0 (flat space) theory.
The Feynman rules are defined by taking the o = 0 (flat space) theory and substi-
tuting the a-dependent n-point functions. For the Klein-Gordon field, for instance,
the Feynman rules in momentum space are obtained by the substitution

Go(p) = Go(p; ).
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(ii) Generalized Matsubara formalism
In the case of the imaginary-time (Matsubara) formalism, the perturbative theory is
the same as for the o = 0 (flat space) theory. The Feynman rules in the momentum
space are modified by taking, for each compactified dimension, the integrals in
momentum space replaced by sums as

i 1 &
Jo-z %
with
27Tli
e .=
Di Di; Li )
for bosons, and
27 (l; + %)
bi — pi,;, = Ta

for fermions.

In the above rules, i runs over the compactified dimensions.

Finally it is important to clarify the meaning of the Bogoliubov transformation.
Since it is used to define the a-vacuum, |0(«)), this state can be interpreted as
a condensate for the observable operators. This is the case since a|0(a)) # 0. In
this language, the a(a) and a'() are the annihilation and creation operators of
quasi-particles. The pair that gives rise to the quasi-particles are the operator a
and @, since, for instance in the case of bosons we have a(a) = u(a)a — v(a)a’. In
terms of these quasi-particles, the field operator ¢(z; «) leads to the Green function
Gz —y;a) = —i(0,0|T[¢(x, a)p(y, a)]|0,0). As a consequence, the effect of com-
pactification in the topology I'Y, is described by a process of condensation of the
field in vacuum.

In the following chapters, we use this approach to study the Casimir effect,
superconducting systems in compactified space dimensions and the Gross-Neveu
model. In these applications, the effect of space as well as time compactification
plays a dominant role.



Chapter 16

Casimir Effect for the
Electromagnetic Field

The Casimir effect [237] was discovered while studying vacuum fluctuations of the
electromagnetic field confined between two conductor plates with separation a, de-
fined by the Dirichlet boundary conditions. The effect was an attractive force
between the plates given by the negative pressure P = —72/240a*. It has been gen-
eralized to different fields defined in space-time manifolds with non-trivial topologies
and geometries [238-242, 244-263, 98, 264-266]. The Casimir force was measured
with a precision of few percents [251, 267, 268] only at the end of 1990’s; raising
interest, in particular, in the context of microelectronics and nanotechnologies as a
practical tool for switching devices [269]. The Casimir force is strictly a quantum
effect, in fact an effect from the vacuum, that has manifestation at the level of
mesoscopic systems.

The effect of temperature was first studied by Lifshitz [270, 271] who presented
an alternative derivation for the Casimir force, including an analysis of the dielec-
tric material between the plates. Actually, the effect of temperature on the in-
teraction between the conducting parallel plates may be significant for separations
greater than 3um [272]. Brown and Maclay [273] treated the effect of tempera-
ture using the imaginary time-formalism and the image-method, deriving expres-
sions for the energy-momentum tensor for the electromagnetic field. As a result
the Casimir effect appears from the propagator by summing an infinite set of im-
ages [241, 273].

In this chapter we address the Casimir effect using the method of compactified
fields based on the generalized Bogoliubov transformation. Two points are worth
emphasizing. The calculations are carried out in a covariant way presenting the
propagator with a separation of the flat space contribution and the effect of com-
pactification. For practical purposes, these aspects are interesting when associated
with the renormalization scheme. As a physical consequence, due to the Bogoliubov
transformation, the Casimir effect is interpreted as a vacuum condensation effect
of the electromagnetic field. For convenience the presentation is carried out in the
canonical formalism.

279
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16.1 The vacuum state of the electromagnetic field

The Lagrangian density for the free electromagnetic field is
L= —iF’“’F v
where
F,, =0,A, —0,A,.
The vector potential, A,, satisfies the equation
(¢"vO—0"0v)A,(z) =0.

Let us discuss briefly the quantization of the electromagnetic field in the canonical
formalism, using the Coulomb gauge.
The momentum conjugate to A, is

oL
3(50141”)’

=

resulting in 7 = 0 and 7 = 9°A% — 9°A°. We can get consistency working in
the Coulomb gauge, with A° = 0 and V - A = 0; imposing a constraint among
the three components of A. It follows that 7 = 9°A and the equation of motion
reads A, (x) = 0. In this gauge, as we do not keep the Lorentz covariance, it is
convenient to take the Fourier series of A and 7 , that is

ik-x _(A) ()
Vzek 6k)QI(( t)a

where ef:‘) are three unit vectors. The 3-momentum density is then

1 .
7(x,t) = v Z e’k xel(j‘)po‘) (1),

kA

where pf:‘) (t) = 60q(’\) (t). The Hermicity of the field implies that

A) (A A) (A A) (A A) (A
A = 4700, 6P = A o).

The vectors 68) are assumed to form an orthonormal basis, that is, e(’\) 51(< )= = 0\,

and due to the gauge, el((’\) -k = 0. We specify the notation for the index A in the
relations above, by defining:

k
61(3\),/\ =1,2 GS) = m,

where 61((3) is the longitudinal direction for the propagation of A(x,t). Therefore,

A(x,t) is in the plane defined by the two polarization vectors, ef(l) and 61((2). This is

the polarization plane, which is perpendicular to the propagation direction 61((3).
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Keeping in mind these results, the non-null commutation relations are defined

by
1
V2
The second term in this relation ensures that there is no photon with longitudinal

[Ai(x,t),wj(x’,t)] 22[5” 88]5(X—X) (161)

polarization. In terms of ql(:‘) (t) and p(A)( t), the non-null commutation relations
read

[0 (8,907 ()] = ibaxdice- (16.2)

With these operators, the energy of the electromagnetic field is written as

Hzl/d?’x(wQ—kA-VQA)
2 14

1 A A A
=52 (pfc Tp) + wiglMgg )) :
KA

where we have used w? = k2. The Hamiltonian describes a collection of quantum
oscillators. Then we introduce the operator

/1
ag\): §wk< ()\)—F—k ()‘)>.

From Eq. (16.2) we derive

A
[aﬁ ),al((/ )T] = OOk K,
showing that afc )( t) and afc,ﬁ are the annihilation and the creation operators of
photons with momentum k and polarization A.
The Hamiltonian reads

1
H=> wp(np + ) (16.3)
Kk,

where n} k = afj‘”af{)‘) is the number operator. In this expression, the term indepen-

dent of nk,
vac Z Wk,

corresponds to the energy of the fundamental state, being called the vacuum energy
(observe that we have summed over the two polarization states). When the theory
is formulated in the flat, without boundary, space-time, this energy provides an
infinite contribution to the average of H in the vacuum state. In this case, as
proved by Takahashi [274] for massive particles, the term H,q. is subtracted out
by imposition of the Lorentz symmetry; then we perform the normal ordering. The
same procedure is assumed valid for non-massive particles, as is the case of photons.
The physical consequence is that, in flat space-time, the vacuum state energy is
zero, as a consequence of symmetry. The situation is more involved, however, with
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non-trivial space-times, considering boundary conditions, non-trivial geometries or
topologies, etc. In this case, the Takahashi theorem does not work anymore. Since
the back-ground manifold for the theory has changed, there are implications in the
energy spectrum, resulting in particular, to modifications in the ground state. The
analysis of this change is possible if we compare the non-trivial case with the field in
the flat-space time. For instance, we can calculate the difference of energy in both
cases. The result is measurable, at least for the electromagnetic field, and is called
the Casimir effect. We develop this analysis starting with the energy-momentum
tensor for the electromagnetic field considering the field in the topology I'},.
For the electromagnetic field, the energy-momentum tensor operator is

TH (@) = () Py (2) + 19 Fa(2) P ()

In order to get physical quantities, we have to calculate the expectation value of
the operator T#* in the vacuum state. This is not possible due to the product of
field operators at the same point on the space-time. However, it is accomplished by
relating the vacuum average of T#*(z) to the Green function. For that we split the
operator TH* as

T"z) = lim T [—F‘“’(x)FAl,(x') + ig“)‘F””(x)F,,p(x')]

rz—z!

= $IEI;’ [—}"’“’7)‘ Sz, a') + %g“)‘f””’ Vp(x,x')} , (16.4)
where T is the time order operator and
FHrre (g a') = T[FM (x)F (2))]
= FM (2)F*(2)0(xo — xf) + F*(z')F* (2)0(x) — x0).
Consider
M0(zo — () = nbd(zo — ),
where nj, is the u-component of the time-like vector ng = (1,0,0,0), and the com-
mutation relation, Eq. (16.1), to calculate F***?(x,2'). The result is
Frve (g o) = THAPeB (2 0T [Aq(2), Ag(2))
—nhd(xo — xp) [N (2, 2")
+nyd(zo — x)) 1M (x, 1),
where
DR (1, af) = (g0 — g0 ) (g0 — ")
and
1" (2, a') = [A*(2), FA (2)]
[A%(2), 9™ A ()] — [AF(x), 0" AP (a")]
= inf(g"* + V20106 (x — x)
—ind(g" + V2019)5(x — x').
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Using Eq. (16.4), we obtain
T () = — lim {AMP (3, 'T[Ay(2), As(s')]

1
+2i(nhny — Zg‘“’)é(x —a'), (16.5)
where

1
af A ATYp,
AHVaB — i . af _ Zgu Ve o aB

The vacuum expectation value of TH*(z) is

(T#(2)) = (O[T (2)|0) = ~i lim Tz, ) Go(x — ')

1
+2(n"n” = 79")o(@ — )},
where
1
v v, P v v
' (z,2') =T" o2 PR =2(0"0" — Zg“ 8’”8;).
We have used
iDag(x — 2') = (0|T[Aq(x)Ag(2)]|0)
= gaﬁGO($ - (E/),
with
1 1
A2 (v —2')? —dg
The interaction of the electromagnetic field with matter is described in some
cases by imposing boundary conditions on the fields. For example, in the case of
matter being a perfect conducting wall, the boundary conditions over the fields are

n'Fr, =0, (16.6)

Go(z —2')

where F' ;U = €uvapl’ 2B is the dual of F,, and n” is a space-like vector orthogonal
to the plane of the wall. This is equivalent to stating that n-B =0and n x E =0,
where B and E are the magnetic and electric fields, respectively. Otherwise, for
permeable walls, the boundary conditions are

n"F, =0; (16.7)

which, in terms of the electric and the magnetic fields, read n-E =0 and nx B = 0.

We now turn our attention to calculate the energy-momentum tensor for a-
dependent fields. Following the tilde conjugation rules, the doubled operator de-
scribing the energy-momentum tensor of the electromagnetic field is [275]

a a(a a 1 ab af(a
THMab) () = — prelab) () pAGab) () ZgMFga>(a;)F Blab) (), (16.8)

where the indices a,b = 1,2 are defined according to the doubled notation, and

ab a b
Fla?) = 0, AL — 9, A,
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The doubled free photon propagator is given by
. ab ~ a ~
i) (x — a') = (0,0|T[A% () Ab ()]0, 0)
= gapG™ (x — '), (16.9)

where the non-zero components of Géab) (x —2’) are

1 ik(z—z’ ab

@WWﬂ:(%@_£®Q=<ﬁ?F%>-

In the configuration space, we have

(667 —)) = (GO(xo_ " —G{;(g - :c')> |

The vacuum average of the energy-momentum tensor

(Tr @)y = (0, 0|7 (*?|0, 0)

Gy (@ — ') =

with

reads

<T“V(ab)> = —i lim {I‘“l’(%x/)Gé‘lb) (x — x/)

r—x’

1
+2(nkng — Zg‘“’)d(;v — /)0,

In terms of the a-dependent fields, we introduce the tensor
(T (25 ) = (0,0|T# M) (z; [0, 0)
= (0(e)| T ()]0 (),

which is given by

<T”>‘(ab) (x;a)> - lim/{l—w)‘(x,x')G(ab) (2 — :C/;a)

1
+2(nkng — Zg’”‘)(?(x — z/)5ey.

In order to estimate the effect of the topology, characterized by the set of parameters
«, we denote, with some regularization procedure, a finite energy-momentum tensor

TN (3;) = (TP ;) — (T (2). (16.10)

This is the central definition here and describes a renormalization procedure to
obtain a finite expression describing measurable physical quantities. Explicitly we
have
THMa) (1) = —i lim {I‘“)‘(x,x’)a(ab) (x —2'50a)}, (16.11)
r—x’/

where

—(ab)

Gz —2"0) =Gz -1 a) —Géab)(a:—x’).
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In the Fourier representation we get

G(ab) (33 _ JI/; OZ) — (2 keik(z_z’)G(ab) (k, Oé),

where
G (k;a) = B, " (a)GEY (k) B ()

the components of G(()ab)(k; «) are

—(22)

6(11)(16; a) =G
6(12)

(ks a) = vi (@) [Go (k) — G5 (k)]
(k; ) = GV (k; ) = vp(k, a)[1 + v (k, o)V 2 (G (k) — Go(k)].

The generalized Bogoliubov transformation is

N+1
(ka,a 225 1Z<Hfagn>

s=1
o0
x Y exp{—zagjlgjkgj}, (16.12)
Loy yenslog=1 j=1
where a = (a9, a1, a2, ...,ay). We denote, without risk of confusion, v?(a) =

v%(kq; ). This leads to the general case of (N + 1)-dimensions, considering v (),
we obtain

N+1 e’}
Eél(x—x a) = lim 225 IZ<Hfagn)> Z
ol = n=1 loyseslog=
x |Gy(2' —x—zanjagjngngJ)
j=1
—Go(x—x'—ianjagjlgjngj) , (16.13)
j=1

where 75, = +1, if 0; = 0, and 7,, = —1 for 0; = 1,2,..., N. To get the physical
case of finite temperature and spatial confinement, « has to be taken as a positive
real number while «,,, for n = 1,2, ..., N, must be pure imaginary of the form iL,,;
in these cases, one finds that o? = .

As a basic application, let us calculate the Stefan-Boltzmann radiation formula,
by taking the (3+1)-Minkowski space, and one compactified dimension. The ther-

mal effects appears by taking o = (8, 0,0,0), such that

v2(B) = i e~ Phol (16.14)
=1
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AsC (@ —as8) = Gtz — 2';8) — Go(z — 2'), we have
/d4keik(wfz')G(ll)(k;ﬁ)

—_

6(11)(95 —2';8) =

(2m)*

e R W SRR e )

=1

= 22 Go(z — 2’ —ifjng).

j=1
The average of the energy-momentum tensor operator at finite temperature in the
vacuum is

(T (25 3)) = (0,07 (z; 3)]0, 0)
— lim/{l—wu(x, xl)G(ab) (z —2'; B)

r—x

This leads to
T () = —; {P“”(x,x’)@ll(x - f’;ﬁ)}

rz—z’

2 = g —dnfny -2 » 0y
— __QZ - = 1 (9" — dngng) (16.15)
T~ (8l) 4503
where we have used the Riemann zeta function ((4) = Y2, 17* = 7*/90. As

expected,

B(T) = T®0(8) = —n
which gives the correct energy-density of the photon gas at temperature 7', the
Stefan-Boltzmann law.

In the more general situation of 4-dimensional space-time (corresponding to

2T4,

. . —11 . .
N = 3), using the explicit form of G (z — z’; &), we obtain the renormalized a-
dependent energy-momentum tensor

T;w(ll)(a) — i lim {ij(%x/)aél(x _ x/;a)}

4 s
2 s—1
2y 3 (I e
s=1 {o’s} n=1
0o g#”
X S
! 2:1 52110, (00, 16, )2
g1y os

_ 2 Ej,rzl (1+ No ;Mo ) (O‘Gj lUj ), 1o, )ngj nZT
[Z;:1 No; (aoj lo'j )2]3

In the following we analyze the space and the time compactifications.

] . (16.16)
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16.2 The Casimir effect

In this section we derive the Casimir effect at zero and non-zero temperature. We
proceed with the same prescription for the energy-momentum tensor but with a
proper definition of the parameter « for different options.

16.2.1 Casimir effect at zero temperature

Taking a = (0,0,0,4L), corresponding to confinement along the z-axis, we have

o0

vR(L) =) et (16.17)

=1
Using this vZ, and 5(1)1(95 —2';L) =Gtz — 2'; L) — Go(z — 2'), we get

Gy (¢ —a';L) = Y [Gi(a’ —a — Ling) — Go(z — 2’ — Lin)] (16.18)
=1
where n3 = (nf) = (0,0,0,1). For this case, we obtain

2

v g,uV +4n ny ™ v v
Tr D (L) — ﬂz T = —pa9" +angns), (16.19)

The Casimir energy and pressure for the electromagnetic field under periodic bound-
ary conditions are, respectively,

2
_ 7700(11) ___T
B(L) = T (L) = -2
T33(11) i
P(L) = (L)——15L4.
e 2| .. . .
0 a L a3

Fig. 16.1 Periodicity in 23, with period L, and images for the electromagnetic field between two
plates separated by a distance a = L/2. The images correspond to an even number of reflections
on the walls.

These expressions correspond to the Casimir effect for the electromagnetic field
in the topology I'} = S xR where S! correspond to the compactification of z3-axis
in a circumference of length L. However, if we take L = 2a in the Green functions
that we have used, this corresponds to the contribution of even images used by
Brown and Maclay to calculate the Casimir effect [273]. The even images are defined
by the even number of reflections of the electromagnetic field in a region limited
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by two conducting plates separated by a distance a; that is, the field propagates
from 2’ to x reflecting on the walls an even number of times. These even images
correspond also to a periodic function with period L = 2a, as it is shown in Fig. 16.1
Brown and Maclay proved that the odd images, i.e. the images generated by an odd
number of reflections, do not contribute to the energy-momentum tensor. Notice
that, with L we have an equivalent Stefan-Boltzmann law in the direction 23, i.e. we
have a symmetry by the change L = 2a < (3, basically as a result of the topology
S!, where the theory is written for each case. This symmetry has been analyzed in
different ways [260-263]. The basic observation is that when we consider symmetric
boundary conditions on the two plates, these imply periodicity in the direction 23,
normal to the plates, with period L = 2a. The fields move unconstrained in the
two transverse directions, obeying the symmetry L = 2a < . Using then L = 2a,
the Casimir energy and pressure for the electromagnetic field between two parallel
conducting plates, separated by a distance a, is
2

Ela) = 70001 () — __T

(@ (@) =~
733(11) m’

Pla) = () = = 510a1 -

The negative sign shows that the Casimir force between the plates is attractive.

16.2.2 Casimir effect at non-zero temperature

Assume that the electromagnetic field satisfies Dirichlet boundary conditions on
parallel planes, corresponding to conducting plates, normal to the x3-direction, at
finite temperature. This case corresponds to the choice a = (3,0, 0,42a), resulting
in

» gt —4n ng = g“ + 4nkn¥
T ) =~ {3 i, 57 ot

S (Blo)lg — dnn] + (2L lg + ks
> (3102 + (2aly P

The Casimir energy (7 00(11)) and pressure (733(11) are given respectively by

2

o 3(Blo)* — (2al3)*
B ’a)_Fﬁ‘l 720a4 w2 Z [(Blo)2 + (2al3)?]3’ (16.20)

PBa) =Ty 8 i [(610)2_3(2‘”3)2 (16.21)

1557 240a7 T w2 £ [(Blo)? + (2als)?P

The first two terms of these expressions reproduce the black-body radiation and the
Casimir contributions for the energy and the pressure, separately. The last term
represents the interplay between the two effects [241, 273].
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Notice that the positive black-body contributions for E and P dominate in the
high-temperature limit, while the energy and the pressure are negative for low T
The critical curve 8, = xga, for the transition from negative to positive values of P,
is determined by searching for the value of the ratio x = /a for which the pressure
vanishes; this value, xgq, is the solution of the transcendental equation

721 > - 3 2n)
1534 772 Z n)2]3 =0,
given, numerically, by xo ~ 1.15.

Define functions f(£) and g(€), with £ = x =t = a/3 [273],

1N (2)*
1= "5 2 e + PP

and

s(§) = _d_gf(f)

€52
N Fj; [(206)% + (5)7*
The renormalized energy-momentum tensor reads

TR0 (5, a) = =2 F(E)(g" + Anfnk) + oo (n® + nk)s(6).

5 33
The energy density, E(3,a) = 701 (3, a), is then written as
1
B(.0) = 216 + &(6)

As this is a thermodynamical expression, the function f(£) describes the free energy
density for photons and s(§) is the entropy density.

For the case of a cubic box of edge a at finite temperature, using Eq. (16.16)
with a = (0, i2a,12a,i2a), we have for the pressure

P(B,a) = T®W(8,a) = g(x) = (16.22)

where y = g and the function g(y) is given by

1 2 _12n?
g(x) = ) Ce + + Z 212+4n2 +4 Z 212—|—4n2
> x212+4(n — 3r?)

+38 Z +16 )

X212 44 n2 +7r2))? X212 + 4(n? + 12)]?

lin,r= 1

oo

X212 +4(n? + 1?2 — 3¢%)
16
* Z X212 +4(n? + 12+ ¢2)]?

l,n,r,qg=1
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with
1 & 1 I & 1 i
Ce=— 5 + = 5 — =0— ~ 0.00737. 16.23
4121 [12 + n?)? + 6“;1 [12+n?+r22 720 ( )
The pressure is always positive: for T' — 0,
Ce 1
33(11 _ Le
e =

For T — oo, the pressure in Eq. (16.22) is dominated by the term ~ T=%. A plot
of the Casimir pressure as a function of 7" and «a is presented in Fig. 16.2.

T
i
‘\‘\\\\\

{7
AN QIR “‘0‘0::'40
S ‘::‘:::o‘.’.’." 2
3

Fig. 16.2 Casimir pressure for the electromagnetic field in a cubic box under Dirichlet boundary
conditions.

16.3 Casimir-Boyer model

Next we consider the Casimir-Boyer model [276, 277], corresponding to a mixed
case of plates: one conducting plate at 3 = 0 and the other one, a permeable
plate, at 3 = d. This is equivalent to taking a twisted boundary condition for the
electromagnetic field [275]; corresponding to an anti-periodic boundary condition
on the electromagnetic field in the topology S!. In order to have a Green function
satisfying these conditions, we consider @ = (3,0,0,i2a), (ny) = (1,0,0,0) and
(n§) =(0,0,0,1). Then we have

0 (ko ki Bra) = Y el T (1)l ek s
l[):l 13:1

+2 Y (—1)laeProlo—izakls (16.24)

lo,l3=1
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and we find

6(”)@ —2';8,a) =

_ 1 4y, jik(z—z")
= @ /d ke
xv?(ko, k1 B,a) [Go(k) + Go(k)]

Using this result in Eq. (16.11) we find the energy-momentum tensor

[tk E Y 5,0

oo

v(11 9“ - 4"0"0 = 159" +dngng
I3=1

1y (0P Lg = nfnt] + L1y g™+ dnf)
i Z [(510)2 + (2als) 7P

Observe that for the term a — oo, the component 7°°01(3) is the black-body
radiation term, and for 3 — oo (T' — 0), we have the energy E(a) = 70 (q),

7 w2
E(a) = 373000

which is the Casimir energy for the Casimir-Boyer model [276, 275]. This expression
is —7/8 of the Casimir energy for plates of the same material. The force, in this
case, is repulsive.

Using £ = a/f , we introduce

f = — 1 S I3 (25)4
@) 42%7132:0/( " e+ @
and
g(f)z—d—ff(f)
AR NN & A
RS lo,l3Z:O'( ) [(2138)2 + (10)?]*

where the notation 0’ is to indicate that the term lg = I3 = 0 is excluded from the
sum. We obtain

703, 0) = %f(g)(g’“’ +4nfnf) + (ngng + ngny)s(E).

5 3a3
The energy density F(3,a) = 701 (5, a) is written as
B(B, ) = ;7€) + £5(6)]

The function f(¢) is the free energy density for photons and 5(¢) is the entropy
density.
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From these applications, we observe that, the method based on the Bogoliubov
transformation for compactified space-time regions provides an effective way to
study the Casimir effect in different topologies. From a physical point of view,
in addition, the Casimir effect is interpreted as a process of condensation of the
electromagnetic field. The quasi-particles are described (for an arbitrary mode) by

ale) = u(a)a — v(a)al
a'(a) = u(a)a’ —v(a)a,

with af(a),af(a), a(a) and a(«) fulfilling the canonical algebra of the creation and
destruction operators, that is [a(a), af(a)] = [a(a), @' (a)] = 1. From these operators
a vacuum state |0(«)) is defined, such that a(«)|0(«)) = 0. Therefore, regarding
the operators a and a, the state |0(a)) describes a condensate, as is the case for
the temperature. The result is that, in the vacuum state we have

(0(@atal0(a)) = (0,0]a’ (a)a(a)|0,0) # 0.

This represents a modification of the energy spectrum in the vacuum, resulting in the
Casimir effect. To derive a finite and measurable result, a renormalization procedure
has to be introduced. Here we take the difference of the energy-momentum tensor in
the topology FdD and the energy-momentum tensor written in the empty space-time.
The result is the physical tensor 7 («).

With these calculations, we observe the following facts. Since the energy for
the empty space is not part of the Casimir energy, such a term is not included
in the present calculations. Therefore, problems of renormalization, that plagues
other methods, are not a part of the consideration here. Only the Casimir energy
is calculated directly. The basic ingredient for this behavior is that the generalized
Bogoliubov transformation separates the Green function into two parts. One is
associated with the empty space-time; the other describes properties of the com-
pactification. This fact represents a natural ease in the calculation of 7 («), the
renormalized energy, and hence the Casimir effect. As a final observation, in order
to study the Casimir force in real media, we have to use €(x, 3) (not eg = 1), the
dielectric permittivity in the Drude model, for example [251].



Chapter 17

Casimir Effect for Fermions

The Casimir effect for a fermion field is of interest in considering, for instance, the
structure of proton in particle physics. In particular, in the phenomenological MIT
bag model [279], quarks are assumed to be confined in a small space region, of the
order of 1.0 fm, in such a way that there is no fermionic current outside that region.
The fermion field fulfills the bag model boundary conditions. The Casimir effect
in such a small region is important to define the process of deconfinement. This
may appear in heavy ion collisions at Relativistic Heavy Ion Collider (RHIC) or
at Large Hadron Collider (LHC), giving rise to the quark-gluon plasma. For the
quark field, the problem of the Casimir effect has been quite often addressed by
considering the case of two parallel plates [259-263, 280, 281], although there are
some calculations involving spherical geometries [241].

As first demonstrated by Johnson [282], for plates, the fermionic Casimir force is
attractive as in the case of the electromagnetic field. On the other hand, depending
on the geometry of confinement, the nature of the Casimir force can change. This
is the case, for instance, for a spherical cavity and for the Casimir-Boyer model,
using mixed boundary conditions for the electromagnetic field, such that the force
is repulsive. [98, 264-266, 275-277]. Therefore, the analysis considering fermions
in a topology of type I‘dD is of interest. We analyze the energy-momentum tensor for
the Casimir effect of a fermion field in a d-dimensional box at finite temperature.
As a particular case the Casimir energy and pressure for the field confined in a
3-dimensional parallelepiped box are calculated. It is found that the attractive or
repulsive nature of the Casimir pressure on opposite faces changes depending on
the relative magnitude of the edges. We also determine the temperature at which
the Casimir pressure in a cubic box changes sign and estimate its value when the
edge of the cube is of the order of the confining length for baryons. At the end
we use these results to perform calculations for estimating the Casimir energy for
a non-interacting massless QCD model.

293
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17.1 Casimir effect in '}

In order to treat the case of fermions, we follow in general the same prescription,
developed for the electromagnetic field, to derive the physical (renormalized) energy-
momentum tensor. The energy-momentum tensor for a massless fermionic field is

T (z) = lim (0li)(2")y"0" ) (x)[0)
= lim v*9"S(x — z')
= —4i lim 99" Go(x — '), (17.1)

where

S(z —a') = —i(0|T [y (x)(2")]|0)

and Go(x — ') is the propagator of the free massless bosonic field. With T#*(z), we
introduce the confined a-dependent energy-momentum tensor 7 #*(ab) (z; ) defined
by

TH) (35 0) = (T (3;0)) — (T (1)), (172)

where TH(@) (2 o) is a function of the field operators (z; a), {/)v(a:, Q).

Using
, S(x —a 0
S(Gb)($—$)2< ( 0 )§(x—m’)>’

with S(z — 2') = —=S*(2/ — x), we have

T (1;0) = —4i lim 90" |G (x — 2’5 0) — Gy (x — a)], (17.3)

corresponding to changing in Eq. (17.1), S(® (z — ') by S(z —’). The 2 x 2 Green
functions G,(f}b) (x — 2';a) and G,(f}b) (x — ') are

ab 1 ab —ik-(z—2a'
Gy (w—a') = @) /d4k G (k) emthla=e),

where

a Go(k) O
i = (" catn)

Observe that, G((f}b) (k) is different from G{*” (k) for bosons by a sign in the compo-

nent G(()ZQ)(I@). The a—counterpart is

G(ab)(x -2’5 a) kE Gy ab) k; o) e_““'(z_"”l), (17.4)

of

with

ab —1(ac cd
G (k@) = B~ (k; )G (k) B (k; ),
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where B,iab)(oz) is the Bogoliubov transformation for fermions
(B(ab)(k, a)) _ (uk(a) —Uk(Oé)) .
’ vk(a) u(a)

Explicitly, the components of Géab)(k; «) are given by

Goj (ks a) = Go(k) + vi(a)[Gg (k) — Go(k)],

G} (ks ) = Gi' (ks a) = v(@)[1 — v} ()] /*[G5 (k) — Go(k)),

G (ks a) = Gy(k) + vi(@)[Go(k) — Gg (k)]
The physical quantities are derived from the component G} (k; «). Therefore, the
physical a-tensor is given by the component 71 (z; o).

Let us consider a = (3,0, 0,0). In this case v (8) is defined through the fermion
number distribution function,

e*ﬁko/2
vE(8) = =
We write it as
vp(B) =D (=) te oty (17.5)

1=1
leading to the thermal Green function,

Goy(k; B) = Go(k) + Y _(=1)" Tt RIGG (k) — Go(k)).
=1
Using this result in Eq. (17.4), we have
Gop(z —a's8) = Golw — ') + Y (1)
=1

X[G(x — x +iflng) — Go(x — 2" — iBIno)],

where (nf)) = no = (1,0,0,0). Therefore, the renormalized tensor, given by
Eq. (17.2), is
TN (8) = —4i lim (1) 1oro"

1=1
X[G(x' — x +iflng) — Go(x — 2’ — iBIno)].
Performing the covariant derivatives, this expression reads
4 & g — 4nkny
T (B) = = (-1) [70 0} : (17.6)
LS [
Well known results for thermal fermionic fields can be derived from this tensor.
For instance, the internal energy is given by E(T) = 7001 (3), that is,

2
Ty

B(T) = 5= T, (17.7)
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where we have used the Riemann alternating zeta function

= 1 7t
s(4) = Z(‘DlH A= 70 (17.8)
=1

As another application, we derive the Casimir effect at zero temperature. For
parallel plates perpendicular to the z3-direction and separated by a distance a,
instead of Eq. (17.5), we take a = i2a, we write

oo

vi(a) =) (~1)temi2aksl (17.9)

=1

and use n3 = (n§) = (0,0,0, 1), a space-like vector. As a consequence, we derive

y g +4dngn
TH 11) = Z [T”] , (17.10)

resulting in the Casimir energy and pressure given, respectively, by

T2 1

— q00(11) () — T & 17.11

E(a) =T a) = — o955 oo (17.11)
T2 1

Pla) — T30 (g) — 17.12

(@) (@)= =560 at (17-12)

It is to be noticed that the choice of a as a pure imaginary number is required
in order to obtain the spatial confinement, while the factor 2 is needed to ensure
antiperiodic boundary conditions on the propagator and the bag model boundary
conditions. In the next section we extend this procedure to the case where multi-
ple compactifications of (imaginary) time and spatial coordinates are implemented
simultaneously .

17.2 Compactification in higher dimensions

We calculate the Casimir effect for massless fermions in a topology I'% ;; i.e. within
a d-dimensional box at finite temperature. We consider the (1 + N)-dimensional
Minkowski space with v(a) given by
N oo
vi(a) = (=)' flay) expliaglik;}
§=01;=1

+ ) 2 () flar) Yo (D)X expliagliky + ionlike} + -

=
N [e%S)
=1

j<r=0 Ui,y

oo

N
+2 f(ao) flar) - flan) Y (—)NHE exp{i » _ ailiki},

lo,l1,...,In=1 =0
(17.13)
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where o = (v, 1, 2, ..., an), f(a;) =0 for a; =0 and f(c;) = 1 otherwise. This
expression leads to the simultaneous compactification of any d (1 < d < N + 1)
dimensions corresponding to the non-null parameters o; , with o corresponding to
the time coordinate and «,, ( n =1, ..., N) referring to the spatial ones.

A more compact expression for v () is

N+1 s
B =3 21 3 (H f<a%>)

s=1 {gs} n=1

XY (Rl exp{= Y o lo kot (17.14)
l

loyselog=1 Jj=1

where {04} denotes the set of all combinations with s elements, {01, 02, ...05}, of the
first N 4 1 natural numbers {0, 1,2, ..., N}, that is all subsets containing s elements,
which we choose to write in an ordered form with o1 < 03 < --- < g,. Using this
vi(a) the (1,1)-component of the a-dependent Green function in the momentum
space becomes

N+1 s
Gy (ko) = Go(k) + > 2271 Y (H f(ag,J)
s=1 {o’s} n=1
x Y (F1)tRmter exp{i Y ao,lo ko, } (GG (K) — Go(k)].

Loy reonrlog =1 =1

Taking the inverse Fourier transform of this expression and defining the vectors
no = (1,0,0,0,...), n1 = (0,1,0,0,...),..., ny = (0,0,0,...,1), in the (1 + N)-
dimensional Minkowski space, written in the the contravariant coordinates, the
energy-momentum tensor is

N+1 s oo
CLCEED SERD W (| FIR) B S SR
Loy .

s=1 {os} \n=1 leg=1

s

X 90" lm | Gy(a — 2+ Lo 00,lo;n0,)

' —x -
Jj=1

- Go(m - x/ - Zfoj adj lo'jno'j) 3 (1715)

j=1

where §,, = +1,if 0; =0, and §,;, = —1 for o; = 1,2,..., N.

In order to get the physical conditions of finite temperature and spatial confine-
ment, ap has to be taken as a positive real number while «,,, for n = 1,2, ..., N,
must be pure imaginary of the form i2a, ; in these cases, one finds that o> = a3.

J
Considering such choices for the parameters «; and using the explicit form of Go(x)
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for the 4-dimensional space-time (corresponding to N = 3), we obtain
4 4 s

v(11

CAICEEED SERD o §1 T)

s=1 {o‘s} n=1

3 : 1
x N -
Loy Zl:% [ijl &Tj (aoj laj)2]2

v 2 Zj7r:1(1 + &0, 80 ) (00, o, ) (0, lg'r‘)n'u Ng,.
X |9 - s 2
Zj:l é-o'j (aoj lG’j)

(17.16)

It is important to observe that the results given by Egs. (17.6) and (17.10) are
particular cases of the energy-momentum tensor given by Eq. (17.16), correspond-
ing to a = (,0,0,0) and o = (0,0,0,42a) respectively. Another important aspect
is that ’T“”(ll)(a) is traceless, as it should be. To obtain the physical meaning
of T’“’(ll)(a), we have to analyze particular cases. Thus we rederive, first, some
known results considering N = 3. Let us emphasize that Eq. (17.14) is the gener-
alization of the Bogoliubov transformation, compatible with the generalizations of
the Matsubara formalism, for the case of fermions.

17.3 Casimir effect for two plates

The particular case of two parallel plates at zero temperature has already been
analyzed. For this case, taking o = (0,0,0,72a), Eq. (17.16) reduces to Eq. (17.10)
and the standard Casimir effect is recovered. Let us then consider two parallel
plates at finite temperature. Then both time and space compactification need to
be considered; this is carried out by taking a = (3,0,0,42a) in Eq. (17.16), where
B~ = T is the temperature and a is the distance between plates perpendicular to
the x3-axis. Therefore we find,

T#u(ll)(67 a) = i {i (_1)l0 [9“"(;1371%5] n i (_1)l3 [g"" + 4”5”5]

2 1
T 1071 ) ls=1 (2als)

. l0+l3 (Blo)?[g" — dngng]
? l; [(Blo)? + (2als)"]
(2al3)*[g" + 4”5”5]] }
[(Blo)? + (2al3)?]?

Using the summation in Eq. (17.8), the Casimir energy F(3,a) = 701 (3, a)
is given by

o0

2 2 (9al)?
E(@a)_?w 1 T 1 8 Z (—1)lo+s [?(510) (2al3)

T 60 B4 2880t n2? Blo)? + (2al3)2]3

lo,l3=1
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Taking the limit a — oo, this energy reduces to the Stefan-Boltzmann term given
in Eq. (17.7), while making 8 — oo one regains the Casimir effect for two plates
at zero temperature presented in Eq. (17.11). The third term, which stands for
the correction due to temperature and spatial compactification, remains finite as
[ — 0 and, as expected, the high temperature limit is dominated by the positive
contribution of the Stefan-Boltzmann term.

The Casimir pressure, P(3,a) = T3 (8, a), is similarly obtained as

R G| R Lot (Blo)? — 3(2als)?
P(67 0,) = @ @ - % E + F logzl(—l) + [(510)2 n (2a13)2]3 . (1717)

It is to be noted that for low temperatures (large ) the pressure is negative but,
as the temperature increases, a transition to positive values happens. It is possible
to determine the critical curve of this transition, 8. = xoa, by searching for a value
of the ratio x = /a for which the pressure vanishes; this value, xo, is the solution
of the transcendental equation

2 1 2 2—32 2
o 7T2Z Hn ) =0,

I 2= QP+ PP

given, numerically, by xo ~ 1.38177.

In the following sections we shall discuss situations in which the field is com-
pactified in more than one space directions. We start by describing the Casimir
effect for the massless fermion field in a rectangular waveguide, that is, considering
compactification of two space directions, then we include temperature.

17.4 Casimir effect for a waveguide

The situation of a rectangular waveguide is defined here by considering the confine-
ment along the z2- and the x3-axis. Then the Casimir effect at zero temperature is
obtained from Eq. (17.16) by taking o = (0,0, i2a2, 12a3), that is

1 > [¢"Y + 4nknk] > [g"Y + 4nknk)]

v(11 _ Iy 2o ls 3713

T (4, a3) = —{ E (1) @) + E (1) AR
I3=1

—~ 1)+ (azl2)?[g" + 4nyng] + (asls)?[g" + dnfnk]

2 Z ) [ [(a2l2)? + (asls)?]?
4(azlz)(asls)[nhng + nfnk]

i [(azl2)? + (a3?23)2]33 ] } : (17.18)

Making use of Eq. (17.8), the Casimir energy, E(az,a3) = 7°°011) (ag,a3), is given
by

l2,l3=1

E (1 Dl 17.19
(ag,ag) T m (a_% + CL_) 7T2 Z CL2l2 a313)2]2’ ( ’ )
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while the Casimir pressure , P.(L2, L3) = 733(11)(L2, Ls), reads

2 (3 1 - (azl2)? — 3(asls)?
P - _ = = i E —1)letis . (17.2
(az,43) 2880 <a§ a‘z‘) " 2m? 1—1( ) [(az2l2)? + (asls)?]? (17.20)
2,3=

a, the Casimir energy and the Casimir
reduce, respectively, to

For a square waveguide, as = ag
pressure (in this case, 73301 — 722(11)

G\ 1
E(a) = (1 w0ts 2) e (17.21)
P(a) = T G (17.22)
D=7 \1aa0 T 22 ) o '
where the constant Cs is given by

— (=t
Co = L ~.19368.
AR

We find that F and P for a square waveguide behave, as functions of a , in the
same way as in the case of two parallel plates, both being negative, but with the
energy decreasing (increasing in absolute value) and the pressure increasing (smaller
absolute value) in the waveguide case as compared with the case of two plates.

On the other hand, if the case ag # as is considered, although F remains negative
whatever the ratio & = as/az is, it is clear from Eq. (17.20) that the sign of the
Casimir pressure depends heavily on the relative magnitude of a5 and as. In fact, a
transition from negative to positive pressure is observed as £ is increased; this feature
is presented in Fig. 17.1 where we plot P = 73311 for some rectangular waveguides
(characterized by different values of £) as a function of a (= az). These plots indicate
the existence of a specific value of the ratio &, &y, for which the Casimir pressure
vanishes identically. This value is the solution of the transcendental equation

T (3 W 2 —3(En)?
i (1) 13 XV G

which is given, numerically, by &y ~ 1.44742; all rectangular waveguides with the

ratio between as and ay equal to & have null Casimir pressure P = 73311,

It is important to note that a similar reasoning applies to 7 221D (ay, a3), which
is obtained from 733(!)) by exchanging as < as. So the force on the faces of the
wage-guide perpendicular to the z2-direction will also change from attractive to
repulsive if the ratio as/az = ¢! increases, passing by the value &;. It is clear that
73301 and 72201 will never be simultaneously positive; in fact, both are negative
for 551 < & < & but they have opposite signs whenever £ > &y or £ < 551. It is
also worth mentioning that, in a sense, this transition is similar to the transition
from negative to positive pressures for two plates as the temperature is increased;
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-3t

Fig. 17.1 The Casimir pressure, P = 733(11) | for some rectangular waveguides, as a function of a
(= a2): the full and the dashed lines below the horizontal axis correspond to £ = 0.8 and £ = 1.2,
respectively; the dashed and the full lines above the horizontal axis refer to £ = 1.5 and £ = 2.0,

respectively.

the effect in both cases arises from the compactification of a second space-time

coordinate.

In order to incorporate the effect of temperature in the waveguide, we consider
Eq. (17.16) with « = (3,0, 42a2,42a3). Then the Casimir energy becomes

E(67a’25a3) =

w1 Trt (1 L L
60 5% 2830 \ad '

8 « lotts 3(Blo)? — (2a212)?
4+ = -1 otl2

7 2 N T Raaka) T

lo,la=1

8 w— o115 3(Blo)? — (2asl3)*
t 2 OV G+ G P

lo7l3:1
1 > (_1)l2+l3
B ﬁ l2.lZg:1 [(a212)2 + (a313)2]2

16 lottatts 3(Blo)? — (2a2l2)? — (2a3l3)?
_ F Z (_1) +l2+ [(510)2 + (20.212)2 + (2@3[3)2]37

(17.23)
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while the Casimir pressure, P = 73311 is given by
2 1 T2 3 1
P = —— = — _— = —
(8:a2,03) = 35 57 ~ 2880 <a§ a;*)

8 & o+l (Blo)? — 3(2asl3)*
t 2 U G G P

lo,ls=1
i 0 ( 1)lo+12
Y2 Tt Gl T

R 2415 (a2l2)® — 3(aals)?
To3 > (e [(a2l2)? + (asls)?]?

la,l3=1

oo

16 o+la+ls (Blo)? + (2a2l2)? — 3(2asl3)?
Z (—1)lo+artl [(Blo)? + (2asls)? + (2a3ls) 2"

(17.24)

lo,l2,l3=1

For simplicity, we concentrate on the problem of a square waveguide at finite
temperature. As in the two-plate case, the Casimir energy changes sign from neg-
ative to positive values with increasing temperature, as expected since the Stefan-
Boltzmann term dominates all others as § — 0. Let us then look at the Casimir
pressure P = 73310 (= 722(11)) " Taking ay = a3 = a and defining x = 3/a,
Eq. (17.24) is written as

P(x,L) =g(x) % (17.25)

where

TI80 x4 1440 272

8§ n (X)) = 3(2n)°
R DA e

l,n=1
l+n
2 lnz1 —)2]2
16§ i (XD%+ (2n)2 — 3(2r)?
s ln;rzl(_l)H ' [(x])2 + (2n)2 + (2r)2]3" (17.26)

As for two plates, in a square waveguide the Casimir pressure changes sign from
negative to positive values as the temperature increases, the transition point given
by the value of x, X0, such that g(xo) = 0. Numerically it is found that xo =~
1.50448, and so the critical curve is given by 6. = xoa. In the general case,
as # ag, increasing the temperature tends to make all diagonal components of
T positive.
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17.5 Casimir effect for a box

The fermion field is confined in a 3-dimensional closed box having the form of
a rectangular parallelepiped with faces a;, as and asz. At zero temperature,
the physical energy-momentum tensor is obtained from Eq. (17.16) by taking
a = (0,42a1,12a2,12a3). The Casimir energy is then given by

e 1 1 1
E(al,ag,ag) = — M <a—411 + CL_% + —4>

as
1 e (_1)l1+l2
2n? Z [(a111)? + (azl2)?]?
l1,l2:1
L& (bt
on? 2 [(a1l1)? + (asls)?]?
l1,l3=1
1S (s
on? Z [(a2l2)? + (asl3)?]?
l2,l3=1
1 e (_1)l1+l2+l3
T3 , 17.27
T, lzl:,l [(a1l1)? + (azl2)? + (asl3)?]? ( )
1,62,L3=
and the Casimir pressure, P = 73311 reads
2 (3 1 1
P - (2 _ - _ =
(@1,a2,a3) 2830 (ag a% a%)
n i (_qyas (@1)” — 3(asls)”
2> [(a1l1)? + (asl3)?]3
l1,l3=1
1 o —1)hatle
T o Z ( 2 ) 212
2m? [(a111)? + (a2l2)?]
ll,l2:1
1 < (agl2)? — 3(asls)?
4+ — -1 la+13
22 lz_l( ) [(a2l2)? + (asls)?]?
2,l3=
-5 i (—1)h et (a111)? + (agly)® — 3(asly)*
n? 11,02, l5=1 [(@1l1)? + (az2l2)? + (asls)?]?
1,02,t3=
(17.28)

For a cubic box (a1 = a2 = ag = a), the Casimir energy and pressure, respec-

tively, become

771’2 302 - C3 1
E@—‘@@+fﬁf>ﬁ




304 Thermal Quantum Field Theory: Algebraic Aspects and Applications

where the constant Cs is given by

oo (_1)l+n+r
Cs = —— ~ —(0.06314
’ znzq;zl (12 +n?+1r2)2 ’

and the constant C; = 0.1937 was given earlier. In this case one has 73311 =
722011 — 710D Tt is clear that both energy and pressure in cubic boxes behave
similarly to the cases of two parallel plates and of square waveguides. In Fig. 17.2
the Casimir pressure for all these symmetrical cases is plotted, for comparison. It
is curious that, in the natural units, the Casimir pressure is three times the energy
for parallel plates, they are equal in a square waveguide, while in a cubic box,
P(a) = E(a)/3.

Fig. 17.2 The Casimir pressure, P, for two parallel plates separated by a distance L (full line);
for a square waveguide with transversal section of edge L (dashed line); and for a cubic box of
edge L (dotted line).

Changing the relative magnitude of the edges of the parallelepiped box leads
to similar effects as in the case of the rectangular waveguide. For example, taking
a1 = as = a and defining ¢ = as/a, one can show that P(a,&) = T3 (q,¢)
vanishes for £ = £y ~ 1.68433, being negative for £ < &y and positive for £ > .
However, as in the case of the waveguide, 72211 (= 71111 ip the present situation)
will be negative whenever 73311 > 0.

To treat the effect of temperature in the case of a box, all four coordinates in the
Minkowski space have to be compactified by considering o = (3, i2a1, 12a2,i2a3)
in Eq. (17.16). This amounts to the addition to Eqs. (17.27) and (17.28) terms
involving 8 and the distances a; like those appearing in Eqs. (17.23) and ( 17.24).
In the simpler case of a cubic box at finite temperature, the expressions for the
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Casimir energy and pressure are

Tn? 1 w2 C\ 1 24 & » 33212 — 4a’n?
B(B,0) = ( ) (1

B0 5 \oe0 T zr) @it 2 OV R g

_4_8 i (_1)l+n+r 3ﬂ212 — 4a2(n2 + T2)
2 [6212 —|—4a2(n2 —|—T2)]3

ln,r=1
9 = 212 _ 4q2(n2 2 2
432 3 ()i 362 2 (Z i )3, (17.29)
T (8212 + 4a2(n? + 12 4 ¢?)]
1 )% 1 T C 16 o= (=1)4H"
P = — —_— B —_ P — ]
(@) =733 150 33 <2880 + 67r2) T I;I D32 + 4n?]?
8 «— o X2 =120 16 (—1)ttntr
+_22(_1)l+ 272 23__22 272 2 2112
T A= [x212 + 4n?] 0 “”:1[)(1 + 4(n? 4+ r?)]

32 i (1)t X21? + 4(n? — 3r?)
NP+ A7 T )P

ln,r=1
32 & . X212 +4(n? +r? — 3¢?)
— —1)HAntrte 17.30
e 2 VT e e T

where xy = /L and the constant C is defined by

C= 362 - 2C3
B [e%s) (_1)l+n e o] (_1)l+n+r N
=32 v 2 X @R =007 (73D

l,n=1 ln,r=1

The plot of P, as a function of the temperature (' = $~!) and of the size
of the cube edge (L), is shown in Fig. 17.3. The Casimir pressure changes sign
from negative to positive values when the ratio x = 3/a passes through the value
Xo =~ 2.00. The critical curves,

T. = 1 , (17.32)
Xo @
for all symmetrical cases analyzed here (parallel plates, square waveguide and cubic
box) appears in Fig. 17.4. It is important to note that the behavior of T, x a , in
all three cases, is very similar, with T, scaling with the inverse of the length a.
Let us present an estimate about of the critical temperature T. = (yoa) ' .
Taking a = 1 we have T, = (xo) ! ~ 0.5. However, a = 1 means, a ~ 1fm, a
length of the order of hadron radius; corresponding to T. = (xoa)~! ~ 100 MeV.
This temperature is of the same order of magnitude as the temperature for the
deconfinement transition for hadrons. Let us analyze this fact in more detail, for a
more realistic model of QCD with massless quarks and gluons.



306 Thermal Quantum Field Theory: Algebraic Aspects and Applications

0.5 1 1.5 2

Fig. 17.4 Critical curves for the transitions from negative to positive Casimir pressure, induced
by the temperature, for: (i) two parallel plates separated by a distance L (full line); (ii) square
waveguide of transversal section of edge L (dashed line); (iii) cubic box of edge L (dotted line).
In all cases, the points below the curves correspond to P. < 0, while above them one has P, > 0.

17.6 Casimir effect for a non-interacting massless QCD

The QCD Lagrangian is given by

L =Y(2)[iDy" — mly(x) — iFm,F‘“’ — %./(6“14;(96))2 + Aj (z)t"J" (z) .

n, = O AL () — 0, Ay (z) + gL A3 (x) AL (x),
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F. = EFlfutr, is the field tensor describing the gluons; t" and ¢™ are, re-
T

spectively, the generators and the structure constants of the gauge group SU(3);
D, = 0, +igAj,(z)t" is the covariant derivative; 1)(x) is the quark field, carrying
flavor and color quantum numbers. e (8" Ay, (x))? is the Gauge fixing
term. We consider an approximation for £ describing a baryon-free massless quark-
gluon plasma, confined in a space-time with topology I'}, where the circumferences
are specified by the set of parameters «. For high temperatures, to zero-order ap-
proximation, the interactions and the quark mass can be discarded. In order to
calculate the Casimir energy and pressure, the results for bosonic and fermionic
fields have to be combined.
The free energy-momentum tensor for the quark field is given by

T4 (r) = in. hm Zd) Yy (2,
= in.ny 1,1m (@) 0"y (a)},
where n. and ny are the number of colors and flavors, respectively, in the SU(3)

non-abelian gauge theory. From T}"(z), we introduce the renormalized tensor
7" (2;0) by

T (;.0) = (TN (@50)) — (TN (), (17.33)

where
<T1$M(ab) ($)> = —i4ncnf ml/lglr 8/V8HG((JI}IJ) (33 - 33/), (1734)
(TP (a50)) = —idneny lim 9O G (x - a'; ). (17.35)

Neglecting self-interaction of gluons, the energy-momentum tensor for the gluon
field is similar as for the electromagnetic field, up to the color number, ng. Then
we have

g;uu(ll)(a) = —ing, l/im {I‘NV(CC7CC/)G(1Jl (x — 5C/§ a)}

2n9 Z 95— 1 Z (H f(aon)>

s=1 {os}
o0
g
X
lﬂ;z‘;_l 2251710 (o Lo, )?)

_ 2 Ej,rzl (1+ No ;Mo ) (O‘Gj lUj ), 1o, )ngj nZT
[Z;:1 No; (aoj lo'j )2]3

] i (17.36)
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and for the quark field

’];‘“’(11)((1) = —i4ncnf8“8”[éll(x —25a)] e

53> (Hfam) DO

sl{g n=1

slog=

g

Xzs—l .
[ [Zj:l Mo (an ldj)Q]Q
2 Z;,r:l(l + 7o 776%)(@01 loj)(aorlor)ngj nZT‘|

D51 1o, (o, o) (17.37)

The energy-momentum tensor for the quark-gluon system, in our approximation, is
11 11 11
7;1;!/( )(a) - qu( )(a) + ’]’gl“’( )(a)'

Considering the case of a cubic box of edge L at finite temperature, we have
a = (B,iL,iL,iL) and the gluon contribution for the Casimir pressure is

Py(B, L) = TPV (B, L) = ny g(x)

74
where
2 = x31? - 3n?
= —1Cy+ 2 R Gt
9(x) 2 90 4+ Z 212+n2 + 121 [\212 + n2)?
= X3P n? - 32
4
* “;1 2l2+n2+r2] 8 lnz;l X212 +n2 +12]3

2l2+n2—|—7“2—3q2

with x = and

> 1 4 & 1 7
— 2 _ _ — — =&~ 0. 2 .
Cy l%::l 12 + n2]2 + 3 § : [24n2+722 90 0.58

l,n,r=1
The pressure of the gluon field is always positive: for T'— 0,

2C, 1

33(11 _
1, ( (L) =ny = o2 LA

for T — oo, the pressure is dominated by the term ngm?T*/45.
For the quark field we have

Py(B,1) = TFOD(8,1) = nens () 75
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where
1 1 = (=1
= —Cr+— 16 —
T =209 5z * lgl 22 + 2]

—3n?

8 l+n

+ lg:l 212—|—n2]
l+n+r

— 16 Z 212—|—n2—|—r2]

l,n,r=1

o0

272 2 2
linar X U2 +n*—3r
—32 Z (=1 212+ n? + 123

l,n,r=1

22+ nZ+12+ P

l,n,r,q=1
with x = and
l+n 16 > -1 l+n4r 7 4
:_82 2+ n2? Z 2( )2 22_iz_5'67
lnll +n 3“”:1[1 +n? +r?] 180

For the quark field the pressure changes sign from negative to positive as the tem-
perature is increased: for T — 0,
P,(8,L) =neny % Ti
for T — oo, the pressure is dominated by the term ~ T, which is positive.
The total Casimir pressure for the system of free, massless, quarks and gluons
is given by

< 0;

P(5,) = neng J(0) + my 900] 75 (17.38)

For high temperatures both parcels give positive contributions to the Casimir pres-
sure, but for low T, there exists a competition between quark and gluon contri-
butions to determine the nature of the pressure, since they have opposite signs.
Considering a hadron specified by two flavors, u and d, each with 3 colors and an
octet of gluons, we have ny = 8, n. = 3 and ny = 2; in this case, the low-1" pressure
is negative and a transition to positive pressure appears by raising the temperature.
The value of x = §/L at which the pressure vanishes, in the case of a cubic box, is
the root of the equation nc.nyf(x) + ngg(x) = 0 which is obtained, numerically, as
Xc ~ 2.66; this leads to the critical curve

T.= "' i .

If we take L ~ 1fm, a length of the order of a hadron radius, one finds T, ~ 75 MeV.
Such an estimative provides a rough idea of the importance of Casimir effect in the
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deconfinement transition for hadrons; this is to be compared with the estimated
temperature, 175 MeV, for the deconfinement of quarks and gluons in lattice QCD.
This points to the fact that we have to analyze the Casimir effect in QCD in more
detail. The Casimir energy may change the deconfining temperature, estimated by
using lattice gauge theory, in production of the quark-gluon plasma RHIC.

We have also to emphasize that, as for the case of the electromagnetic field, for
fermions and non-abelian gauge fields the Casimir effect is also described as an effect
of condensation of the vacuum, due to the use of the Bogoliubov transformation.
These examples show that this method provides an important tool for studies of
this nature, in particular for QCD. However, the case of a topology like S has to
be considered to get a better understanding of the role of the Casimir effect in the
process of confinement and deconfinement of quarks and gluons.



Chapter 18

Compactified Ap* Theory

This chapter is devoted to the compactified Ap* theory, considering its N-
component version. We work in the Euclidian space-time and treat compactified
space and time coordinates with the generalized Matsubara formalism presented
in Chapter 15. At T" = 0 and with only one spatial dimension compactified, we
compare the boundary-dependent renormalized coupling constant for the model
with and without Wick ordering and discuss the breaking of the O(N) symmetry
induced by varying the compactification length. Taking the compactified model
at finite temperature, the spontaneous symmetry breaking is considered and the
equation for the critical curve in the 8 x L plane is derived.

18.1 Compactification of a d-dimensional subspace

Let us consider the N-component, massive, Ap* theory described by the Lagrangian
density,
1 1, u 9

L= 5 M@aauwa + §m PaPa + E(@a@a) ) (181)
in D-dimensional Euclidian space-time, where u is the coupling constant, m is the
mass and summation over repeated flavor index a is assumed. To simplify the
notation, in the following, we drop the flavor index, summation over them be-
ing understood in field products. We consider the system in thermal equilibrium
with a reservoir at temperature 3! and confined to a (d — 1)-dimensional spa-
tial parallelepiped box of sides L;, j = 2,3,...,d. We use Cartesian coordinates
r = (x1,...,24,%), where z is a (D — d)-dimensional vector, with corresponding
momentum k = (kq, ..., kq,q), q being a (D — d)-dimensional vector in momentum
space. Then we use a generalized Matsubara prescription, performing the following
multiple replacements,

“+o0
/d’“ b ST Y | (18.2)

2 Ll ' LZ‘ ’ ’

n;=—00
This generalizes the standard procedure used in finite temperature field theory, as
for instance in [283] We consider the large N limit, in which N — oo, u — 0, with

311
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Nu = )\ fixed.
We start from the well-known expression for the one-loop contribution for the
effective potential for the non-compactified theory, as discussed in Chapter 4,

— SHLTA dPk 1
Ul(%):;( 21 [ ﬂ /(%)D (k% + m?)*’ (18.3)

where m is the physical mass. For the Wick-ordered model, since in this case the
tadpoles are suppressed, it is unnecessary to perform a mass renormalization to

order % in the one-loop approximation, the parameter m in Eq. (18.1) playing in

this case the role of the physical mass.

We introduce dimensionless parameters ¢ = m?/4n?u?, (L;u)? = ai_l, g =
(u/872), (po/1) = ¢o, where g is the normalized vacuum expectation value of
the field (the classical field) and p is a mass scale. In terms of these parameters
and performing the Matsubara replacements Eq. (18.2), the one-loop contribution

to the effective potential is written as,

“+o0
Ui(¢o, a1, ...,a )—u Va adz ¢ Z

x / "% .
(a1n? +- -+ agni +  + q?)*
(18.4)

Using formula Eq. (10.12) to perform the integration over the (D — d) non-
compactified momentum variables, we obtain

- D—d
Ur(¢o, a1, ....aq) = /a1 -—-aq »_ f(D,d, $)g* 85 AG (s — jai, ..., aq),
s=1
(18.5)
where
—1)s+! D—d
D.d,s) = (D*d)/2(7f - 18.
F(D.d,5) = wP=/2 ST = =) (18.6)
and Ai is the Epstein-Hurwitz multivariable zeta function defined by,
“+o0
1
Agz(y;al,...,ad) = Z (a1n + - +agni + )" = =
NnNiye..,Ng=—00
d oo
+2Z Z (ain? +c*)™
=1 nizl

d [eS)
+22 Z Z (ain? + ajn? +)TV 4
i<j=1ln;n;=1
o0
424 Z (an? + -4 agni +c*)~".
N1,...,ng=1

(18.7)
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We proceed by generalizing to several variables the mode-sum regularization pro-
cedure described in [284, 285]. Using the identity,

1 /°°
= — dt tV=te At (18.8)
L'(v) Jo
we get
ACQ(I/a aq) ! /mdtt”*1 —* 1+2iT(t )+
A1y .05 0d) = =75 € 1\t a4
! L) Jo =
d
+22 Z Ts(t, a;, aj) + -+ Qde(t, a,...,aq) |,
ij=1
(18.9)
where
V(¢ az) Z emainit (18.10)
n;=1

Tj(t,a,l,...,aj) :Tj_l(t,al,...,aj_l)Tl(t,aj), ] 22,...,d. (1811)

Considering the property of the function 77,

1 T |1 72
Ti(t,a;) = —= — | = —) 1, 18.12
1(,&) 2+ ait [2+S(azt)] ( 8 )
where
Z -t (18.13)

we find that the surviving terms in Eq. (18.9) are proportional to (aj - --ag)~(1/2),
Therefore,

2 T8 1 d 2
AG (viaq,...,aq) = mr( )/ dt =51 —ct
9 d 2w
142 S 2 —)S5(—
x |1+ Z )+22 > S(ait)S(ajt)

i<j=1

d n’
+2 H S(—)
i=1 v

(18.14)

Using the explicit form of the function S(z) and the representation for Bessel func-
tions of the third kind, K,

2(a/b)? K, (2Vab) = / dx g¥ e~ (@/2) b, (18.15)
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we obtain
Qr— % +17T2V— g

+2ZZ

d.,m

2)(M)d 2v

2

A (v;aq,...,aq) = [2”_‘_1F(

__VK (mLml) =+

2
i=1n;=1 L nz
N m
+2d Z ( )%—u
Nni,...,ng=1 M2 \/L%n% _|_ . Ldnd

K, m\/Llnl 3”3)}
(18.16)

Taking v = s — (D — d)/2 in Eq. (18.16), the one-loop correction to the effective
potential in D dimensions with a compactified d-dimensional subspace is

= D
Ui(¢o,a1,...,aq) = Zusgogsh(D, s) |:2S§2F(S — —)ymP~%

s=1 2
d oo
+Zl Z_l L:r;l __SKD s(mL;n;)

d
+2 Z (B
2,2 2,2
=1n;n;=1 Lini +LJTLJ
XK%_S(m Lfnf—i—L?n?)—i—

o0

m D
+2d 1 Z )778
N, "Ng= 1 \/Llnl Ldnd

2 m\/Llnl Znﬁ)]

(18.17)
with

1 (_1)s+1
9D/2—s=1;D/2-2s SF(S) ’

h(D,s) = (18.18)

where we have recovered the original parameters and eliminated the auxiliary mass
scale p.

18.2 Subtraction scheme

We consider in the following the zero external momentum four-point function, which
will be used to define the coupling constant. The four-point function to leading order
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in 1/N is given by the sum of all diagrams of the type depicted in Fig. 18.1. This
gives

u

(4) =
DY OALY) = T REo Ty

(18.19)

where (D, {L;}) corresponds to the one-loop (bubble) subdiagram in Fig. 18.1.
To obtain an expression for (D, {L;}), we use concurrently dimensional and zeta
function analytic regularizations, to evaluate formally the integral over the contin-
uous momenta and the summation over the Matsubara frequencies. These results
contain terms proportional to I'-functions which are singular for even dimensions.
We subtract them to get finite quantities. To have an uniform procedure in any
dimension, these subtractions are also performed for odd dimension D, where no
poles of I'-functions are present. In what follows this subtraction procedure is called
renormalization, although it is not a perturbative renormalization, and the quanti-
ties obtained are denoted renormalized quantities.

SO0

Fig. 18.1 Typical diagram contributing to the four-point function at leading order in % To each
A

% and for each single bubble a color circulation factor of N.

vertex there is a factor

To proceed, we use the normalization conditions,

86—:2U(D, {L;}) - =m? (18.20)
and

84

a—wU(D, {L:}) - =\ (18.21)

We deduce that formally the single bubble function, (D, {L;}), is obtained from
the coefficient of the fourth power of the field (s = 2) in Eq. (18.17). Such a coef-
ficient is divergent for even dimensions and a renormalization procedure is needed.
Then using Eqgs. (18.21) and (18.17) we can write (D, {L;}) in the form,

X(D,pB,L) =3%1(D) + X2(D,{L;}), (18.22)

where the L;-dependent contribution ¥o(D,{L;}), coming from the second term
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between brackets in Eq. (18.17), is given by

D_o
3 1 2
Yo(D,{L;}) = 5 D7 [;712_1 <L m) K%ﬂ(mLmi) 4
d 72
m
2 Y |
i<j=1ln;n;=1 \/W
kg (T 5 ) £t
2 K2 K2 J ]
[e%s) %—2
m
+ 2d4-1 < )
an  \VELing + -+ Ling

x Kn_, ( NG dng)] (18.23)

The first term between brackets in Eq. (18.17) gives
D
Y1(D) x T(2 — E)mD—‘*. (18.24)

We find that, for even dimensions D > 4, ¥1(D) is divergent, due to the pole of
the I-function. Accordingly this term must be subtracted to give the renormalized
single bubble function X g(D, {L;}),

Yr(D,{Li}) = X2(D,{L;}). (18.25)
It is important to note that (D) does not depend on {L;}. As mentioned before,
the term 31 (D) is also subtracted for odd dimension D also which corresponds to a

finite renormalization. Using properties of Bessel functions, we find from Eq. (18.23)
that, for any dimension D, X z(D, 83, L) satisfies the conditions

Llim ER(D, {Ll}) =0 5 LlimO ER(D, {LZ}) — OQ, (1826)
and Xg(D,{L;}) > 0 for any values of D, and L,.

The L;-dependent renormalized coupling constant Ag(D,{L;}) to the leading
order in 1/N is defined by,

A
NTW (0, {L:}) = Ar(D, {L;}) = . 18.27
The renormalized coupling constant in the absence of boundaries is,
Ar(D) =N lim_ 05 R0,{L:}) =\, (18.28)

where we have used Eq. (18.26). Thus we conclude that we have made a choice
of the renormalization scheme such that the constant A = Nwu introduced in the
Lagrangian corresponds to the physical large N coupling constant in the unbounded
space. Then the L;-dependent renormalized coupling constant is,

A
Ar(D.ALi}) = 1 + ASg(D, {L:})

(18.29)
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18.3 The zero-temperature compactified model

We study in this section the boundary behavior of the mass and the coupling con-
stant when only one spatial dimension is compactified. We consider the cases with
Wick-ordering and without Wick-ordering.

18.3.1 Wick-ordered model

As we mentioned earlier, no mass renormalization is needed if we take the Wick-
ordered model. In the case of only one compactified spatial dimension, particular-
izing Eq. (18.17) for d = 1, L1 = L for d = 1, we obtain from Egs. (18.21) and
(18.25),

D/2—2
} Kp_,(mnL), (18.30)

3 1 = rm
ER(DvL) = 5 (27T)D/2 ; [n_L

which gives the L -dependent renormalized coupling constant,

A
Ar(D,L) = —————F—. 18.31
2D = TS D) (18.31)
An exact result is obtained in dimension D = 3. Using [286],
T

we obtain the coupling constant in the large N limit,

8TmA(e™F —1)
W(D=3,L)= 18.
Ar (D =3,1) 8mm(eml — 1)+ 3\’ (18.33)

where the superscript W is used to indicate explicitly Wick-ordering. A plot of
AW(D =3, L) is given in Fig. 18.2.

18.3.2 The model without Wick-ordering

The effect of suppression of Wick-ordering is that the renormalized mass cannot be
taken as the coefficient m of the term ¢, in the Lagrangian. We must take an
L-corrected physical mass which is obtained from Eq. (18.20). We get,

2 o AN +2) — [mr(L) bt
(D) = + O 2_31[ . ]

Kp_y(mp(L)nL).  (18.34)

To obtain the L-dependent coupling constant the constant mass parameter m should
be replaced in Eq. (18.31) and Eq. (18.30) by the L-corrected mass mp(L) and the
resulting system of equations should be solved with respect to mg(L). Exact closed
expressions are not possible, since it would be equivalent to solving the Dyson-
Schwinger equations exactly.
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m

0.5 1 1.5 2

Fig. 18.2 Renormalized coupling constant (in units of %) for the Wick-ordered model as a func-

tion of the separation between the planes in dimension D = 3. The dashed, full and dotted lines
correspond, respectively, to A/m = 0.2,1.0 and 3.0.

Nevertheless, results can be obtained, both analytic and numerical, for D = 4.
We take an integral representation for the Bessel function [286],

I'(v +

valid for Re(v) > —1 and |arg(z)| < 3. Using this representation, the L-dependent
renormalized mass is

_ ﬁ z v Ooefzt 2 1/7%
()= 5 6) /1 (2 — 1) bat, (18.35)

AN(N +2)

mip(L) = m? + ==L F(D)mp (L)
D—3
y /oo dT < . )2 . 2 1
maryr Mr(L)L | \mp(L)L em—1’

where
1 1 1

C 2D P (P
When D is odd, the power (D — 3)/2 is an integer and Newton binomial theorem
gives an algebraic equation for m%(L). When D is even the expansion of

F(D)

[

yields an infinite power series leading to

[e'S) D—-3-2k

4NN + 2) T

2 2 2k

mp(L) =m* + — E 9(D,k)(mgr(L)L) / dr— (18.37)
NLD 2 =0 mgr(L)L e —1

9(D,k) = F(D)(~1)*Ch_s

2
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and the C’s are the generalized binomial coefficients,

n!
Ch =
T El(n —k)!
For k = 0, the Debye integral is
o " = 1 n n!
T — d — —qTr .n ( — ‘e _ 18.38
(z,n) ; T ;e x (q+q2—|— +q”+1)’ ( )

which is valid for > 0 and n > 1. For k& > D — 3)/2, the exponent of 7 in
Eq. (18.37) becomes negative and the integral is undefined. Then for small values
of L, a generalization to negative odd powers of the argument of the integrand in
the Debye integral can be carried out [245] and the integral has the expansion

o0

o -n B, ui™" 1

J(u,n) :/ dr—— = - > Zal  —Bulnu+aom (18.39)
w em —1 qg'q—n n!

q=0,q9#n

where By, are the Bernoulli numbers and «,, is a constant. Now using this result in

Eq. (18.37) we have, in the small L regime, the following expression

m%(L) =m? + % [A(L, D)+ B(L, D)], (18.40)
where,
k< D2—3
A(L,D) = g(D, k)(mR(L)L)QkI(mR(L)L, D —3-2k) (18.41)
k=0
and
k=00
B(L,D) = Z g(D, k)mR(L)L)%J(mR(L)L7 D — 3 —2k). (18.42)
k>D223

This provides a non-perturbative expression for the L-corrected renormalized mass
in the small L regime, for even dimensional Euclidean space. In arbitrary even
dimensions, for L sufficiently small, the series in Eq. (18.42) can be truncated, giving
an approximate algebraic equation for the L-corrected mass. Use this expression
in Eq. (18.31) gives the L-corrected coupling constant in the small L regime. We
will not perform these manipulations here. Instead, we get some exact results for
D =3.

In dimension D = 3, using Eqgs. (18.32) the sum over n in Eq. (18.34) can be
performed exactly. We obtain a closed transcendental equation for the L-corrected
renormalized mass,

AN +2
m%(L) =m? — % log(1 — e~mr(DE), (18.43)
or, in the large N limit,
A
m%(L) = m? — = log(1 — e~ mr(B)L), (18.44)

L
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Fig. 18.3 Renormalized mass for the non-Wick-ordered model as a function of the spacing L
between the planes in dimension D = 3. The dashed, full and dotted lines correspond, respectively,
to A/m =0.2,1.0 and 3.0.

The large N renormalized mass is plotted as a function of L in Fig. 18.3.
An exact expression for the coupling constant in the large N limit as a function
of the renormalized L-dependent mass is

Ar(D =3,L) = Brmp(L)MNem 2 —1) (18.45)

8rmp(L)(emr(LL — 1) + 3\
In Fig. 18.4 the L-corrected coupling constant for the non-Wick-ordered model in
dimension D = 3, in the same scale used in Fig. 18.2 is presented. Comparison
of the coupling constant for Wick-ordered and without Wick-ordering shows quite
different behaviors. The coupling constant without Wick-ordering slightly decreases
for decreasing values of L until some minimum value and then starts to increase. In
the Wick-ordered model the coupling constant tends monotonically to zero as L goes
to zero. In the non-Wick ordered model it has a non-vanishing value even for very
small values of L. In fact, numerical analysis of the solution of Eq. (18.45) shows
that mp(L)L — 0 and m%(L)L — oo as L — 0 and, therefore, the L-corrected non-
Wick-ordered coupling constant has a non-vanishing value at L = 0. This value is
equal to the free space value A. As a general conclusion it can be said that for the
non-Wick-ordered model the L-dependent renormalized coupling constant departs
slightly to lower values, from the free space coupling constant. Furthermore this
departure is smaller for smaller values of \.

For space dimension D > 2 the correction in L to the squared mass is positive
and the L-dependent squared mass is a monotonically increasing function of %
If we start in the disordered phase with a negative squared mass m?, the model
exhibits spontaneous symmetry breaking of the O(N) symmetry to O(N — 1), but
for a sufficiently small critical value of L the symmetry is restored. The critical
value of L, L. is defined as the value of L for which the inverse squared correlation
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Fig. 18.4 Renormalized coupling constant (in units of %) for the non-Wick ordered model as a
function of the distance between the planes in dimension D = 3.

length, £72(L, ¢o), vanishes in the gap equation,

AN +2) X [ dP Tk 1
NL / (2m)P—1 k2 4+ w2 +£2(L, o)’
(18.46)
where g is different from zero in the ordered phase. In the neighborhood of the
critical point ¢g vanishes and the gap equation reduces to Eq. (18.34). In the small
L regime, we may use an asymptotic formula for small values of the argument of
Bessel functions,

E2(L, o) = m? + 2\p2 +

n=—oo

1 —v
K, (2) ~ 5T() (g) (z~0; Re(r)>0) (18.47)
in Eq. (18.34). Then taking mpr(L) = 0 in the resulting equation, it is not difficult to

obtain the large N critical value of L in the Euclidian space dimension D (D > 2),

(Le)P72 = —4Ai(2[)), (18.48)
where
g(D) = 47:% I‘(g - 1)¢(D - 2), (18.49)

¢(D — 2) being the Riemann zeta function. For D = 3 the zeta function in g(D)
has a pole and a subtraction procedure is needed: we use the Laurent expansion of

<(2)7
C(z):i'F'YO_'Yl(Z_l)'F“', (18.50)

where 79 ~ 0.577 and ~; ~ 0.0728 (the Euler-Mascheroni and the first Stieltjes
constants, respectively). We get the critical value of L in dimension D = 3,

Mo s
(Le) = {537 * (18.51)
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The result above extends to a phase transition driven by a spatial boundary, esti-
mates and numerical simulations for temperature-driven transitions [287, 288].

Taking the Wick-ordering, which eliminates all contributions from the tadpoles,
we decouple in some sense the boundary behavior of the coupling constant from
boundary behavior of the mass. Wick-ordering is a useful and simplifying proce-
dure in applications of the field theory to particle physics, but the same is not
necessarily true in applications of field theory to investigate critical phenomena,
where the contribution from tadpoles are physically significant. As a consequence
of the suppression of Wick-ordering the boundary behavior of the coupling constant
is sensibly modified with respect to the monotonic behavior in the Wick-ordered
case (see comments following Eq. (18.45)).

18.4 The compactified model at finite temperature: spontaneous
symmetry breaking

We consider in this section the non-Wick-ordered model; we get the - and L-
corrected effective potential to one-loop approximation from Eq. (18.17), taking
d =2, with L1 = 3 and Ly = L. Then the renormalized physical mass is obtained
from Eqgs. (18.20) and (18.17),

4ut=Px
2 _ 2
m*(8,L) =m +( 2m)D/2
> m D _ = m D _
x Z(ﬁp 1Kg71(n5m)+21(n—11)2 'Kp_i(nLm)
D
+2 — )3 'Kp_ (my/32n2 + L2n2) |(18.52
Z ﬁ2n1+,;2n2> oy (my/ 5203 + L2n3)|(18.52)

Using Eq. (18.32), we obtain for the physical mass and the renormalized one-loop
diagram, the following expressions

S(D,8,L)(B, L) = < [(™ — 1)1 4 (emF — 1)

8mm

+2 Z emvﬁ%?“z”%], (18.53)

n17n2:1

and

X[ log(l—e ™8 log(1 — e~ ™F
2(5’L):m2+u7|:_ ( ﬁ )_ ( 7 )
Z —m\/ﬂ2712+L2n§
+2
ni,na= 1 \% ﬂ2n + L2

(18.54)
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18.4.1 Mass behavior and critical curve

The critical curve is a curve in the 8 x L plane and is defined by the vanishing of,
£€72(B, L, o), the inverse squared correlation length, in the gap equation,

§72(B, L, o) = m? + Apj

AN +2) >

T ONGL

ni,nag=—0o0

X/ dD72q 1
(2m) P2 q? + (F52)2 + (F2)2 + 67%(8, L, vo)|
(18.55)

where g is different from zero in the ordered phase.

Close to the critical curve, ¢y vanishes and the gap equation at one-loop order
reduces, in the large N limit, to Eq. (18.52). In the neighborhood of criticality,
m? = 0, the asymptotic formula for small values of the argument of Bessel functions,
Eq. (18.47) may be used and Eq. (18.52) becomes,

4= D
2(B,L) ~ m? ri=-1
m*(B,L) =~ m* + (D7 (2 )

X [(5213 + L¥ DY (D - 2) + 2B, (?;g, L)] ,

(18.56)
where ((D — 2) is the Riemann zeta function,
|
(D-2)=)" =3 (18.57)
n=1
and Ey((D — 2)/2; 3, L) is the two-variable Epstein zeta function,
D-2 - 1
B ( —2.5 L) _ . (18.58)
2 m,nz2:1 (8%n7 + L?n3) E

¢(D — 2) has an analytical extension to the whole complex D-plane, having an
unique simple pole of residue 1 at D = 3.

We can also obtain an analytic continuation of the two-variable Epstein zeta
function, writing it in terms of the one-variable Riemann zeta functions plus an
analytic part, if we use the analytic extension of the one-variable Epstein-Hurwitz
zeta function [284, 289,

i _ v 1t VT
(n?+p?)”  2p* 2 T(v)

n=1

X [I‘ <1/ - %) + 4;(7@71)”_%[(1,_%(27@71) . (18.59)
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Using this expression to perform first the summation over ny in Eq. (18.58), we get

D -2 1
E2< 2 ;ﬂ’L> LP= 271121 <n22:1 (n2+L 232n = )

i
__ 11 p- 2)+— E =

2/@D—2
Var 1 S 7w\ 2 3
ezt 2 (G) | ke (aegmm)

n17n2:1

L3D-3

M

=
g L_«D-3)

However, under the interchange § < L this expression is not symmetrical, a sym-
metry that is expected from the definition of the two-variable Epstein zeta function.
In order to preserve the 8 < L symmetry of Eq. (18.58), we adopt a symmetrized
summation and define

D-2 1| & ad 1
Es <—2 §ﬂ,L> =3 lz (Z (ﬁQn%+L2n%)D22>

nl—l ’I’Lz—l

oo o0 1
> (Z (ﬂ?n%w?n%)”zzﬂ B

’I’L2:1 n1:1

where the parentheses indicate that the sums must be performed in this order.
The symmetric analytical extension of the two-variables Epstein function [285]
is then given by

E, <—D2_2§57L) = _i (51312 + LDl2> (D=2

+ﬁr(%)< L] )C(D—3)

4T (B52) \LpP—3 " pLP=3
VT D-3
+ oy 1 ( 8, ) , (18.61)

where the analytic part W5 is

D-3 1 & (am\ 2 3
w(Fer) -1 2 (Gm) - e ()

n1,n2:1

D—-3
j— T n\ 2 L
+3 m%ﬂ (ﬂ_Ln_2> Kps (%Bnm) . (18.62)
This procedure will be generalized for multivariable Epstein zeta functions in Chap-
ter 21.
Then we find that the function Eo((D—2)/2; 3, L) has two simple poles at D = 4
and D = 3. The solution of Eq. (18.56) for mz(8,L) = 0 and m? < 0 defines the
critical curve in dimension D, with D # 4 and D # 3, as

4—D —
it (5 1) [P e 2O - w2 (P )| o

2
(18.63)

m? +
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For D = 4 the generalized zeta function E5 has a pole and for D = 3 both
the Riemann zeta function and E5 have poles. We cannot obtain a critical curve
in dimensions D = 4 and D = 3 by a limiting procedure from Eq. (18.63). For
D = 4, which corresponds to the physically interesting case of the system at T # 0
confined between two parallel planes embedded in a 3-dimensional Euclidean space,
Egs. (18.56) and (18.63) are meaningless. To obtain a critical curve in D = 4, a
regularization procedure is carried out using Eq. (18.50). Then from Eq. (18.61),
we redefine the mass as,

. 1 4\
Jim {mQ + mm] =m?, (18.64)

in terms of which we obtain the critical curve in dimension D = 4,

m? + % (% + %) + g? S AVTWa(2; Be, L) =0, (18.65)
where we have used ¢((2) = 72/6 and I'(1/2) = /7.

We have presented a formalism that accounts for compactification of the Ap*
theory in a d-dimensional subspace. This includes both cases of only spatial coor-
dinates and simultaneous compactification of time and spatial coordinates. In both
cases, equations for the L- and § and L-dependent mass and coupling constant are
derived. A critical value for L in the case d = 1 is obtained and an equation for the
critical curve in the 8 x L plane is derived.

The case of simultaneous compactification of time and spatial coordinates leads
to the study of spontaneous symmetry breaking in a spatially compactified theory.
In fact, consider the system initially at a high enough temperature such that, for a
small enough, but fized, value of L, m%(8, L) > 0. In this case, the potential

V(o) = 5B, 1) + A5, L)' (15.66)

has only one minimum at ¢ = 0. As the temperature is lowered, eventually,
m% (3, L) vanishes. As the temperature is lowered further, m% (3, L) becomes neg-
ative. When this situation is attained the potential has two minima, the original
symmetry is spontaneously broken.
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Chapter 19

Phase Transitions in Confined Systems:
Application to Superconducting Films

The idea of describing thermodynamical phases through classical (in general com-
plex) fields, the order parameters, was first introduced by Landau [290]. The free
energy of a system is written as a functional of the order parameter, ¢(r), and the
equilibrium state is obtained by a variational principle. First- and second-order
phase transitions can be described by choosing an appropriated expansion of the
free energy functional around the critical point.

19.1 Overview

For a second-order phase transition, the free energy [291] is written (in natural
units, i=c=kp =1) as

Flotm) = [ de F(o(x), To(w)). (19.1)
with the free energy density given by
F(6(6), Vo(r)) = (Vo) +a(T) 6] + 2 |o(r)|* (19.2)

where a(T") = a(T'—Tp), Ty being the critical temperature, and b > 0 is independent
of the temperature T'. The truncated expansion Eq. (19.2), is assumed to be correct
near the transition point, where the order parameter is close to zero. In equilibrium,
the order parameter satisfies the equation

V2(r) — a(T)e(r) — blo(r)*é(r) = 0. (19.3)

Neglecting spatial variations of ¢, the possible solutions are ¢g = 0 and ¢3 =
—a(T)/b; the null solution is stable when T" > T, while the other one gives the
true minimum of the free energy for T' < T}y, corresponding to the ordered phase.
The spatial changes of the order parameter ¢(r) are characterized by the Ginzburg-
Landau (GL) coherence length n? = 1/|a(T)|.

In this chapter, our aim is to address the question of second-order phase transi-
tions for systems with compactified dimensions (that is, in films, wires and grains),
using methods of the quantum theory of fields.

327



328 Thermal Quantum Field Theory: Algebraic Aspects and Applications

Under a field theoretical point of view, the Ginzburg-Landau free energy den-
sity in the absence of external fields, Eq. (19.2), can be considered as the Hamil-
tonian density for the Euclidean self-interacting scalar field theory, the A¢* model.
Therefore, we take advantage of this similarity to explore the powerful methods of
quantum field theory to treat fluctuations of the order parameter in the GL model.

A large amount of work has already been done on applications of the Ginzburg-
Landau model to the study of the superconducting transition, both in the single
component and in the N- component versions of the model, using the renormaliza-
tion group approach [292-298]. Questions concerning stability and the existence of
phase transitions may also be raised if one considers field theories in the presence of
spatial boundaries. In particular, an analysis of the renormalization group in finite
size geometries can be found in [133, 299]. These studies have been performed to
take into account boundary effects on scaling laws. The existence of phase tran-
sitions would be in this case associated to some spatial parameters describing the
breaking of translational invariance, for instance the distance L between planes
confining the system. Also in other contexts, the influence of boundaries in the
behavior of systems undergoing transitions have been investigated [300, 301].

Here, we shall take a distinct route, analyzing directly the effects of bound-
aries on the transition. Such confined systems will be modelled by compactifying
spatial dimensions. Compactification will be engendered as a generalization of the
Matsubara (imaginary-time) prescription to account for constraints on the spatial
coordinates. In the original Matsubara formalism, the time is rotated to the imagi-
nary axis, t — i7 where 7 (the Euclidean time) is limited to the interval 0 < 7 < 3,
with 8 = 1/T standing for the inverse temperature. The fields then fulfill periodic
(bosons) or anti-periodic (fermions) boundary conditions and are compactified on
the T-axis in an S'-topology, the circumference of length 3. Such a formalism leads
to the description of a system in thermal equilibrium at the temperature 3~!. Since
in an Euclidean field theory space and time are treated on the same footing, one can
envisage a generalization of the Matsubara approach to any set of spatial coordinates
as well [231, 232, 302, 303] as presented in Chapter 15. In such a case, however,
the interpretation of this prescription is quite different: it provides a general and
practical way to account for systems confined in limited regions of space at finite
temperature. Distinctly, here, we will be concerned with stationary field theories
and shall employ the generalized Matsubara prescription to implement spatial com-
pactification. No imaginary-time compactification will be done, the temperature
will be introduced through the mass parameter in the Hamiltonian.

Let us consider a system described by an N-component bosonic field, ¢, (r) with
a=1,2,...,N, in a D-dimensional Euclidean space, constrained to a d-dimensional
(d < D) parallelepiped box with edges L1, Lo, ..., L, satisfying periodic boundary
conditions on its faces, that is, Va, v, (z; < 0,2) = @.(x; > L;,z). The generating
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functional for correlation functions is

2l = [ Do D

L La
X exp l_/o dxl---/o dxd/dD_dz H(p(r), V(r)| , (19.4)

where H(p(r), Vo(r)) is the Hamiltonian density, r = (x1, ..., z4,2) with z being a
(D — d)-dimensional vector; the corresponding momentum is k = (k1,...,kq4,q), q
referring to a (D — d)-dimensional vector in momentum space. For the coordinates
Z1,...,Zq, the field is defined in the intervals [0, L1],. .., [0, Lq], it will have a mixed

series-integral Fourier expansion of the form,
o0

1
a\\Zif,2) = 77— 19.
valloih2) = 7= 2. (19.5)
ni,...,Mg=—00
X /dD_dq e Wm T T Tl Ta QG (w0, ), (19.6)
where w,, = 2mn;/L;, i = 1,...,d. The Feynman rules should be modified, as de-
scribed in Chapters 15 and 18, according to the generalized Matsubara prescription,
dk; 1 = 2nm
/ o L_zn;w ; ki — I, i=1,2....d. (19.7)

In this sense we will refer equivalently in this and following chapters to confinement
in a segment of length L;, or to compactification of the coordinate x; with a com-
pactification length L;. General arguments based on topology have been given in
Chapter 15. The development of these applications to first- and second order phase
transitions is provided by the detailed consideration presented there.

Thus, for D = 3 and d = 1, 2, 3 we have respectively the system constrained to a
slab of thickness L; (a film), to a wire of rectangular section L x Lo and to a par-
allelepiped of volume L X La X L3 (a grain). Studies using this approach have been
performed [95, 285] with the spontaneous symmetry breaking in the A¢* theory.
Also, if the Ginzburg-Landau model confined to limited regions of space is consid-
ered, the question of how the critical temperature depends on the relevant lengths of
the system can be considered. This method will be applied to the Ginzburg-Landau
model to both second- and first-order phase transitions. A physical application is
found to the problem of superconducting transitions in films, wires and grains. For
second-order phase transitions the critical temperature decreases with the inverse
of the relevant linear dimension characterizing the confined system. This agrees
generally with scaling arguments [133, 299].

19.2 Second-order phase transition in superconducting films

In this section we consider the N-component Ginzburg-Landau model in D-
dimensions at leading order in 1/N, the system being contained between two parallel



330 Thermal Quantum Field Theory: Algebraic Aspects and Applications

planes a distance L apart from one another (compactification of one spatial dimen-
sion). From a physical point of view, for D = 3, this corresponds to a film-like
material undergoing a second-order phase transition. The large N limit allows us
to incorporate in the model the L-dependent corrections to the coupling constant
in a non-perturbative manner. It is interesting to investigate how the physically
relevant quantities, such as the coupling constant, the mass, and in particular the
critical temperature, depend on L. After a redefinition of the physical mass (mass
renormalization), the equation relating the transition temperature and the film
thickness is established. Finally it is important to find the effect of renormalising
the coupling constant.

19.2.1 The effective potential for the Ginzburg-Landau model with
one compactified dimension

We consider the N-component vector model described by the Ginzburg-Landau
Hamiltonian density,

H =V, Ve, + m(g)‘Pa‘Pa +u (‘Pa‘Pa)2 > (19-8)

in Euclidian D-dimensional space, where u is the coupling constant and /m3 is an
L-modified mass parameter such that

Jim m2(L,T) = mi(T) = o (T —Tp), (19.9)

m3(T) being the bulk mass parameter present in the usual free space Ginzburg-
Landau model and Ty the bulk transition temperature. Summation over repeated
indices a is assumed. In the following we will consider the model described by the
Hamiltonian (19.8) and take the large N limit with Nu = X fixed.

The system is confined between two parallel planes, normal to the xz-axis sep-
arated by a distance L; we use Cartesian coordinates r = (z,z), where z is a
(D — 1)-dimensional vector, with corresponding momentum k = (k;,q), q being a
(D — 1)-dimensional vector in momentum space.

The partition function is obtained from Eq. (19.4) with d =1,

L
Z:/Dtpl"-D@N exp l—/ dx/dD_lz H(p, V)
0

where the field ¢(z, z) satisfies periodic boundary conditions along the z-axis, p(z =
0,z) = ¢(x = L, z). Then the field has a mixed series integral Fourier expansion of
the form,

, (19.10)

o(z,z) = Z /dDilq e HnT TG, q), (19.11)

where w, = 2mn/L. Following Eq. (19.7), for the particular case of d = 1, the
modified Feynman rules are,

dk, 1 2nmw
e L 2 ke T =en (19-12)

n=—oo
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We start from the well known expression for the one-loop contribution to the
effective potential in unbounded space presented in Chapter 4,

o0

—1)s+1 D
Ui (o) :Z% [12Aap3}s/ (;iﬁ)kD E +1m2)s, (19.13)

s=1

where m is the physical mass and g is the normalized vacuum expectation value
of the field, the classical field. We introduce dimensionless parameters
S N e <
21 L Ly Ax2p 4D D2
where p is a mass scale. In terms of these parameters the one-loop contribution to
the effective potential is written as,

(19.14)

dD—lq/

+oo
Ur(¢o,b) = b Z [12965]" Z / 0202 + 2 + q2)° (19.15)

n=—oo

where @' = q/27p is dimensionless.
Using the dimensional regularization formula, Eq. (10.12),

e (19.16)
2m)P (p2 4+ M)°  (4m)ET(s) M=%
Eq. (19.15) can be cast in the form

= s 2 D-1
a6 ) =P 3 £(D.9) [12068)" 45" (- P340, (19.17)
s=1
where
s+1 D _ 1

12 (-1)
f(D,s) =aP=V/ WI‘ s——5—) (19.18)

and A{” (s — 251;b) is one of the Epstein-Hurwitz zeta functions [284] defined by

+oo
A iy, b)) = > (B30} + -+ bRk + A7, (19.19)
N1yeeey N =—00
which is regular for Re(r) > K/2 (in our case Re(s) > D/2).
The function A (v;b) is analytically continued to the whole complex v-plane
[284] as follows (this is the simplest case of the developments in Sec. 18.1): using
the identity [286]

= dt tV=te At (19.20)
7l
we write
—+o00 [e’e]
2 1 1 1
AT (v;b) = n;w (62n2 + c2)” T +2 ; (b2n? + 2)¥
1 /Oo —1_—c2%t

= — dtt" e ¢t [1+2T1(t,b)] , 19.21
i/ [1+273(2,)] (19.21)
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where the function T (¢, ) is given by

o0

Ty(t,b) = > e vt (19.22)

n=1

The function T7(t,b) possesses the property

1 [m |1 w2
with S(x) defined by
Sy = e, (19.24)
n=1

Next, considering the representation for Bessel functions of the third kind,
K (z) [286],

2(a/b)% K, (2Vab) :/ dx g¥ e~ (@/) 7o, (19.25)
0

it is found that

2 2u+%ﬂ.2u7% L3 1 1—9y
Al (V,b) = T(}j) |:2 r <I/ — 5) (271'0)

> n \Y"3 2men
+27;(2mb) KV%< . )] (19.26)

Taking v = s — (D — 1)/2 in Eq. (19.26) and inserting it in Eq. (19.17), we
obtain the one-loop correction to the effective potential in D dimensions, with one
compactified dimension. Recovering the dimensional parameters we find,

Uilgo. 1) = 3 [1226E]" H(D. 5 [23%%(8 ~ DymP
s=1
+ i (ﬂ)%_sKLs (an)l , (19.27)
= Ln 2
where
h(D,s) = 1 (=1 (19.28)

9D/2+s—17D/2 " g[(s)

As already mentioned in Chapter 18 in the general case, there are terms pro-
portional to T'(s — D/2), s = 1,2,..., in Eq. (19.27). These terms lead to divergent
contributions when D is even; finite quantities are obtained by subtraction of these
divergent (polar) terms. In order to have an uniform renormalization scheme in any
dimension, these subtractions should be done even in the case of odd dimensions,
where no poles of I'-functions are present. In these cases a finite renormalization is
performed. It is important to note that the first term in the brackets subtracted to
achieve renormalization is independent of L. This makes this subtraction consistent.
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The physical mass and the coupling constant are obtained by using the condi-
tions,

62
5 3U(%0, L) =m?, (19.29)
8(‘0(2) po=0

4
57U (po, L) =, (19.30)
8()03 ©wo=0

where U is the sum of the tree-level and one-loop contributions to the effective
potential.

19.3 Mass renormalization and transition temperature

Initially, we shall neglect corrections to the coupling constant, that is, we assume
that A corresponds to the renormalized coupling constant. Then, from Eqs. (19.27)
and (19.29), subtracting the term proportional to I'(1 — D/2), we get the L-
dependent physical mass
) . 24N =/ m
m (L, T) = mO(L,T) + W Pt (TL_L
The dependence of the critical temperature 7, on L can be determined. If
we start in the ordered phase with a negative squared mass, the model exhibits
spontaneous symmetry breaking, O(N) symmetry to O(N — 1), but for sufficiently
small values of 7! and L the symmetry is restored and the squared physical mass in
Eq. (19.31) vanishes. This equation is to be interpreted as an L-dependent Dyson-
Schwinger equation, which cannot be solved in a closed form. Limiting ourselves to
the neighborhood of criticality (m? ~ 0) and considering L finite and sufficiently
small, we may use the asymptotic formula for small values of the argument of Bessel
functions,

)%_1 Kp_y(nLm). (19.31)

1 —v
K, (2) = 5T () (g) (z~0; Re(v)>0). (19.32)
Then Eq. (19.31) reduces to
9 I 6 D

where

()= ni (19.34)
n=1
is the Riemann zeta function, which is a meromorphic function having only a simple
pole at z = 1.
For D = 3, Eq. (19.33) is not well defined due to the pole of {(D — 2). However,
it can be made physically meaningful by the following regularization procedure:
using the Laurent expansion of ((z),

()= 2z +r0-m =1+ (19.35)
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where 79 ~ 0.577 and 7 ~ 0.0728 (the Euler-Mascheroni and the first Stieltjes
constants, respectively), we define the L-dependent bare mass in such a way that
the pole at D = 3 is suppressed, that is, we take

- 1 6A
ML, T) ~ M = 5y (19.36)

where M is independent of D. To fix M, the simplest choice satisfying Eq (19.9) is
M =mi(T)=a(T -Ty), (19.37)

where Tj is the bulk critical temperature. In this case, taking the limit as D — 3,
the L-dependent renormalized mass term in the vicinity of criticality becomes

m*(L,T) ~ o (T —T.(L)) , (19.38)
where the modified, L-dependent, transition temperature is
A
T.(L)=Ty— C1—, 19.
(L) =Ty - C1 7 (19.39)
with the constant C given by
o =999 11004 (19.40)
o

From this equation, we find that for L smaller than
A
ody’
T.(L) becomes negative, meaning that the transition does not occur. In other words,
superconductivity is suppressed in films with thickness smaller than L ;.

Luin = C1 (19.41)

19.3.1 Effect of the coupling-constant correction on T.(L)

We now consider the effect of the L-correction to the coupling constant on the
critical temperature for films. The renormalized coupling constant will be defined
in terms of the four-point function at zero external momenta which, at leading order
in %, is given by the sum of all chains of one-loop diagrams of the type shown in
Fig. 18.1. This is a geometric series whose sum is given by

U

1+ Null(D,m,L)’

r'Y(p=0mL)= (19.42)

where II(D,m, L) = II(p = 0, D, m, L) corresponds to the one-loop subdiagram,

D— 1
(D, m, L) Z / ;Zﬂ 5T ! 7 (19.43)

2 2
n=-—oo +wn +m

This subdiagram can be calculated with the regularization technique used ear-
lier. However, comparing Eq. (19.43) with Eq. (19.15), II(D,m, L) is obtained
directly from the s = 2 term in Eq. (19.27) for the one-loop contribution to the
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effective potential. Again, suppressing the term proportional to I'(2 — D/2), the
renormalized one-loop subdiagram is,

(D) = o 2 [

From the properties of Bessel functions, for any dimension D, IIz(D,m, L) is posi-
tive for all values of D and L. It satisfies the conditions

(D—4)/2
} Kp_s(nLm). (19.44)

Llim IIg(D,m,L) =0 and I{ir% IIg(D,m,L) — c0. (19.45)

Let us define the L-dependent renormalized coupling constant ug(m, D, L), at
the leading order in 1/N, as

@ o L) = un(D.m. L) — u 19.4
D7R(p 0’ m’ ) 'LLR( ’m7 ) 1 + NuHR(D,m, L) ( 9 6)
and the renormalized coupling constant in the absence of boundaries as
up(D,m) = lim I5p(p=0,m,L). (19.47)

From Eq. (19.46) and Eq. (19.45) we get ug(D,m) = u. In other words, we have
made a choice of the renormalization scheme such that the constant u corresponds
to the renormalized coupling constant in the absence of spatial constraints. From
Eq. (19.46) we define the L-dependent large N renormalized coupling constant

A
A(Dym,L)=  lim  Nug(D,m,L) =
r(D,m, L) u—»O;l%HOO ur(D,m, L) 1+ Mlg(D,m,L)’

(19.48)

with A = Nu.
Considering the L-correction to the coupling constant, the Dyson-Schwinger
equation for the mass Eq (19.31) becomes

i 24\p(D,m, L)
2 _ 2 R ) )

XZ[nL] = Ko_s(nLm). (19.49)

The set of coupled equations Egs. (19.44), (19.48) and (19.49), form a complicated
set since on their right hand sides m = m(D,T,L). Nevertheless, limiting our-
selves to the neighborhood of criticality, m?(D, T, L) ~ 0, we may investigate the
behavior of the system by using in Egs. (19.44) and (19.49) the asymptotic formula
Eq. (19.32) for small values of the argument of the Bessel function. Making such an
approximation, Eq. (19.49) reduces to Eq. (19.33) with A replaced by Agr(D,m, L).
So it remains to calculate the renormalized coupling constant close to criticality.
Inserting Eq. (19.32) into Eq. (19.44), we obtain

a(D, L) ~ sw;ﬂ - (#) (D —4), (19.50)
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which shows that the renormalized one-loop subdiagram is independent of the mass

close to criticality. This result leads to the renormalized coupling constant, for
2

m* =0,

A
Ar(D, L) =~ 19.51
r(D, L)~ 7 T AC(D)L*DP¢(D —4) (19.51)
where C(D) = o50(254). With [(-1/2) = —2y/7 and ((-1) = —1/12,
Ar(D, L) is finite and positive for D = 3.
The mass, close to criticality and for dimension D, thus becomes
_ 6Ar(D, L) D
m*(L,T) =~ mi(L,T) + —Sppel (3 ! ¢(D—2), (19.52)

with Ag(D, L) given by Eq. (19.51). Although Ar(D, L) remains finite as D — 3T,

the mass is singular, due to the pole of {(D — 2) and a regularization procedure is

needed. Following the same steps that led from Eq. (19.33) to Eq. (19.38), with A

replaced by Ar(3, L), we obtain the critical temperature as a function of L,
4871’01)\

 487al + aAL?

This result may be compared with the critical temperature for a film deduced
from the Ginzburg-Landau model in which the L-correction to the coupling constant
is neglected, obtained from Eq. (19.52) by taking Ag = A. In this lowest level of
approximation, the critical temperature is simply a linear decreasing function of
1/L. In Fig. 19.1, both curves are plotted for comparison.

T.(L) =Ty (19.53)

te

1

© o o o
N A OO

2 4 6 8 10

Fig. 19.1 Reduced transition temperature, t. = T./Tp, for films as a function of the reduced
thickness, | = L/Lpyin (With Lyin = C1A/(aTyp)), fixing ALpyin = 100 (solid line). The dashed
line corresponds to tc(l) = 1 —1~!, obtained without considering L-corrections to the coupling
constant in the Ginzburg-Landau model.

We find that the critical temperature, Eq. (19.53), decreases from Ty, as L
diminishes reaching zero for a minimal thickness L! . . below which the transition
is suppressed. This minimal thickness is given by

24 AL min
ro==n l 1+ —11 : (19.54)

min Ty 127
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where Ly, = C1A/(aTp) is the minimal thickness for the existence of the ordered
phase in the approximation of neglecting L-corrections to the coupling constant,
Eq. (19.41). This minimal thickness, not considering coupling constant corrections,
coincides with the result for the standard, two-component, Ginzburg-Landau model
[304], except for a simple symmetry factor. We also find that the predicted min-
imal film thickness, for the N-component model including the L-correction to the
! in)s 18 lower than the value Ly, but the general behavior of
both curves t.(I) in Fig. 19.1, is very similar.

It is important to note that the results obtained here might be applicable to
any physical system undergoing a second-order phase transition in a film described
by the Ginzburg-Landau model. For example, the decrease of the transition tem-
perature with the inverse of the film thickness was experimentally observed for
superconductors [305]. In fact, the results presented in this section do not depend
on particular physical systems, appearing only as a topological consequence of the
compactification in one spatial dimension of the Ginzburg-Landau model. This is
in contrast to other calculations that used modifications of the microscopic inter-
actions in bulk superconductors, in order to explain the variations of the critical
temperature with the thickness of the film.

coupling constant (L

19.4 Critical behavior of type-11I superconducting films in a mag-
netic field

Until now, we have considered phase transitions in confined systems not taking into
account the possible existence of an external magnetic field interacting with the
order parameter of a type II superconducting film. In this respect, for the case of
superconductors, we have neglected the minimal coupling with the vector potential
when an external magnetic field is applied and, in its absence, the intrinsic gauge
fluctuations. In this chapter, we investigate how the transition temperature for a
film behaves as a function of its thickness and of the intensity of an applied magnetic
field [306, 307].

19.4.1 Coupling-constant correction in the presence of an external
magnetic field

We shall take the uniform external magnetic field, H = Hés, normal to the film.
To describe the critical curve of a type-1I superconductor close to the upper critical
field, we will neglect gauge fluctuations of the magnetic vector potential [293, 294],
that is, we take V x A = H. Therefore, the Hamiltonian density is

H = |(V = ieA)f? +md [ +u (|6?)°, (19.55)
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where, as before, ¢ is an N-component vector and 73 is the mass parameter which
depends on L, H and T, in such way that

Lhm Il{lmo ma(L, H,T) = m3(T) = o (T —Tp). (19.56)

Let us initially consider the Hamiltonian density (19.55) referring to a bulk

superconductor. We choose a gauge such that A = (0,2H,0). In this case, the part

of the hamiltonian H = [ dPrH quadratic in ¢ becomes, after an integration by
parts, — [ dPr ¢D¢ where the differential operator D is

D = V? - 2iwzd, — wx? —m3, (19.57)

with w = eH being the cyclotron frequency. Thus the natural basis to expand the
field operators is the set of the normalized eigenfunctions of the operator D, the
Landau basis,

1 w i 1Pzt —w(x— w)? p
Xl’py’p(r) = \/?l' (;) e P epyye (x—py/w) /QHl [\/—(x _ ;y)] , (1958)

where H; are the Hermite polynomials; the corresponding energy eigenvalues are
Ei(|p) = [p* + (20 + Dw + mj (19.59)

where p and z are (D — 2)-dimensional vectors.
The propagator can be written as [293, 294]

d 2 Xl,p p X[ (I'/)
/ Py ;py7p
G = E . 19.60

To calculate the coupling-constant correction, we have to find the appropriate ex-
pression for the single one-loop subdiagram in Fig. 18.1. This is a complicated
expression that will be treated here within the approximation of neglecting all Lan-
dau levels except the lowest one. Such an approximation is valid when the magnetic
field is high and, so, the Landau levels are well separated. Thus, the use of this
approximation will lead to results that are applicable at low temperatures. Notice
that, this observation is not restricted to the bulk case but it also applies to a film
if the magnetic field is perpendicular to the film plane.

Now, taking into account the prescription given by Eq. (19.12), we obtain the
expression of the single one-loop subdiagram in the form

D—3
(D, Z 27r/ a7k ! 5, (19.61)

2m)P=3 k2 4 w2 + m2 + W]

k being a (D — 3)-dimensional vector and w,, = 27n/L.
The sum over n and the integral over k can be treated using the formalism
developed in the preceding sections. Again, using the dimensional regularization
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formula Eq. (10.12) and the analytic extension for the Epstein-Hurwitz zeta func-
tion, Eq. (19.26), we obtain

D
w 1 D m2+w) 2
0.1 = [ (o) (m22)
—|—w 2_3 \/7
+ Z Ko _3(nL +w

As before, we suppress the term containing I'(3 — £) in the above equation, leading
to the renormalized one-loop subdiagram

+<.d )
(D, L,w 2@ D/2 Z T Kp_y(nLvm?+w).  (19.63)

The renormalized zero external momenta four-point function at leading order in

(19.62)

1/N is given by the sum of chains of single one-loop diagrams of the kind shown in
Fig. 19.1. This sum gives for the L and w-dependent four-point function, with the
lowest Landau level approximation, the expression

I (0, L,w) = up(D, L,w) = - . 19.64
D,R(07 7w) UR( ) ,CU) 1+NUHR(D,L,W) ( 96 )
We define the renormalized coupling constant
A
Ar(D, L = li Nugr(D,L,w)Ar(D, L = 19.65
’(DLyw) =l Nua(D,Lw)e(D, Lw) = o 72 (1965)

where A = Nu corresponds to the renormalized coupling constant in the absence of
boundaries and of external field.

19.4.2 The gap equation and the critical curve

In order to study the critical behavior of a type-II film of thickness L, in an external
magnetic field perpendicular to it, we have to consider the large N gap equation for
the correlation length, properly adapted to the present situation. In the disordered
phase, @9 = 0, and we have

24)\R = dP=3k 1
-2 __ =2
2 =m2 4w+ > 27T/ Loy (19.66)

n=—oo
It is important to observe that, in the presence of a magnetic field, the correlation
length is related to the renormalized mass by £ =2 = m?(L,w) + w, since the pole of
the propagator occurs at m?(L,w) = —w [293, 294]. Notice that Ag(D, L,w), the
renormalized (L, w)-dependent coupling constant, is itself a function of £ =2, via the
mass m(L,w) present in I1z. Criticality, as usual, is reached by making £~2 — 0.
Calculating the sum and the integral in the above expression, in a similar manner
as that used to get Eq. (19.31), Eq. (19.66) becomes

2UWw A — &t
(2m)P/2 &= | nL

E2=mi+w+ ] i K%(an_l). (19.67)
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Close to criticality, €2 ~ 0, using (19.32), we obtain

3weAr(D, Lyw.) ., D

£ mmd 4w+ 573 (5 - 2)L*P¢(D —4), (19.68)

where

A
D, L,w.) ~ , 19.
Ar(D: Lywe) X o T b (D — 6) (1969)

with A(D) = WI‘(% — 3). Notice that we have used the subscript ¢ in the
cyclotron frequency (actually, the external field) to indicate that we are in the
region of criticality.

We find immediately that there are no divergences in Eq. (19.68) and (19.69)
as D — 3. Therefore, no renormalization procedure is needed and we are allowed
to make the simplest choice for the mass parameter: m3 = a(T — Tp). In this way,
making D = 3 and €72 = 0 in Egs. (19.68) and (19.69), we obtain the critical curve

for a film in a perpendicular magnetic field as

1440 Aw, L
TC_T c —~ 12 Y, 19.
o 0) F et S A IF (19.70)

where we have used that I'(—3/2) = 4/7/3 and ¢(—3) = 1/120. Notice that, as
L — oo, the critical curve given by Eq. (19.70) reduces to a(T. — Tp) + w. = 0,

reproducing the known result for the upper critical field in bulk superconductors
H. = T]_Q.

Fig. 19.2 Plot of the surface h = h(l,t), fixing 8 = 103.
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We can rewrite Eq. (19.70) in a way such that the upper critical field is expressed
as a function of the critical temperature and the film thickness. Using the zero-
temperature Ginzburg-Landau coherence length, 19 = (aTp) /2
the following dimensionless quantities,

, we can introduce

T, L
h=wen?, t=-—=, 1=—, 19.71
Mo To . ( )
corresponding respectively to reduced critical field, critical temperature and film
thickness. With these parameters, Eq. (19.70) becomes
1

= W
+ [(144090 = 7231 = £) + 2880m)2 + 11520m1°(1 — )]/},
(19.72)

h(l,t) {—1440v1 4+ 413(1 — t) — 28807

where v = Ang. The surface h = h(l,t) is illustrated in Fig. 19.2. We recall
that, since we have used the lowest Landau level approximation in our calculations,
this surface is only meaningful for high values of the external field, that is for low
temperatures and relatively thick films.

ho

© o o o
N A OO O B

0. 05 0.1 0.15 0.2

Fig. 19.3 Zero-temperature reduced critical field as a function of the inverse of the reduced film
thickness, for v = 103.

We can see from Fig. 19.2 that each value of [ defines a critical line on the h x ¢
plane, corresponding to a film of thickness L. This set of critical lines also suggests
the existence of a minimal value for the thickness L below which superconductivity
is suppressed. Indeed, this can be seen from the plot of the reduced critical field
at zero temperature, hg, as a function of the inverse of the reduced film thickness,
shown in Fig. 19.3. As before, we emphasize that our results are obtained within
the framework of field theory, emerging from the topological nature of the spatial
compactification, and do not depend on specific characteristics of the material and
of the sample.
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Chapter 20

Second-Order Phase Transition in Wires
and Grains

We now generalize the procedure presented earlier to account for second-order phase
transitions in wires and grains. From a physical point of view superconducting
transitions are considered. The compactification process has to be extended to more
than one spatial dimension. General arguments based on topology to compactify
an arbitrary number of dimensions have been given in Chapter 15. This allows us
to introduce temperature as well as confined spatial dimensions along any direction.
For the sake of generality, we consider initially the D-dimensional Ginzburg-Landau
model with d (< D) compactified coordinates. Fixing D = 3, the cases d = 2 and
d = 3 will correspond to wires and grains respectively.

20.1 Compactification of a d-dimensional subspace

For such a general situation, the partition function is given by Eq. (19.4), with
the Hamiltonian density Eq. (19.8), and the generalized Matsubara prescription is
taken as in Eq. (19.7). We consider A to be the renormalized coupling constant,
i.e., we will work initially in the approximation of neglecting boundary corrections
to the coupling constant, and take ma
depending on {L;}i=1,2,...,d, in such a way that,

{Lh}m mO(Ll,...,Ld,T) =m3(T)=a(T -Ty), (20.1)

as the boundary-modified mass parameter

with mZ(T) being the bulk mass parameter. In this case, the one-loop contribution
to the effective potential, Eq. (19.13), becomes

U1(¢07b17"'7b ) b Z 12 ¢0]
D—d
q
. %:__Oo/ (bIn3 + -+ b2n2 + 2 + q?)5’

(20.2)

where we have used the dimensionless quantities given in Eq. (19.14), now with
by = (Lip)~tfori=1,2,...,d.

343
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Using the dimensional regularization formula, Eq. (10.12) to perform the inte-
gration over the D — d non-compactified momentum variables, the above expression
becomes

Ur(¢0, b1, -, ba) = pPb1 by Y f(D,d, s)

s=1

2 D—d
< [12g62)° A° ( _b-d

92 7b17 '~'7bd) s (203)

with

p-ay2 (=1)°*" D—d
f(D,d,s) = xP=D/ ) (s = =), (20.4)
and A§2 is the multivariable Epstein-Hurwitz function defined in Eq. (19.19).

The analytical extension of the multivariable Epstein-Hurwitz function can be
carried out by a generalization of the procedure shown in the preceding chapter.
This has been presented in Sec. 18.1; we repeat it here with the present notation.
Using Eq. (19.20), we get,

) d
2 1 2
AS (v by, ..., bq) = —/ dt t"~te ¢t 142 Ti(t,b;
d ( ) F(V) 0 ; ( )
d
+4 ) Tt by by) + -+ 2 Tu(t, by, ba) |
i<j=1
(20.5)
where, the function T3 is given by Eq. (19.22) and
J
Ti(t,b1, . by) = [[ Tt b)) . G=2,...d. (20.6)
=1

Considering the property of Eq. (19.23) for the function T4, the surviving terms in
Eq. (20.5) are those proportional to (b ---bg) !, and we find

d d
2 T2 1 © 2
AS (viby, . by) = ———— —— (v=g)—lg=ct || 2§ —
d (V7bla abd) bl bd F(V) /0 dtt € + pa S(b?t)
¢ w2 2 d d 2
+4) S(33)S(5) - 42 HS(E) , (20.7)
i<j=1 i J i=1 i

with S(z) given by Eq. (19.24). Using again the representation of Eq. (19.25) for
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the Bessel function K, we find

A22(V;bla "'7bd) =

(20.8)

Taking v = s — (D — d)/2 in this equation and inserting it in Eq. (20.3), we
obtain the one-loop correction to the effective potential in D dimensions with a
compactified d-dimensional subspace. Recovering the dimensional parameters we

get
o0 b D .
Ui(po, L1, ..., La) = Z [12905]" h(D, s) {285 2T(s — 5) D—2
s=1
d oo m %—s
+2 Z I Kp_, (mLmn:)
i=1 n;=1 an
278
2
+2
1<j= lnlnzj_l L2TL2+L2 2
Ky Wi) :
Q*S
o0 m P
+ 2471 < )
7277;(1  \VLing + -+ Ling
X Kg—s( \/L1n1 Ldnd)] (20.9)
with

1 (_1)s+1

h(D,s) = 9D/2+s—17D/2 [(s)

(20.10)

Criticality is attained when the physical mass vanishes. The mass is obtained
using the appropriate generalization of the condition Eq. (19.29),

82

8—@3[]@’ {L;}H =m*({L;};T), (20.11)

po=0
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together with Eq. (20.9). Remembering that at the large N limit it is enough to
take the one-loop contribution to the mass, we obtain

m*({L;};T) = ma(L1,...,La;T)

d oo % 1
27T D/2 [Z > <L m) Kp_y (mLini)

1=1n;=1
D _
d [eS) m 71
22 2 |\
= L2n2 + L2n2
i<j=1lngn;=1 U i1
xKp_, (m,/Lfnf—FL?n?)—!—-'-
o] %71
m
+24-1 < )
,Zr;d VI 4+ L

x Kp_, <m\/L§n§ Ldndﬂ . (20.12)

where m = m(L1,...,Lq;T) on the right hand side. Notice that, in writing
Eq. (20.12), the term proportional to 2% ~*T'(1 — LYmP=2, the first term in the
square bracket of Eq. (20.9), is suppressed. This term7 Wthh does not depend
on L;, diverges for even D due to the poles of the gamma function; in this case,
this part is subtracted to get a renormalized mass. For odd D, I (1 — %) is finite
but we still subtract this term, corresponding to a finite renormalization, for the
sake of uniformity; besides, for D > 3, the factor m”~2 does not contribute at
criticality.

The vanishing of Eq. (20.12) defines criticality for the compactified system. It is
to be emphasized that Eq. (20.12) is a self-consistent equation, the modified Dyson-
Schwinger equation for the mass. For d = 1 Eq. (20.12) reduces to Eq. (19.31),
corresponding to the case of a thin film. Taking d = 2 and d = 3, with D = 3,
we describe respectively the critical behavior of samples of materials in the form
of square wires and cubic grains. Equations for the critical temperature are de-
rived as a function of the confining dimensions. We calculate the minimal system
size (cross-section area or volume) below which the phase transition does not take
place.

20.2 Critical behavior for wires

Now we focus on two spatial compactified dimensions. From Eq. (20.12), taking
d = 2, we get,
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24\
2 _ =2
m*(L1, L2, T) = mg(L1, L2, T) + W
771
Z Z Kp _1(niLym)
|J 1n;=1 le 1

1

+2 Z —)%*
ni,neo=1 V 1TL1 L2n2
xKgAmuU%ﬁ+L%@} (20.13)

Near criticality, m? ~ 0, taking both L; and Lo sufficiently small, use of Eq. (19.32)
gives,

6\ D
m?(Ly, Lo, T) ~ ma(L1, Lo, T) + —— T (— - 1)

nD/2 2
1 1 )
x| ==+ 753 )C¢D-2)
[(L? 2Ly
D -2

+2E2 <T,L1,L2):| 5 (2014)

where F» (2572; L1, Ly) is the two-variable Epstein zeta function,

D -2 = D2
B, (T; Ly, L2> = Y [Lin]+L3n3]" (52%) (20.15)

ni,na=1

defined for ReD > 3.

The Riemann zeta function, ((D — 2), has an analytical extension to the whole
complex D-plane, having an unique simple pole with a residue 1 at D = 3. Consider
the analytical continuation of the Epstein-Hurwitz zeta function given by [284, 289]

- -V 1 —2v \/E
N N T

x [r (y - %) +4 i(wpn)”—%f(,,,%(%pn)

n=1

(20.16)

As explained in Chapter 18, using this relation to perform one of the sums in
Eq. (20.15), the manifest L, <> Lo symmetry is lost in this equation. In order to
preserve this symmetry, the multivariable Epstein-Hurwitz zeta function is redefined
using a symmetrized summation,

Eq(v;Ly,...,Lg) = %Z Z Z [ofn] + -+ oin]] -, (20.17)

o ni=1 ng=1
where o; = 0(L;), with o running in the set of all permutations of the parameters
L, ..., Ly, and the summations over ny, ...,ng being taken in the given order. Then
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symmetrized analytic continuations and recurrence relations are obtained. Using
Eq. (20.16) to perform the sum over ng, gives

d
1 —
Ea (WLt La) = =55 Ea-t (u; T )
=1
N 1 1 1 —~
VT _py- 2 Il P S
toare) V2 ;L -\V Ty
20T 1
Wy (v—=Li, ., L 20.18
+dr(1/) d <V 2; 1 ’ d)a ( )

where the hat over the parameter L; in the function F;_; means that it is excluded
from the set {Lz, ..., Lq}; the remaining being the d — 1 parameters of F4_1, and

n
d [eS)
1 TN
Wd (nalede):ZL_ Z —
=1 o ni, ,’I’Ld—l Ll ( . + L%n% + )
2 i —_—
‘I, <Z—?\/(---+L§n?+---)>, (20.19)

with (---4 L?n? + - - ) representing the sum Z;l:l L?n? — L?n?. In particular, for
d =2 using Fy (v; L;) = L;2VC(2V)7 we get

D -2 1 1 1
B (22212 = (v — (D2
2 ( 2 s 15 2) 4 (L1D2 + L§)2> C( )

SEED (1 Yy

An(222) \ P32 LP3L,
oy (P staete)
+ W- i Ly,Lo ). 20.20
F(T_Q) 2 5 1, L2 ( )
Then Eq. (20.14) is written as
9 5 3\
m (Ll, LQ, T) ~ mO(Ll, LQ,T) + m

. KL{JI? * Lng?) g <D2_2> (D=2
+ﬁ< 1L )F<D—3)<(D_3)

LiLY=?  LP73L, 2

D —

For D = 3, the first and second terms in square brackets in Eq. (20.21) are divergent
due to the (- and I'-functions, respectively. These divergences are dealt with by
using the Laurent expansion of {(z), Eq. (19.35), and considering the expansion of
I'(z) around z = 0,
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1 w2
L) ===+ (wt+5 )zt (20.22)
with ¢(0) = —3 and I'(3) = /7. The two divergent terms cancel exactly, unlike in
the case of a film. No renormalization is needed. For D = 3, taking the bare mass
given by ma(L1, L, T) = a (T — Ty), the physical mass has the form,

m?(Ly, Lo, T) =~ o (T — Te(Ly, L)), (20.23)

with the boundary-dependent critical temperature being

9Ny [ 1 1 6
T.(L1,Le) =Ty — — | — + — | — — W5(0; L1, Lo), 20.24
where
s 1 LQ 1 Ll

Wo(0; Ly, Ly) = — Ko [ 2mn— — Ko | 2n— . (20.25
2(0; L1, Lo) Z {Ll 0< 7TL1n17I2> =+ i 0( WLGlnz)} ( )

ny,me=1
The function W(0; L1, Lo) involves double sums, which are difficult to handle for
Ly # Lo; in particular, it is not possible to take limits such as L; — oo analytically.
Therefore we restrict ourselves to the case Ly = Lo. For a wire with square cross-
section, L1 = Ly = L = v/A, Eq. (20.24) reduces to
A

T.(A) =Ty — C , 20.26
(4) =To 2 A (20.26)
where Cs is a constant given by
9y 12 O
Co="4 23 Ko(2mning) ~ 16571 . (20.27)
0 111,712:1

The critical temperature of the square wire depends on the bulk critical tem-
perature, on the area of its cross-section and the Ginzburg-Landau parameters «
and )\, characteristics of the material constituting the wire, Since T, decreases lin-
early with the inverse of the square root of cross-section, this implies that there is
a minimal area for which T.(Amnim) = 0,

A 2
Amin = <CQ OZ—T’()) . (2028)

For square wires of cross-section areas smaller than this value, superconductivity is
suppressed. On topological grounds, we expect that our results would be indepen-
dent of the cross-section shape of the wire.

20.3 Critical behavior for grains

Now consider the case where all three spatial dimensions are compactified, corre-
sponding to the system confined in a box of sides L, Lo, L. Taking d = 3 in
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Eq. (20.12) and using Eq. (19.25), for sufficiently small Ly, Lo, L3, in the neighbor-
hood of criticality, m? ~ 0, we obtain

6 D -2
m2(L1)L27L37T) ~ mg(L17L25L3)T) + 7T—F <—)

D/2 2
¢(D
Z +2 Z By | —— Li, Lj
1<j=1
D -2
+4E3 <T;L17L2;L3>:| , (20.29)
where
Es(v;Ly, Lo, Ls) = > [Linf+ Linj + L3n3] " (20.30)

ni,nz,ng=1

and the function E3 is given by Eq. (20.15).

The analytical structure of the function Fs ( 2. Ly, Lo, Lg) is obtained from
the general symmetrized recurrence relation given by Egs. (20.17) and (20.18); ex-
plicitly we have,

D -2 (23
Es (T;Ll,Lg,m) =5 Z By (— Ll,L> L,é)

z<] 1
3

(1+5ijk) 1 D—Q.
ij;_l 9 LZEQ 9 7LJ7LI€

2/ D -3
VT o (2 L, L 20.31
BF(D;2) 3( 2 1 2 3) ( )

where €, is the totally antisymmetric symbol and the function Wj is a particular
case of Eq. (20.18). Using Eqgs. (20.20) and (20.31), the boundary dependent mass
is written as

6\
<D/2

%F(D22)ZL; S((D—2)+ %g(p—s)

( )g;l (LD °L, LJDI3LZ-> " 4\?{%
i (D S L, ) n %C(D—AL)F (?)

m?*({L},T) = mg (L1, Lo, L3, T) +
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3
1+€Uk 1( 1 1
X
Z Z <LD 4L LkD_4Lj>

2 (14 e5) 1 D—4
D D (—,Lj,Lk)

2 2

D —
+MW3 <—3;L1,L2,L3>:| (2032)

The first two terms in the square bracket diverge as D — 3 due to the poles of
the ¢ and T functions. However, as in the case of wires, using Eqgs. (19.35) and
(20.22) these divergences cancel exactly. For D = 3, the boundary dependent mass,
Eq. (20.32) becomes

6\
m?({L;},T) ~ mz(Ly, Ly, L3, T) + —

i<j=1 18 i,5,k=1 2 LJLk
3
2\/m (1+e4k) 1 1
—Wo | —=;L;, L
+ 3 Z 2 L1 2 27 3y Lk
i,5,k=1
8
+ 3W3(0 Ly,Lo,L3)| . (20.33)
Since no divergences need to be suppressed, we can take the bare mass
given by mg(L1, L2, L3, T) = T — Tp) and write the physical mass as

m?(Ly, Lo, L3, T) ~ «(T —T.(L1, L2,L3)). The expression for T.(Ly, Lo, L3) is
obtained from Eq. (20.33), but involves multiple sums, which makes almost im-
possible a general analytical study for arbitrary parameters L, Lo, L3. Thus, we
consider the case where Ly = Ly = L3 = L, corresponding to a cubic box of volume
V = L3. Then the boundary dependent critical temperature reduces to

A
Te(V) =To = Cs 773 (20.34)
where the constant Cj3 is given by
9y 12 R e Fmme 48 &
C3=14+—+ P Z 1 77“ Z 1K0(27Tn1n2)
ni,n2 ni,n2=

18
— Ko (2 2 2) =~ 2. . 20.
+— > 0 ( T/ n3 +n3> 7657 (20.35)

ni,nz2,n3=1

Thus, the minimal volume of the cubic grain sustaining the superconducting phase
is

A 3
Vmin = <03a—zb> . (2036)
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20.4 Boundary effects on the coupling constant

In the following, we consider the four-point function at zero external momenta,
which we take as the basic object for our definition of the renormalized coupling
constant. At leading order in %, it is given by the sum of all chains of one-loop
diagrams, which has the formal expression,
u
15 (e =0,m{L}) =

1+ Null(D,m,{L;})’

where, after making use of the generalized Matsubara prescription (Chapter 15)
and the dimensional regularization formula (Chapter 10), II(D,m,{L;}) = l(p =
0,D,m,{L;}) corresponds to the single bubble four-point diagram with compacti-
fication of a d-dimensional subspace.

To proceed we use the renormalization condition given in Eq. (18.21), from which
we deduce formally that the single bubble function II(D, m,{L;}) is obtained from
the coefficient of the fourth power of the field (s = 2) in Eq. (20.9). Then we can
write II(D, m, {L;}) in the form

(D, m,{L;}) = H(D,m) + r(D,m,{L;}), (20.38)

(20.37)

where the {L;}-dependent term I r(D,m,{L;}) comes from the second term be-
tween brackets in Eq. (20.9),

D—4

(Do (L) = 57 [Z > () Kot

=1 n;

D—4
2

d oo
m
+2 _m
xKoe (my/Lin? + Lin2) + -+
D—4
oo m 5
4 2471 ( )
, Z =1 \/L%n% -t Ldnd
X Kp_s (m\/ Ling + Ldnd)] (20.39)

and H(D,m) is a polar term coming from the first term between brackets in
Eq. (20.9),

H(D,m) xT' <2 - g) mP=4, (20.40)

We see from Eq. (20.40) that for even dimensions D > 4, H(D,m) is divergent,
due to the pole of the I'-function. Accordingly this term must be subtracted to give
the renormalized single bubble function Iz (D, m, {L;}). In order to have a coherent
procedure for a generic dimension D, the subtraction of the term H (D, m) should
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be performed even in the case of odd dimensions, where no poles of I'-functions
are present (finite renormalization). From the properties of Bessel functions, it can
be seen from Eq. (20.39) that for any dimension D, IIr(D,m,{L;}) satisfies the
conditions

Llim g(D,m,{L;})=0, LlijHR(D, m,{L;}) = 0. (20.41)

We also conclude that IIg(D,m,{L;}) is positive for all values of D and {L;}.
Taking inspiration from Eq. (19.42), let us define the {L;}-dependent renormal-
ized coupling constant Ag(m, D, {L;}), at the leading order in 1/N, as

A
1+ Mig(D,m, {L;})’

NTP(p = 0,m,{L:}) = Ar(D,m, {L;}) = (20.42)

where as before, A — Nu fixed in the limit N — oo u — 0. Let Ar(D,m), the
renormalized coupling constant in the absence of constraints be defined by,

w = lim T3 p(p =0,m, {L:}). (20.43)

From Eqgs. (20.43), (20.42) and (20.41) we get simply Ar(D,m) = A. In other
words we have done a choice of renormalization scheme such that the constant A
introduced in the Hamiltonian corresponds to the renormalized coupling constant in
absence of boundaries. From Egs. (20.42) and (20.43) we obtain the {L;}-dependent
renormalized coupling constant

A
1+ MIg(D,m,{L})

Ar(D,m, {L;}) = (20.44)

20.5 Effects of the boundary-corrected coupling constant on the
critical behavior

Criticality is attained from the ordered phase, when the inverse squared correlation
length, £~2({L;}, ¢o), vanishes in the large N gap equation,

24\ (D, {L:})
Ly Ly

< [ G 1
2m)D—d d (22?1)2_,_

{n;}=—o0 9+ 25

E2({Li}, o) = Mg + 12Ar(D, {L:}) @5 +

2({Li}, o)
(20.45)
In the ordered-disordered border, ¢y vanishes and the inverse correlation length

equals the physical mass. The physical mass is obtained at the one-loop order from
Egs. (20.9) and (18.20), after performing the change A\ — Agr(D,m,{L;}) where
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Ar(D,m,{L;}) is the renormalized {L;}-dependent coupling constant; we get,

24/\R(D, m, {LZ})
(2m)D/2

=1 n;=1

77”L2(D7 T,{L;}) = mg({Ll}) +

D
D

d o m
22 > |\
. 2p2 -
i<j=1mn;,n;=1 \/m

o0

m
+207t Y < )
’I’Ll,...,’I’Ld:1 \/Llnl + Ldnd
><K%71 (m\/L%n% —|—Ldnd)].

D
D1

(20.46)

But Ar(D, m,{L;}) is itself a function of m = m(D,T,{L;}), as given by appropri-
ate versions of Eqgs. (20.44) and (19.48), i.e

A

Ar(D,m,{Li})) = 1+ MIg(D,m(D,T,{L;}),{Li})’

(20.47)

with

d oo
Ug(D,m(D,T,{L;}); {L;}) = (2 D/2[ZZ< DLTm{L})
(D,T,{

—a(m Li})Lin;)

D—4

d oo
D, T, {L;
+2 > Y m(D, T, {Li})
i<j=1ln;n;=1 \/W
x Kp_s (m(D,T, {Li})\/m) g

D—4

P D,T,{L; ’
3 ()

n1,...,mg=1 -t Ldnd

x Kb ( (D.TAL})\/L3n3 + +Ldnd)] .
(20.48)
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Therefore m(D,T,{L;}) is given by a complicated set of coupled equations,
Egs. (20.46), (20.47) and (20.48), since Ar(D, m,{L}) depends on m(D,T,{L;}).
This set of equations has no analytical solutions, in general. Nevertheless, limiting
ourselves to the neighborhood of criticality, m?(D, T, {L;}) ~ 0, we may investigate
the behavior of the system by using in Eq. (20.46), Eq. (20.47) and (20.48) the
asymptotic formula for small values of the argument of the Bessel function,

1 zZ\ Y
K, (2) ~ 5T() (5) (2~0; Re(v)>0). (20.49)

At criticality, using this equation in all the sums of Bessel functions present in
Egs. (20.48) and (20.46) the terms m(D, T, {L;}) present in the coefficients and the
arguments of the Bessel functions cancel out, giving for m(D,T,{L;}) ~ 0, mass
independent expressions of the form,

%P(D2 °\E, <D2 S;Ll,...,L,,> (20.50)
where s = 2 and s = 4 for respectively the mass in Eq. (20.46) and the renormal-
ized one-loop bubble function in Eq. (20.48). In both cases, p = 1,2,...,d and
E, (%;Ll, ...,Lp) is one of the generalized Epstein-Hurwitz zeta functions de-
fined in symmetric form in Eq. (20.17). Notice that, for p = 1, E, reduces to the
Riemann zeta function.

Inserting the appropriate versions of Eq. (20.50) in Egs. (20.46) and (20.48), we
obtain expressions for the physical mass and the renormalized coupling constant at
criticality m?(D, T, {L;}) ~ 0,

24\r(D,{L;})
(2m)D/2

d
1. D—2 D-2
X Z§F( 5 )El( 5 ;Li>

m?(D,T,{L;}) ~ma(L1, ..., La) +

and

A
1+ XC(D)Fpa({L:})’

Ar(D,{L:}) ~
(20.52)

where
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d d
D—4
Fpa({Li}) =Y LIP¢D-4)+2 > E (T; Li, Lj)
i=1 i<j=1
D —4
+"'+2d71Ed (T;Ll,...,Ld>
(20.53)

and C(D) = &T%/QF (Z52). Replacing Eq. (20.52) in Eq. (20.51) and taking
m2(D,T,{L;}) = 0, gives the critical temperature as a function of the distances
between the boundaries, {L;}. This will be done in the following for D = 3. Then
the physically interesting situations of d = 1 (a film), d = 2 (an infinitely long
wire) and d = 3 (a cubic grain) are considered. For the situation without boundary
corrections to the coupling constant we refer to [100].

20.5.1 Effects of the boundary-corrected coupling constant on the
phase transition for wires

We now focus on the situation where two spatial dimensions are compactified. .
From Eq. (20.51), taking d = 2, we get for m?(D, T, Ly, L2) ~ 0,

mQ(DvTaLlaLQ) ~ m%(LlaLQ)

GAR(D, m(D, T, Ll, LQ) D
+ 573 riz-1

1 1 D-2
(g g 0w (PR s) |

(20.54)

where By (252; L1, L) is the generalized (twodimensional) Epstein zeta function
obtained from Eq. (20.17),

D—-2 > (=2
E, (T;Ll,L2> = Z [Lin? + L3n3] (%2 ), (20.55)
ni,na=1

for Re{D} > 3.
In particular, noticing that Ey (v; L;) = L;2V<(2I/), we find

D-2 1 1 1
Ey| ——iLi, Ly ) =— |55 +-—5=5 | ¢(D—-2
2 ( 2 s 441y 2) 4 (L1D2 + L§)2> C( )
VAT (252) < 1 N 1
Ar(22) \LL?=3 LY %L,

7 D -3
+ \D/_Q)W2 ( 2 ;L17L2> )

(==

>C(D—3)

(20.56)
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which is a meromorphic function of D, symmetric in the parameters L; and Ls.
The function Wa (£52; L1, Ly) in Eq. (20.56) is the particular case of Eq. (20.19)
for p = 2.

Using the above expression, Eq. (20.54) can be rewritten as

3Ar(D,m(D,T, Ly, L
m?(Ly, La) ~ Mg (L1, L) + L ;D/Q b

* [(L§_2 " L§—2>F(D2_2) =2
v (1 ) (P aw-3)

_|_
LiLP=3 P38,

D —
+ 2\/EW2 (Tg;Ll,Lg)] .

(20.57)

This equation presents no problems for 3 < D < 4 but, for D = 3, the first and
second terms between brackets of Eq. (20.21) are divergent due to the ¢ function
and I' function, respectively. However, these two divergences cancel out. No reg-
ularization is needed as in the case of films. This can be seen remembering the
property in Eq. (19.35) and using the expansion of I'(Z:2) around D = 3,
D-3 _ 2 ,

M)~ 5 + 1), (20.58)
I(z) standing for the derivative of the I' function with respect to z. For z = 1
it coincides with the Euler digamma function (1), which has the particular value
(1) = —v. The two divergent terms generated by the use of Egs. (19.35) and
(20.58) cancel exactly between them.

A similar formula can be obtained from Eq. (20.52), leading at criticality to,

A
14+ AC(D) [SL, L26(D - )+ 285 (254 L, 1) |
(20.59)

Ar(D, L1, La) =

Then we can replace Eq. (20.59) in (20.57) and take D = 3, in which case the
function Wy (%; Ly, Lg), becomes,

= 1 L 1 L
Wa(0; Ly, Lo) = {L—lKO <2wL—in1n2>+L—2K0 (%L—;mng)}. (20.60)

7’L1,’I’L2:1

The quantity Wa(0; L1, Lo) involves complicated double sums, very difficult to han-
dle for Ly # Lo, but it has a summable expression for Ly = Ly = L = /A, which
leads to Eq. (20.62) below. Next since we have no regularization to perform in this
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case, we can take ma = a(T — Tp). After using tabulated values for the special
functions, we get for a wire with a square transversal section, L = Ly = L = /A,

. 48w Co\
TYre(A) =Ty — 20.61
=T = VT + Cran(VA)? (20.61)
where
24 X n
Ci=1+= > n—;Kl(zman), (20.62)
7’L1,’I’L2:1
and
9y 12 &
Co="T 423 Ko(2mning) ~ 1.6571. (20.63)
0 ni,mo=1

As in the preceding subsection, we have from Eq. (20.61) a minimal transversal
section sustaining the transition,

2
24 Amin 1/2
A= l#; <\/1 + % - 1)] (20.64)

where A, is the corresponding quantity with no boundary corrections to the
coupling constant [100].

20.5.2 Effects of the boundary-corrected coupling constant on the
phase transition for grains

We now turn our attention to the case where all three spatial dimensions are com-
pactified, corresponding to the system confined in a box of sides L1, Lo, Ls. Taking
d = 3 in Eq. (20.51) and using Eq. (20.49), we obtain in the neighborhood of
criticality, m?(D, T, Ly, Ly, L3) = 0,

mg(DaTaLhL?aL?)) ~ mg(LlaLQwLB)
6/\R(D m(D T Ll,Lg,Lg)F (D — 2)

wD/2 2

ZC ‘ ) 4o Z Es (— Li,Lj)

1<j=1

D -2
+4E3 (T;L17L27L3>} ;
(20.65)

where E3(v; L1, Lo, L3) = >.°° [Lin} + L3n3 + L3n3] “ and the functions

ni,nz,ng=1

E, are given by Eq. (20.56).
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The analytical structure of the function Es (£52; Ly, La, L3) can be obtained
from the general symmetrized recurrence relation given by Egs. (20.17) and (20.18);
explicitly, we have,

3
D -2 1 D -2
Es <—2 ;Ll,Lz,L?,) =75 E Es <—2 ;LuLj)

(20.66)

where €5, is the totally antisymmetric symbol and the function Wj is a particular
case of Eq. (20.18). Using Eqgs. (20.56) and (20.66), the boundary dependent mass
can be written as

GAR(Da m(D7T1 Lla L27 LB)
xD/2

lr )Z L (p-2)

3 2 P LP—2

\F 5 1 1 D-3
MR 2_1<L?-3Lj+Lf-3Li>r( -

m?(D,T,{L;}) ~ma(Ly, La, L3) +

i<j
4T S -3
s Li, Lj
73w (Pt
1<j=1
3
1+61k 1 1
D —-4)r Jr
5l <2>Z 2 L1<LD4L
i,5,k=1
1
Ly~ L;
2 o (L+ein) 1 D—4
il T Euk) w2 L L
+3,Z 2 L °\ 2 P
i,7,k=1
8\/_
i Ly, Lo, L
3 ( 2 1, L2, 3):|

(20.67)

The first two terms in the square bracket of Eq. (20.67) diverge as D — 3 due
to the poles of the I' and { functions. However, as it happens in the case of wires,
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it can be shown that these divergences cancel exactly one another. For D = 3, the
boundary dependent mass (20.67) becomes,

Ar(D D, T,Li,Ls, L
m2(D,T,L1,L2,L3)’R‘ng(Ll,LQ,L:;)—I—G R( ,m( s 4y i1y L2, 3)

T
31 48
5k 8 o
i=1 1<j=1
3
1+¢; L;
P e
i k=1 3k
3
2ym (1+€”1@) 1 1

(20.68)

As in the case of films and wires, it is possible to get the boundary dependence
of the renormalized coupling constant. We obtain from Eq. (20.52) that,

AR(D. Ly, Ly, L) ~ - +)\C(D)F23(L1,L2,L3) (20.69)
where
: 4-D > D—4
Fps(L1, L, L3) = ;Li ¢(D—4)+ 2i<]Z:1E2 ( 5 ,Ll,LJ>
1225, <#;L1,L2,L3> , (20.70)

which is to be replaced in Eq. (20.68). As before, since no divergences need to be
suppressed, we can take the bare mass given by m3(L1, L2, L3) = a(T — Ty). The
expression of T,(L1, Lo, L3) can be obtained from Egs. (20.68) and (20.69), but it
is a complicated formula, involving multiple sums, which makes almost impossible
a general analytical study for arbitrary parameters Lq, Lo, Lg; thus, as before, we
restrict ourselves to the situation where Ly = Ly = L3 = L, corresponding to a
cubic box of volume V = L3. In this case, using Eqgs. (20.68) and (20.69), the
boundary dependent critical temperature is given by,

4871’03)\

T.(V) =T —
(V) =To 48T V13 + Cua(V1/3)2

(20.71)

where
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o 3/2 o
s 24 ny 48 ny
C4:1+1—5+? Z (TL_Q) K3/2(27m1n2)+? Z n—2K1(27Tn1n2)
ni,na2=1 ni,na2=1
1B o~ V/mi+n3
+2Y VI (nny/uf 1 0g ) ~ L2216,
s ns
ni,nz,nz3=1
(20.72)
and
9y 12 R e 248 &
Cy=1+2 42 e LT
D
ni,na2=1 ni,na2=1
—|—§ i Ky (271'711\/712 + n2> ~ 2.7657
T 2 3 .
ni,n2,n3=1
(20.73)

The minimal allowed volume of the grain, in this case, is

3
24 min 1/3
V= [KK <\/1 + % - 1)] : (20.74)

where V,,;, corresponds to the minimal volume for the situation where boundary
corrections to the coupling constant are ignored [100].

20.6 Universal behavior of size-effects in second-order phase
transitions

We now gather together the results presented so far. Define the reduced transition
temperature by

T.

Ty’

and consider the reduced length, defined in units of Ly,in, = C1A/(aTp) (Eq. (19.41),

the minimal thickness for a film, without coupling-constant correction),

L
Lmin .

te =

l:

Collecting the results of the present and the last chapters, we can write the reduced
transition temperature as a function of the reduced length, in the case where no
correction to the coupling constant is included, for films, square wires and cubic
grains (d = 1,2, 3, respectively), as

tDiay=1-=2, (20.75)
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with C; = 1, Co = C3/Cy ~ 1.5032 and C3 = C5/Cy ~ 2.5088; that is, for all values
of d, the reduced temperature, t., scales with the inverse of the reduced length, 1.
In other words, the overall behavior of the reduced temperature does not depend on
the number of compactified dimensions but only on the dimension of the Euclidian
space, here D = 3.

Considering the coupling-constant correction, the reduced transition tempera-
ture is written as

___ABmla (20.76)
487l + E4£12

where & =1, & = Cp ~ 1.1024, &3 = Cy ~ 1.2246 and £ = ALy, In Fig. 20.1,

we plot the reduced transition temperature as a function of the reduced length for

all cases (films, square wires and cubic grains), fixing £ = 30.

Summarizing, in this chapter we have generalized the phenomenological ap-
proach to second-order phase transitions in films, discussed in Chapter 19. We have
presented a general formalism which, in the framework of the Ginzburg-Landau
model, is able to describe phase transitions for systems defined in spaces of arbitrary
dimension, some of them being compactified. We have focused on the situations
with D = 3 and d = 2,3, corresponding to wires and grains, respectively. Such a
generalization is not trivial, since it involves the extension to several dimensions of
the one-dimensional mode-sum regularization procedure. This extension requires, in
particular, the definition of symmetrized multidimensional Epstein—Hurwitz func-
tions with no analog in the one-dimensional case. When combined with the bound-
ary dependent coupling constant, this generates sets of coupled equations for the
renormalized mass, which can be solved only at criticality. In this kind of math-
ematical framework the general formulas are obtained, and then applied to the

Fig. 20.1 Reduced transition temperature as a function of the inverse of the reduced compactifi-
cation length, for films (d = 1), square wires (d = 2) and cubic grains (d = 3). The full and dashed
lines correspond to results with and without correction of the coupling constant, respectively.
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particular of films, wires and grains. This leads to specific forms of the critical tem-
perature as a function of the size of the system. These examples provide a strong
justification for the ideas of compactification enunciated in Chapter 15. In the next
chapter, these ideas will be applied to first-order phase transitions.
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Chapter 21

First-Order Phase Transitions in Confined
Systems

In previous chapters a study of second-order phase transitions in a D-dimensional
system described by the Ginzburg-Landau model in the absence of gauge fluctua-
tions, has been carried out. We have assumed that d of the cartesian coordinates
are compactified and we have found the critical temperature as a function of the size
of compactified dimensions. This model describes first-order phase transitions. We
calculate the transition temperature as a function of the size of compactification,
using methods of quantum field theory. In this chapter we stay in a general frame-
work, the Euclidean D-dimensional \|p|*+n|p|® model with d (d < D) compactified
dimensions. We start from the effective potential, which gives the physical mass
through a renormalization relation. This condition, however, reduces considerably
the number of relevant Feynman diagrams contributing to the mass, if we consider
only first-order terms in both coupling constants. In fact, just two diagrams need
to be considered in this approximation: a tadpole graph with the ¢* coupling (1
loop) and a “shoestring” graph with the ¢% coupling (2 loops). No diagram with
both couplings appear. The size-dependence appears as before, from the treatment
of the loop integrals.

21.1 Effective potential with compactification of a d-dimensional
subspace

We consider the model described by the Ginzburg-Landau Hamiltonian density in
a FEuclidian D-dimensional space,

1 1 A
_ 2+ m 1 2 2 A 4, "N 6
H =510l 10"l + 5ma lel” — 1ol + g el (21.1)

where A > 0 and 1 > 0 are the renormalized quartic and sextic self-coupling con-
stants. Here the sign of quartic term is the opposite to that of the second-order
phase transition. The field, ¢(z) is a complex field (two components). The bare
mass is given by m2 = «(T/Tp — 1), with a > 0 and Ty being a temperature
parameter, which is smaller than the critical temperature for a first-order phase
transition. We consider the system in D dimensions confined to a d-dimensional

365
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subspace, a parallelepiped box with edges L1,...Lg. The general ideas presented
in Chapter 15 provide arguments for using this procedure as a consequence of topo-
logical considerations. We use cartesian coordinates r = (21, ..., 4,2), where z is
a (D — d)-dimensional vector, with corresponding momentum k = (k1, ..., kq4,q), q
being a (D — d)-dimensional vector in momentum space. The field (1, ...,2q4,2)
satisfies periodic boundary conditions ¢(z1 + L1,...xq + Lg) = ¢(x1,...,24). We
introduce the generalized Matsubara prescription Eq. (19.7) for the Feynman rules.
The effective potential is obtained [308], as an expansion in the number of loops in
Feynman diagrams. Accordingly, to the free propagator and to the no-loop (tree)
diagrams for both couplings, radiative corrections are added, with increasing num-
ber of loops. Thus, at the 1-loop approximation, we get the infinite series of 1-loop
diagrams with all numbers of insertions of the ¢* vertex (two external legs in each
vertex), plus the infinite series of 1-loop diagrams with all numbers of insertions
of the ¢% vertex (four external legs in each vertex), plus the infinite series of 1-
loop diagrams with all kinds of mixed numbers of insertions of ¢* and (°® vertices.
Analogously, there are insertions in diagrams with 2 loops, etc. However, to get
the renormalized mass we restrict ourselves to the lowest order terms in the loop
expansion, as given by Eq. (19.29).

(a) The tadpole contribution to the mass

To 1-loop approximation, the procedure follows along the same lines as in the
previous chapters, starting from the expression for the one-loop contribution to the
effective potential in unbounded space given by Eq. (4.21),

0 s+1 Ty 278 dPk
Ul(‘PO)ZZ( 2)3 [ Isgol} /(k2+m2)8’ (21.2)

s=1

where m is the physical mass. To deal with dimensionless quantities in the regular-
ization procedures, we introduce parameters c? = m?/4n2u?, (Lip)? = a; ', g1 =
(=\/4m?p*=P), oo/ P=2/212 = |po|?, q = k/2mu, where ¢ is the normalized
vacuum expectation value of the field (the classical field) and p is a mass scale. In
terms of these parameters and performing the Matsubara replacements Eq. (19.7),
the one-loop contribution to the effective potential is written as

Ui(¢o, a1, ..., aq) = p"+/a Z g3 160l**

dedq

. (213
X Z /alnl --—l—adni—l—c?—kq?)s ( )

L, Mg=—00

The parameter s counts the number of vertices on the loop. It is clear that only
the s = 1 term contributes to the renormalization condition, Eq. ( 18.20). It corre-
sponds to the tadpole diagram, Fig. 21.1a. It is also clear that all |¢o|®
mixed |¢o|?- and |¢g|-vertex insertions on the 1-loop diagrams do not contribute

-vertex and
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when one computes the second derivative of similar expressions with respect to the
classical field at zero value: only diagrams with two external legs would survive.
This is impossible for a |¢g|®
contribution from the |¢g|°
expansion. Two-loop diagrams with two external legs and only |¢g
second-order in its coupling constant, as well as all possible diagrams with vertices
of mixed type are neglected. However, the 2-loop shoestring diagram, Fig. 21.1(b),
with only one |¢o|® vertex and two external legs is a first-order (in ) contribution
to the effective potential, according to our approximation.

-vertex insertion at the 1-loop approximation. The first
coupling must come from a higher-order term in the loop

|* vertices are of

(d) Tadpolediagram (b) Shoestring diagram

Fig. 21.1 Contributions to the effective potential.

In short, we consider the physical mass as defined to first-order in both coupling
constants, by the contributions of radiative corrections from only two diagrams: the
tadpole and the shoestring diagram.

The tadpole contribution is

1
Ui(o, a1, ..., aq) = pP/ay - 'ad§91|¢0|2
too D—d
d” %
X . 21.4
Z /q2—|—a1n%+'-'+adn§—|—c2 ( )

ni,...,ng=—00

The integral over the D — d non-compactified variables is performed using
Eq. (10.12); leading to

s 2 2—D+d
Ul(qf)o, ay, ..., Cld) = ,UDs/CLl cee adz f(l)7 d)gl|¢)0|2A§ (#a A1y ey ad)v
s=1
(21.5)
where
f(D,d) = 7T<D*d>/2%r <1 - ?) (21.6)

and A§2(V;a1, ...,aq) are Epstein-Hurwitz zeta functions, valid for Re(v) > d/2,
defined by

Aflz(y;al,...,ad) = Z (a1n? + -+ agn? +c*)". (21.7)
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As noted in Chapter 19, the multivariable Epstein-Hurwitz function has an analytic
extension to the whole complex v-plane, given by Eq. (18.16). Thus taking v =
(2—D+d)/2 in Eq. (20.8), the tadpole part of the effective potential in D dimensions
with a compactified d-dimensional subspace is:

)\|900|2 -D/2-1, D-2 2-D
Ui(go, Ly, ..., Lg) = ———— |27 P2~y P=2p (Z_—
( 2 (27T)D/2 2

D/2-1
+ Z Z <L nz) Kpja-1(mLin;)

i=1n;=1
D/2—-1

d )
m S —
L+ L3

j<i=lmng;,n;=1

o D/2—1
d—1 m
o £ o)

Lng=1

xKp o m\/Llnl + Ldnd)} : (21.8)
where the original variables, g, A, and L; are reintroduced.
(b) The shoestring diagram contribution to the effective potential

The 2-loop shoestring diagram contribution to the effective potential in un-
bounded space (L; = o0) is given as [133],

1l¢ol* / dPq 1
U. = 21.9
2(¢0) ].6 (27T)D q2 + m2 ( )
After the compactification of d dimensions with lengths L;, i = 1,...,d and inte-
gration over the non-compactified variables, U becomes
1 _ _
Ua(do,a1,...,aa) = §g2|¢0|2M2D a1 - agnP ™
2—-D
(=)
2
n1 %::—oo (aln% +ot adni + 02)(27D+d)/2 ,
(21.10)

where ¢¢ and a; are already defined and the dimensionless quantity g2 = (/8 -
1674 u5~2P) is used. The multiple sum is again the Epstein-Hurwitz zeta function,
A§2(2’€+d;a1, ...,aq) given by Eq. (18.7), for v = (2 — D + d)/2. In terms of
the original variables, ¢, n, and L;,and using the analytical continuation of the
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Epstein-Hurwitz function, we have

nleol* [o-1-pje pop(2-D
U Li,...,.Ly) = ————— |2 ' ——
2(()007 1 ) d) 1 (27T)D |: m 5

d oo D/2-1
m
+Z Z (Lm> Kpja—a(mLin) +---

i=1 n;=1 v

o D/2—-1
m
+27471 ( )
2 i \VLini + -+ Ljng

ni,...,Nd

2
Kpjar(my/L3n3 +-- -+ Ldnd)] . (21.11)

In both Egs. (21.8) and (21.11), there is a term proportional to I' (252) which
as stated before, is divergent for even dimensions D > 2 and should be subtracted
in order to obtain finite physical parameters. For odd D, the gamma function is
finite, but we also subtract it (corresponding to a finite renormalization) for the
sake of uniformity. After subtraction we get

D/2-1
> Kpjo—1(mLin;)

d oo
Ren A ©o
Ul( )(¢07L17"'7Ld): | |D/2 ZZ

i=1n;=1

d D/2—1

m
DD D -
i<j=1ln;mn;=1 \/W
XKD/271(m\/m)+"-

o D/2-1
2y d
1, VEIing + -+ Ling

cyNg= 1

XKD/Q_l(m\/L%n% -I-Ldnd)] (2].].2)

and

(Ren) o [$n < m P/
U, (‘P(),Lb---,Ld):W ZZ T Kpja—1(mLin;)

d 00
m
+2 L
i;l ni,znj:—l \/Lin? + L?ﬂ?
XK pja_1(my/Lin? + Lin3) +
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oo D/2-1
2t Y < n )

2,2 2,2
7’L1,...7nd:1 \/Llnl + T + Ldnd

2
><KD/2_1(m\/L%n2 +- L?in?i)] . (21.13)

Then the physical mass with both contributions is obtained from Eq. (19.29),
using Eqs. (21.12), (21.13) and also taking into account the contribution at the tree

level; it satisfies a generalized Dyson—Schwinger equation depending on the lengths
L; of the confining box:

, , \ d_ oo, o\ D/2-1
m”({Li}) = mg — W lz > (Lm) X Kp/a—1(mLin;)

=1 n¢:1

J D/2-1
m
+2 S
iqz‘:l m;—l \/Lin? + L?ﬂ?
X Kpja_1(my/Lini + Lin3) +---

o D/2-1
4gd-1 Z ( m )

2,2 2.2
Lini +--- Ling

D/2—1

d [e%S)
m
P2\ Jmama) o)
i<j=1ln;mn;=1 il 1Y

ad m D/2-1
4+ 4 2d71 < )
"1»2,7;(1:1 \/L%n% + -4 LGi

2

A first-order transition occurs when all the three minima of the potential

1 A n
Ulpo) = 5m*({Lh)leol” = Jleol* + leol”, (21.15)

where m({L;}) is the renormalized mass defined above, are simultaneously on the
line U(pp) = 0. This gives the condition

3\

m?({L;}) = 67 (21.16)
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For D = 3, the Bessel functions have an explicit form, K /y(z) = Ve [\ 2z;
replacing this formula in Eq. (21.14), remembering m2 = o(T /Ty — 1) and using
the condition Eq. (21.16), we get the critical temperature,

[ee] —\/3A2/1617\/L2 2+L2 2
+2 E E 4.
j<i=lmng;n;=1 w/Lng? + L?TL?
o e\/3A2/16n\/Lfn%+---+L{2in§‘|

+24-1
Z \/Llnl

ni,...,Nng=1

—i—Ldnd

d
1
Z L_ ln(l _ e*\/B)\Q/lGnLi)

d 0 —\/3A2/16n\/L2 2+L2 2
+2 E E R
Jj<i=lngn;=1 A/ L?n% + L?n?
o0 e—\/BAQ/16n\/L%nf+---+L{21ni

+2d—1
Z \/Llnl

n17...,nd:1

. (21.17)
-+ Ldnd

where

Thuk — 7y (1 + 3N (21.18)
¢ 16na

is the bulk (L; — oo) critical temperature for the first-order phase transition.

21.2 The film, the wire and the grain

Having developed the general case of a d-dimensional compactified subspace, it is
now easy to obtain the specific formulas for particular values of d. If we choose
d = 1, the compactification of just one dimension, let us say, along the x;-axis,
we are considering that the system is confined between two planes, separated by
a distance Ly = L. Physically, this corresponds to the situation explored in [309],
and the transition occurs at the critical temperature TH™(L) given by
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Te (L)

© o oo
N A O 00O B N D

L

2 4 6 8 10

Fig. 21.2 Critical temperature for a superconducting film, undergoing a first-order phase-
transition, as function of the thickness.

film B2\ A —\/3X2/16nL
T (L) =T.<1—(1+ In(l—e )

160« 8maL
2
—ﬁ (1n(1 - e*v3A216”L)) ]} (21.19)
T

The behavior of TH™ as a function of L is shown Fig. 21.2.
Let us now take the case d = 2. To simplify matters, we take Ly = Ly = L in
Eq. (21.17) with d = 2, the critical temperature is written in terms of L as

. 3NN A
(L) =T.q1— (1
e (D) { ( + 1677a> LmozL

X {2 In(1 — e~ EV3N/16m) 4 91n(] — ¢~ LV/3X/16m)
> e’me
il (ln(l - e_L\/W)

3212 L?
2
oo e—L\/3A2/167]\/n%+n§ )

+2

+In(l — e PV g N
ni,ma=1 \% Tl% + TL%

(21.20)

Finally, we compactify all three dimensions, which leaves us with a system in
the form of a cubic grain. The dependence of the critical temperature on its linear
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dimension Ly = Ly = L3 = L, is given by taking d = 3 in Eq. (21.17):
: NN
TEN(L) = T {1 - (1 2 ) { — [3In(1 — emEVETIO)

161« Ao
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3 0 e*\/B)\Q/lGnL,/ni +n?
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’I’L17...,’I’L3:1 nl + + n3

(21.21)

It is interesting to compare the above formulas to those for a second-order tran-
sition in either films, wires or grains, obtained by the similar methods from the
A¢* Ginzburg-Landau model in Chapters 19 and 20. All of them have the same
functional dependence on the linear dimension L. In all cases studied there, it is
found that the boundary-dependent critical temperature decreases linearly with the
inverse of the linear dimension L, according to the results of Chapter 20. It is to
be noted that in order to get the transition temperature for a film, a mass renor-
malization is needed in second-order phase transitions, which is not the case for
first-order ones.

We have discussed here the (Ap|* +77|g0|6)D theory compactified in d < D
Euclidean dimensions, extending for first-order transitions in arbitrary dimension
some results for second-order transitions [309]. The bare mass term has been
parametrized in the form m3 = «(T/To — 1), with @ > 0 and Ty being a pa-
rameter with the dimension of temperature, thus placing the analysis within the
Ginzburg—Landau framework. We have presented a general formalism and we have
focused on the situations with D = 3 and d = 1, 2, 3, corresponding (in the context
of condensed matter systems) to films, wires and grains, respectively, undergoing
phase transitions which may be described by (mean field) Ginzburg-Landau mod-
els. This generalizes to more compactified dimensions previous investigations on
first-order superconducting transitions in films [309].

It should be observed the very different form of Egs. (21.19), (21.20) and (21.21)
when compared with the corresponding ones for second-order transitions given in the
preceding chapters. In the particular case of a superconducting film, as we have seen
above, the functional form Eq. (21.19) of the dependence of the critical temperature
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T.(L) on the film thickness L, grows from zero at a non-null minimal allowed value of
L above the bulk transition temperature T, as the thickness is increased, reaching
a maximum and afterwards starting to decrease, going asymptotically to 7T, as
L — oo. This is in qualitatively good agreement with measurements [310] taken
for a superconducting aluminum film, especially for thin ones. This is a rather
contrasting behavior with that of the critical temperature for materials displaying
a second-order phase transition [311], for which the critical temperature increases
monotonically from zero, again corresponding to a finite minimal film thickness,
going to the bulk transition temperature as L — oo . We could say that the form
of the dependence of the critical temperature on the size of the system, is indicative
of the order of the transition. This is particularly striking for films, in which case
experimental data are more easily available.



PART V

Applications to Open Systems






Chapter 22

Thermo-Algebras in Phase Space:
Quantum and Classical Systems

We explore in this chapter representations of thermo-algebras in phase space. We
begin by presenting a derivation of the Wigner formalism for non-relativistic and
relativistic fields based on symmetry. The basic result is the formulation of the
quantum theory in phase space having as basic ingredients symmetry groups. The
last part of the chapter is dedicated to study representations for classical systems,
associated for instance with stochastic equations.

22.1 Wigner function for the Schrodinger field

The commutation relations for the thermo Galilei Lie-algebra in Chapter 7 show
that we have different possibilities to define a frame in the Hilbert space Hr. An
interesting one is built with the operators P and @ defined by

1~
P=P—-—
= 2 )
Q=Q- 30
= 2
Observe that @ and P satisfy the Galilei-boost conditions
UK) QU YHK) = Q +wtl, (22.1)
and
UK) PUY(K) =P+ mol, (22.2)
where

U(IA() = exp(—imvf(),
with K being the boost operator (see Chapter 7). Therefore, P and @ might be
taken as momentum and position operators, respectively. But despite this fact,
P and @ cannot be considered as observables, for, in this representation, the hat
operators are generators of symmetry, not observables. In addition, these operators
commute with each other, i.e. [P, Q] = 0. Representative operators for the position

377
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and momentum observables can be given, respectively, by @ and P, which satisfy
the same relations for the Galilei boost as those given by Egs. (22.1) and (22.2),
while fulfilling the Heisenberg condition, that is

[Qi, Pj] = i
Since P and () commute, they can be used in a diagonal representation, so as to
define a quantum phase space. This phase-space frame is then introduced by

Plq,p) =plg,p) and Q g, p) = qlg, p),
where the kets |¢, p) are an orthonormal basis in H,, that is,

@mmcﬂ>=5m—qvap—ﬂ>mmu/mmx%mprzL

In this basis, we write the observables ) and P, and the generators P and CAQ as

i 0 ~ 0

Q:q+_ ) Q:Z ;
J J 28pj J 8pj
i 0 5 0
Pi=p———, Pj=—i—
J J 28%‘ J 8(]]‘

These results show that H, is a reducible representation space for the observables
Qi and Pl [315*318]
The evolution equation for the states is then given by

104 (q, p; t) =/<q,plﬁlq’,p’> (¢, p'[v(t))dq dp’, (22.3)

where [¢(t)) is in Hy and (g, p;t) = (q,p|¥(t)). Assuming

0 0 ~
H(q,p; % 8—p) =0(qg—¢")o(p—p")a,plH|{, D),

We write

o 0
. . %
(g, p;t) = H(q, p; - 90 8p)w(q ;pit).
An observable operator, A, a function of @) and P, is such that
i 0 i 0
A P =A —— 22.4
(¢.0|AQ, P)la,p) = Alg + = 29 P 28q)’ (22.4)
whose average, (A), is defined as
(A) = (v[Aly)
— [dadpvr@pt) Ala+ 5 oh v 550t (225)
= qap q,D; q 28p’p 2 9q q,p;t). .

Considering that H=H-H , in the phase space we have

H = (q,p|H(Q. P)|g,p) — (¢, p|H(Q, P)lg.p)
0 0 i O i O
_H(q+;8 _%8_)—H(q—%a—p,p+%a—q), (22.6)
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where H = H(Q, P) is the Hamiltonian of the system written in terms of the
position and momentum operators, @@ and P, respectively. For instance, let us
consider the Hamiltonian

2

H@Q.P)= 5 +V(Q).

Then we have

1 i, i 0
1 i 0 10

— 5t 53_(])2_‘/(‘1_53_]3)' (22.7)

Using a Taylor series, we write H as
H =1i{H(q,p), }m;

where {-, -} is the Moyal bracket given by

— —

(1laa oo
{9, fm(q;p) = g9(q,p)2sin 2 | Bqdp ~ Bpog f(a,p),

and H(q,p) is the Hamiltonian written in terms of the c-number variables ¢ and
p. As discussed in Chapter 2, H(q,p) is associated with a classical Hamiltonian.
We consider such an interpretation only after an analysis of the classical limit of
H in the phase space representation. This aspect can be made clear if we include
explicitly the Planck’s constant in the definition of @ and P, writing Q = ¢q+ih0/0p
and P = p + ihd/dq and taking the formal limit i — 0.
As a second step, we associate the state 1(q, p) with the Wigner function. To
do this, we use the x-product
, h|o o 0 0 ,
(¥ *¢")(q,p) = ¥(q,p) exp 3 a_qa_p_a_pa_q V' (q,p)- (22.8)

The %-product is associative and satisfies the following derivative rule

H(p*9")(q,p) = (Hp*9")(q,p) + (&« HY') (g, p). (22.9)

Therefore, introducing the function

fla,p) = (> 9 (g,p),
and using Eq. (22.9), we find that

ocf(q,p;t) = {H(q,p), f(g:p;t)}nr- (22.10)
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This is the Liouville-von Neumann equation in phase space as presented in Chap-
ter 2. To avoid confusion with the star product, %, in this section we denote the
complex conjugate by 7. Besides that, we have

/dqdp¢(q7p)*w(q7p) = /dqdpw(q,p)W(qm)

/dqdp flq,p;t) .

The normalization of ¥(q, p) is

/dqdp »(g,p) * ' (g,p) = 1.
The average for the observables defined by Eq. (22.5) reduces to
(4) = (¥]AlY)

= /dqdp f(q,p;t)Alg,p)- (22.11)

The integration over p (q) leads to a distribution of probability in ¢ (p). Then
the function f(g,p) fulfills all the properties of the Wigner function. As a conse-
quence the function (g, p) can be interpreted as a wave function associated with
the quantum-mechanical Wigner function. It is worth noting that the derivation of
Eq. (22.11) was possible since A(g, p) is assumed to be an observable according to
the thermo-Galilei algebra. However, this is not the case for more general opera-
tors, such as the hat-Hamiltonian. This shows that the formalism with the Wigner
function amplitude is a generalization of the usual one.

Let us briefly investigate two other examples of representatlons for the phase
space. The first one is defined by the operators Q Q — Q and P such that
[@, P] = 0; thus we introduce

Plq,p) = plg, p> Qla.p) = dqlg,p) .

0
~ 8
P, = .
P=P 2h6qj
In this case the *-product reduces to
(654 (a.0) = ¥la.p) explin o2 1y¢(g,p) (22.12)
q,p) = Y\q,p)exp 2 9q Op q,p)- .

As a second example, we consider [Q, ﬁ] =0, such that P lg, ») = plg, p), and
Qlgp) =qlg.p) ,

~ i, 0
Qj q; — §h5—]9j >
i, 0
PJ pJ — iha—qj,
resulting in
(6 0@ p) = ¥(a: p) expli e 14 (q, p) (22.13)
q,p) = ¥\4q,p p 2 9p dq q,p). .
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22.2 Wigner function for the Klein-Gordon field

In this section we analyze the structure of the statistical mechanics and relativistic
kinetic theory for bosons. First we deal with the system in thermal equilibrium.
The basic equation is, as we have demonstrated in Chapter 7,

(3, p] = 0. (22.14)

Consider an ensemble of quantum particles specified by the density matrix p, such
that the entropy is

S =—kpTrplnp. (22.15)
In the stationary case the entropy is also an extremum; that is
05 =0, (22.16)
under the constraints
Trp =1, (22.17)
TrpN = (N), (22.18)
TrpP” = (PY), (22.19)

where (N), the macroscopic particle number, and (P*), the macroscopic four mo-
mentum, are assumed to be constant. Then we obtain (see Chapter 2)

oo+ a,PY+ayN —kg —kplnp=0, (22.20)

where ag, o, and ay are Lagrange multipliers, introduced to account for the con-
straints given by Eqgs. (22.17)-(22.19), respectively. From Eq. (22.20), we get

1 1
p = = exp[— (a, P” + anN)], (22.21)
Z kg
where
Z = exp(l — 2. (22.22)
kg

The quantity p in Eq. (22.21) is a solution of Eq. (22.14) assuming that N and P
commute with each other. Multiplying Eq. (22.20) by p, taking the trace and using
Egs. (22.17)-(22.19) and Eq. (22.22), we derive

kplnZ + o, (P”) + an(N)+ S5 =0.

We obtain a physical interpretation of the Lagrange multipliers «,, and ay by
taking

a, = —kppBU,, and ay = kpu.p0,

where p. is the chemical potential and U, is the macroscopic four-velocity field
satisfying the relation U,U"” = 1. Therefore, p in Eq. (22.21) is given as

p= 5 Pl HULPY — peN)] (22.23)
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The partition function, Z, is inferred from the normalization of p. Thus, Eq. (22.23)
provides a general form of p for steady states. Let us analyze this from another
point of view.

The Liouville-von Neumann equation, Eq. (22.14), is written as

(0" 8,0 — 0"0,)p(a,x) = 0. (22.24)

Introducing the linear transformation

0 1,0 0 0
[ — _pH — (— H
poy \/_(8(]# ) and 5 \/_(8 +p"), (22.25)

Eq. (22.24) becomes

0
pu(’?q“ p(g,p) = 0. (22.26)

This equation can be interpreted as the drift term of a collisionless Boltzmann
equation for the one-particle Wigner distribution p(q, p). To see that, let us explore
the physical meaning of p(q,p). First, note that p(q,p ) is a Lorentz scalar. Thus
an invariant solution of Eq. (22.26) is

pla.p) = /d4u d(u - p)exp[—u - qlg(p,u). (22.27)
The microscopic nature of p(g,p ) is specified through the definition
9(p, ) = {a'(p — 5) alp + 5u)
= Txfpa (p — zw)alp + 3], (22.28)

where a(p) and af(p) are boson operators, such that the number and momentum
operators are introduced by

Notice that

o(p.u) = (o' (p— gu)alp+ 5u))o
= (alp+ u)a’ (0 — 5o exp(Bpe — PTL),

a result that is derived from the properties of the trace in the equilibrium average
represented by (- - -)o. With this result, and using Eq. (22.23) in Eq. (22.28) we
obtain

() = !
P = xp(Bp Uy — Bre(N) — 1’
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which is the Jiittiner distribution [18, 319]. Thus Eq. (22.28) is an appropriate
choice for g(q,p), that provides a physical interpretation of the theory in the case
of bosons.
Including anti-particles, g(q, p) in Eq. (22.27) is written as
1 1 _ 1 . _ 1
9(p,u) = (al(p = Su)alp+ Fu)) + @ (0 - Jw)ap + w)),

where @(p) and @' (p) are anihilation and creation operators, respectively, for anti-
bosons. The microscopic specification of the operators N and P¥, in the momentum

space, is
3
N = [l Gar) + 3 ()atp)

3
P _/cj?fp”[ f(pa(p) +a' (p)a(p)].

The macroscopic current density, J”, and the energy-momentum tensor, TH”, are
respectively,

(J") = /d3 —0"p(q,p), (22.29)

and

1
V= /d?’pﬁp“p”p(q,p)- (22.30)

Therefore, p(g,p) is interpreted as a Wigner function density. In other words,
this shows how to use representations of symmetry groups to derive relativistic
statistical mechanics. Due to the symmetry properties, the simplicity is a notewor-
thy fact in this method, of the result that the distribution function p(q,p) arises
naturally in a covariant form.

22.3 Wigner function for the Dirac field

In order to derive a Wigner representation for the Dirac field we start with the
density matrix equation for the Dirac field (see Chapter 7)

[0y 0,p] =0

written in the following general form

0
Lodp _~ T
(O o — o e

where Y* = y# @1, v"* = 1 ® v* with v* being the Dirac matrices; 0! = 0 ® 1 and
0" = 1® o; with ¢ an arbitrary Lorentz invariant, satisfying 02 = 1. The Dirac
matrices, 4", fulfill two Clifford algebras,

(A" = = 20" (22.32)
such that [y!#,~4"] = 0. Observe that p(z,2’) is a 16-component object.

)p(x,2") =0, (22.31)



384 Thermal Quantum Field Theory: Algebraic Aspects and Applications

Multiplying Eq. (22.31) by (al)fl, it follows that

9] 9]
AN p_~ T AN
Alr)p(e,2') = (V" 5 — 9™ 5 )p(a,2') =0, (22.33)
where x = (0!)~1o". Using Eq. (22.25), the square of A(k) is
v 62 v a v a v
A*(r) = AY (@W +A5 (H)a—q# pv + ALY (k) Puggn © ALY (R)pupy, (22.34)
where
v 1 T 1% rv
A (k) = 5 (0" = By (V" = kY™,
v 1 T 1% rv
A (m) = S (0" + ™) (" = ™),
v 1 T 1% rv
A (m) = S (0" = ™) (" + ™),
v 1 T v rv
A (5) = (" 4 (Y + ™),
From these expressions for AYY(k), (i = 1,..,4), the following operators are
defined
1 1
a"" (k) = E(Wl“ +r9"") and " (k) = ﬁ(vl“ — sy (22.35)
then Eq. (22.34) is written as
0? _ 5]

A?(k) = a" (K)a” ™ (k)

Ht v _—
8q,uaql/ ta (H)a‘ (H) 8(]“ by

_ 0
+a" (k)a"" (k) p 9 " (k)a” " (K)pupy-

For a suitable choice of the arbitrary invariant x, two Grassmann algebras can
be introduced with the operator a#~ (k) and a#** (k). Indeed, if xk anti-commutes
with the matrices 4'* and v"*, and since x? = 1, it leads to

{a"",a""} ={a"",a"T} =0

{07} = .
Requirement of Lorentz invariance for x can be achieved if, in Eq. (22.31), we define
ol =~ and 0" = 4™, where v° = i7%y14243. Using these results, we obtain [18]

0 0
2 _ o pt v—_Y pn— v+ -
A =a""a 8qup,,—i—a a p”@ql‘
e
Og#
Therefore, from Eq. (22.33), we obtain
0
1 h(g,p) = 0. 92.36
P g M) (22.36)

We can use Eq. (22.36) to study the kinetic theory of spin 1/2 particles similar to
the case of the Klein-Gordon field. Then the definition of the energy-momentum
tensor follows the definition given by Eq. (22.30) but including spinorial indices.
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22.4 Representations for classical systems

In this section we study thermo-algebra representations for classical systems with
emphasis in deriving structural elements of the classical kinetic theory from a group
theory point of view. In this sense, classical analogues of elements of thermofield dy-
namics are specified. We first construct a representation using the Poisson brackets
as the Lie product of the Galilei thermo-algebra. Later, we study unitary represen-
tations considering that operators describing classical observables have to commute
with each other, in a thermo-algebra. In this case, the Lie product is the commuta-
tor, and the inner product in the representation space is defined on a set of complex
functions in the phase space. Representations of Lie algebras for classical systems
have been studied in the literature in different ways [320-325]. The first attempt
to study classical systems using unitary representations and field operators defined
in a Fock space is due to Shonberg [326]. This method has been explored a great
deal [327-340]. The physical and the mathematical nature of such a formalism have
also been analyzed with representations of Lie groups [80, 104] and in particular
has been used to study stochastic problems, as in the reaction-diffusion and spin
lattices [341-355]. Here we show the symmetry basis for these methods as a classical
counterpart of TFD.

22.4.1 Thermo-Lie groups for classical systems

Let £ = {a;, |a;oa; = Cyjrar} be the Lie algebra associated with the usual dynamical
physical variables, where ¢ denotes the Lie product, and c;;, are the structure
constants. In order to construct the thermo-algebra reprebentatlon we associate
this algebra with an isomorphic hat-algebra denoted by 7= {AZ, |A <>A = kaAk 1,
such that the thermo-algebra, designated by ¢, is defined by

Ai0Aj = Eiji Ax, (22.37)
Ao A\j = DijkAIm (22.38)
A\i < A\j = Cijk;{k- (2239)

The tilde operators, Z, that are isomorphic to the non-tilde operator A through
the doubling process, are identified by A=A—-A In general, however, such an
association should not be assumed. Instead, the search for hat operators should be
our primary goal.

The main characteristics of ¢7 are the following (see Chapter 5): (i) As a vector
space, {7 is the direct sum of ¢ and . (ii) £ is an ideal of f7. (iii) From the
dynamical standpoint, the elements of the subalgebra 7 are interpreted as dynamical
generators of symmetry and elements of ¢ are the usual dynamical observables.
Both are called dynamical variables. In the Lie algebra approach, infinitesimal
transformations of dynamical variables are induced by the (Lie) product of the
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generators. Then Eq. (22.38) dictates just how the dynamical generators act on the
dynamical variables infinitesimally, as we have stated it in Chapter 5. (iv) The non-
abelian nature of the dynamical observables, related to the measurement processes,
is defined by Eq. (22.37).

We can define the concept of thermo-algebra for classical systems, using the
interpretations of the non-hat operators given in property (iv) to write Eq. (22.37)
as

Aj0A; =[A;,A4;] =0,
where [A, B] = AB — BA, the commutator, is the Lie product. That is the ob-
servables are abelian. Then we assume that a unitary representation describing a
classical system should be given by

[Ai, A;] =0, (22.40)
[Ai7121\j] = iCyji Ak, (22.41)
[&‘7 A\j] = iCijkA\k (22.42)
In this case, the hat operators are a faithful representation of the symmetry opera-

tions.
On the other hand, one way to maintain Properties (i) to (iv) for abelian ob-
servables is to define the Lie product as Poisson brackets. Hence we write

{Ai, Aj} = CijrAr, (22.43)
{Ai, A;} = CijiAr, (22.44)
(A, A\j} = Cijkfz[b (22.45)

(We are using the same notation for operators and c-number functions in the phase
space since it will not create any confusion.) Introducing the tilde variables in the
phase space as

A=A - A, (22.46)
the tilde and non-tilde variables satisfy the following relations:
{Ai, A;} =0, (22.47)
{Ai, A} = Ciji Ay, (22.48)
{Ai, A}} = —CijrAr. (22.49)

Representations of Lie groups through the Poisson brackets are, in general, pro-
jective representations. That is, given a symmetry group characterized by the Lie
algebra a;oa; = Cy;, Ay, realizations in terms of Poisson brackets are given by
{Ai, A} = Cijr Ak + dij,
where d;; are c-numbers [325]. In this case, using the relations {A4;, 4,;} = Cir Ax+
d;; and {Ei, Aj} = — ijkgk — d;;, the thermo-algebra is modified to assume the
following relations
{Ai, Aj} = Cijr Ar + diy, (22.50)
{A;, Aj} = Cijp A + dij, (22.51)
{Ai, A;} = CijrAg. (22.52)
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Note that the hat functions define a subalgebra of {7 are still a faithful representa-
tion of the original Lie-symmetry.

The generators of symmetries acting on the dynamical variables are defined by
the following relation

AN =MD YA\ = 0), (22.53)

where A stands for the dynamical variables A, Aor A (this notation will be used
throughout); and, Disa general generator defining a one parameter (\) subgroup.
In particular, if A is the time parameter, we derive from Eq. (22.53) the equation
of motion

A={A H)}. (22.54)

When A = A, Eq. (22.54) reduces to A = {A, H}, and the usual classical formalism
is obtained, where H is the Hamiltonian written as a function in phase space.
An explicit form for the Poisson bracket in Eq. (22.54) is

2
dA OB 0A OB
{A,By =) (8% 3o " 3 8%), (22.55)

a=1
where 1 = ¢, o = —§, p1 = p and ps = p. Then we have a pair of Hamilton
equations,
~ OH
.a - a H} = 5 22.56
o= (oo By = 5 (22.56)
- OH
Do = {pa, H} = — , 22.57
o= {pa I} = —5= (2257)

where a = 1,2. We have derived two possibilities to study representations in clas-
sical systems. In the following we explore both of these representations.

22.4.2 SU(1,1) and the thermal classical oscillator

Considering the representation of the thermo-algebra in terms of the Poisson bracket
[104], a realization of the rotation group in this doubled phase space is

{Li, L;} = eiju Lk, (22.58)

such that each component of L is a function of (z,,ps); 7,8 = 1,2. The Casimir
invariant is

C?=Li* + Lo* + L3?, (22.59)

and we consider a system described by the following hat Hamiltonian (the generator
of time translation)

H = NC+ ML, (22.60)
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where N and M are constants. Let us introduce the following set of variables

LI

1
Ly=5(Ls— L),

with the inverse, L1+ = F(Ly +iL;). The algebra with elements L, L_and L3 is a
representation of su(1,1) for

1
A {L+, L3} = FLx,

1
“{L_,L.}=-2Ls.
1

In terms of L, L_and Ls, C is given by C2 = L3* — L, L_.
Since we have an su(1,1) algebra, we can define an algebra for oscillator-like

operators. That is, we define variables a and b, such that
1

Ly = 5(a,2 —b?), (22.61)
1

L_= 5(a,*2 —b*?), (22.62)
1

L = 5(aa” + bb"), (22.63)

where a* (b*) is the complex conjugate of a (b). Then the algebra for the variables
a, b and their complex conjugates is given by the relations
{a,a*} =1, {b,0"} =1, {a,b}=0.
Other Poisson brackets are zero.
The basic variables z,., p, of the doubled phase space specified by Eq. (22.55)
are introduced through a transformation defined by

o= <%) " (pr — i), (22.64)
b= <%)é (p2 — iQas), (22.65)

and the constants: N = 20, M = —iy and Q2 = k — (v/2m)>. Then, the
Hamiltonian, Eq. (22.60), is
~

H= %plpz + %szle +t1 (p2x2 — p121). (22.66)

Using this and the Hamilton equations given by Egs. (22.56) and (22.57), we have
mZy +y&1 + kzy =0, (22.67)

mag — yig + kxo = 0. (22.68)

These two equations describe a system of two oscillators: one is the usual dissi-
pative harmonic oscillator, Eq. (22.67), and the other, Eq. (22.68), is a growing
energy oscillator to which the energy of the dissipative oscillator flows. Such a clas-
sical system with two degrees of freedom was analysed by Feshbach and Tikochin-
sky [356-359]. In this case, the tilde variable describe the anti-dissipative system.
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22.5 Classical unitary representations

Now we turn our attention to the unitary representations of the thermo-algebra
describing classical systems. Following Egs. (22.40)—(22.42), we write the thermal
Galilei algebra, gr, for a classical system as

iy Ji1 =0, [T Jj] = izagni,
[Ji, Pj] =0, [Az‘, Aj] = igijkﬁka
[Ji, K;] =0, [Az‘,f(j] = iéijkf(k,

[KlaH]:Ou [I?Zaﬁ]zlj:\)ﬁ
[PiaKj] =0, [PiaKj] =0
[Ti, Jj] = [Ty T3] = ieijndi,

[Ji, Py] = i, Bj] = ieignc P,

[T, K] = [Jis Kj) = igsji K,

[KzaH] [KZ7H] =1iP;,

[P, K] = [P, Kj] = —iM§;, (22.69)
where the generators of the symmetries are P for translations, J for rotations,
K for the Galilei boost and H for the time translations. These operators form
a subalgebra of gr, denoted by gr, which is manifestly a faithful representation
of the Galilei Lie-algebra. Moreover, there is the subalgebra g of the dynamical
observables (non-hat operators), which is an abelian algebra.

In the set Oqu (2269), we have [Pu K]] = M = 0 whilst in [Pu K]] = [Pu K]] =
—iMd;5, M is a constant operator, that is M = m1. In order to define the Galilei

boost for a point mass, m is considered real and positive. Thus let the operator of
position (@) be defined by

K =mQ@Q —tP. (22.70)
This relation among K, P and @ is similar to that used in quantum mechanics, but

here @ and P commute with one another.
A representation where P and @ are diagonal is specified by:

Plp,q) = plp,q),Qlp, q) = ql|p, q),

so that {(q,p|d) = 0(p, q) is a vector in the representation space, which is a Hilbert
space, H(T'), on the phase space, T', of the (g, p)-points. Then, the other operators
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of gr can be written as

Ji=Li+8S;, (22.71)
P2
H =+, (22.72)
J; =L+ 5, (22.73)
. )
K; Zm@Pi + Zt@Qi’ (22.74)
=~ 0
i = '—, 22.
) (22.75)
~ .0
H=iz. (22.76)
where
-~ . 0 0
L; = 1€45k <Qk8—Qj + Pka—P) , (22.77)
L = €ijrQj Pr, (22.78)

S; are the spin operators (a representation of SO(3) such that S commutes with
every operator defined on the space (p,¢q)), and C; is a c-number. Observe that in
this representation H is not a c-number in phase space, as it was the case studied
in the previous section.

The operators P and () can be interpreted as the momentum and position op-
erators, since they satisfy the Galilei boost conditions, namely

(0] exp (—ivK)Q exp (ivK)|p) = (0]Q|) + vt(6]¢), (22.79)
and
(0] exp (—ivK)Pexp (ivK)|¢) = (6| P|¢) + mv(6]o). (22.80)

where |0) and |¢) (€ H) are arbitrary states of the system. Besides, P is the
generator for spatial translation, since [E,Qj] = —i6;5. Then, L is the angular
momentum, and H is the Hamiltonian.

In the case when §1 =5; =0, gr has two non-null invariants, which have fixed
values within the irreducible representation, given by

P2
C,=—-H 22.81
1 om ) ( )
o-Lp @ (22.82)
m

Following the case of the Galilean quantum mechanics, the expectation value of a
dynamical variable A in a state |) is defined by

(A) = (0| A|6). (22.83)
On the other hand, the temporal evolution of A is given by
(0o exp (itH) A exp((—itH)|0o) = (6] A(t)|0p). (22.84)
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Therefore, we have defined a Heisenberg picture for the temporal evolution of the
dynamical variables, and from Eq. (22.84) we obtain

i0,A = [A, HJ. (22.85)
Using Eq. (22.82), we have
P
i0;A=[A, P—],
m
which shows that the value of Cy does not play a special role in this case. That is
~ P ~
H=—P
m

In the Schréodinger picture, we derive the following equation for the evolution of
the state

i0,10(1)) = HO(t)), (22.86)
Using
(¢,pld",p") = 0(qg — ¢')d(p — p') and / g, p) (g, pldgdp = 1,

we write in this phase space basis

i0:0(q,p;t) = /<q,plﬁI(J’,p’> (d'.p'10(t))dq dp, (22.87)
where |0(t)) is in H(T") and 6(q, p;t) = (¢, p|0(t)). Assuming

(g,p|Hlq',p') = (g — ¢)(p — 1) (g, p|H|g, ),

we have

i010(q,p;t) = Lr(q,p)0(q,p; 1), (22.88)

and

~ P~
Lr(q,p) = (q¢,p|H|q,p) = (q,pIEP|q7p>
p 0

= —71—

m@qi’

where we have used <q,p|ﬁ|q,p> given by Eq. (22.82) in the basis |q, p).
A formal solution of Eq. (22.88) is

0(q, p;t) = e "TILrg(q, pito).

Writing 6(q, p;t) = ¥ (t)¢(q, p), we have the eigenvalue equation.

Lr(q.p) = vé(q,p) and (1) = (0)e "

Notice that Eq. (22.88) is the the usual Liouville equation describing a free particle
in classical mechanics; where Lr(g, p) is the Liouvillian. However, here, 6(q, p;t) is
a complex function. This fact points the way to find a physical interpretation for
this representation.
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By the definition, to every non-hat operator (say A) there is a hat operator
(say A). This is a one-to-one mapping, which may be determined using the explicit
representation of the thermo-algebra given by Eqs. (22.70)—(22.76). Then, we define

the one-to-one hat mapping, * : A— A, such that A = i{A,.}; explicitly

A:i{A,.}:i%g—p—i%%. (22.89)
We have, hence, the following correspondence for the Lie algebra elements,
P— P=i{P}, (22.90)
K — K =i{K, .}, (22.91)
L — L=4{L,.}, (22.92)
H— H=1Lr=i{H,.}, (22.93)
M — M =i{M,.}=0. (22.94)

Therefore, H = Ly is the classical Liouvillian operator in the general form,
written in terms of the Poisson bracket, from the observable Hamiltonian. To
complete the physical meaning of the representation, we observe that f(q,p;t) =
0(q, p; t)|? is also a solution Eq. (22.88), i.e.

i0:f(a,p;t) = Lr(q,p)f(q,p;t), (22.95)

or

of(g,pit) =1{H, f(g,p;t)},

and the average of an observable, given by Eq. (22.83), reduces to the usual average
in the phase space for the non-hat operators; we have

(4) = (O] A1) = / dpdat* (q, ;1) A(g, p)0(q, p; 1)

- /dpdq f(g,p;t)A(g, p).

For normalized functions, we have
OOIA10) = [ dpdad” (a.:0)0(a.p:1)

= /dpdq flg,p;t) = 1.

Then the complex functions are interpreted as amplitudes of probability in the
phase space, associated with a probability density given by f(gq, p;t) = |0(q,p; t)|*.
The conservation of probability is expressed by the same equation. This formalism
was first proposed by Schonberg [326], as a generalization of the Liouville theorem.

From, g7, given by Eqs. (22.40)—(22.42), we observe that the hat mapping (")
satisfies the following properties [104]:
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p.1 (linearity): (41 + aAs)" = Ay + ady.

p.2 (derivation): (H;Z:I Ai)/\ = E?:l (Al s 'AiflA\iAiJrl s An)
Proposition 1: Given C € g (the abelian algebra of the observables) and
{C, A} =0, for every A € g, then C and C are two Casimir invariants of gr.

Since we know the invariants of the Galilei group, considering Proposition 1, we
write the Casimir invariants of gr in the general case when S # 0. These invariants
are C and Cj5, given by Egs. (22.81) and (22.82), respectively, and

Cs = (J— L)% (22.96)
Cy=[(J-1)"". (22.97)

Both Cy = 6’3 and Cy = 61 have a fixed value in an irreducible representation. But
in accordance with the properties of the hat mapping C; and Cy are null constants.
With the properties p.1 and p.2, and the Proposition 1, we verify that we cannot
find a physical representation for gr for the case of M = 0. Therefore, we do not
have classical particles of zero mass in this representation.

Similar to the quantum TFD, we can introduce in this classical formalism an ar-
bitrary parameter £ , by generalizing the average of observables given in Eq. (22.83)
to

(A) = (FS1AIf°)
= /dpdqu(%p)A(q,p)fl’ﬁ(qm). (22.98)
Then, Eq. (22.83) is obtained when { = 3. As is the case in TFD, however, there
are other possibilities for £. For instance, if £ = 0 and using the basis of states such
that operators P and P are diagonal, we obtain the formalism called dynamics of

correlations. In fact, if P and P are c-number operators, then Plp, k) = plp, k),
Plp, k) = k|p, k), so that (p,k|f) = fr(p). As a consequence

filp) = / dp'dap, Ko, (F (@' 9)
- / dge™ f(q,p) (22.99)

The fi(p)-functions are the correlation patterns in the dynamics of correlations
[331]. As a particular case, the average, Eq. (22.98), for the thermal equilibrium,

(A) = (FHA[F76) = /dpdq e~E8H [ (=05 H

is still a case similar to that in TFD. Another aspect to be noticed is that, when
extended to many classical particles, the Schonberg-Liouville wave equation, given
by Eq. (22.88), can be considered as a field equation defined in a Fock space. We
study this representation of gp later. First, we discuss a simple example.
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22.6 Liouville equation for the oscillator

Let us analyze here some similarities between TFD and the unitary representations
of gr, that we have studied. The dynamics of a system is generated by hat operators,
which are in correspondence with the original dynamical variables via the Poisson
brackets:

Quantum TFD Liouvillian Systems

0A 0 0AD
949, p 6_q) '
This relationship among classical operators and quantum operators is not transpar-
ent. We would like to see if there are additional connections. In order to do this,
the p-variable is considered in its Fourier representation, such that

~

A=A—A, A=i{A, }:i(

p — 105, and 0, — q.
P = imd, does not change. In particular, the generator of rotations is given by
L = ieiju(qry; + pudp,) — ieijn(ardy; — 04,) = i€in(qudy, + ax0y, )-
Assuming that H =T + V', we get
H = ~i(pdy — 0,V0y) — (0405 — 9, V).

For a harmonic oscillator, H= —i(pOq — q0p) resembles the quantum angular mo-
mentum operator L., which can be considered as L, = afa — afa, where a and @
are two independent annihilation operators. Indeed, consider a rotation of the form

(= (F) (3) -G @)

with u? = v? = 1/2, p — imu(dx + d5). For a system of harmonic oscillators we
have

T 1 2 2 2 v2
- Z 0%, + X2+ 02 - X¢] (22.100)
= H(X) - H(X), (22.101)

which is remarkably similar to the one in the TFD formalism. A more general
system would then become

V2

where V; = 0, V. Even for such a general system the time generator for the distri-
bution function is anti-tilde invariant in the TFD sense.
To see more connections with TFD, consider the following transformation

H=% [—%(3?@» —0%)+ Epe —)@M(XH?)] ,

a=—(X +0x), al = —=(X — 0x).

Sl
Sl -
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The original Hamiltonian becomes

H= %[Pz +¢*] = %[q2 - 03] = i[(X +X)2— (0x —0%)%  (22.102)

ot (22.109

where g; and g3 are two of the three generators defined in TFD as g; = aa + afa’,
go = i(ad — a'a’), and g3 = a'a + a'a + 1. They commute with the time generator
H. If a state |0) satisfies the static Schénberg-Liouville equation, so does e*#|0)
where « is an arbitrary c-number, since [H, H ] =0. In fact, f(H)|0) is also a valid
solution in the classical case, where f(H) is an arbitrary function of H. Henceforth,
we have the following correspondence between the Liouville system and TFD:

Liouvillian System Thermofield Dynamics
H=i{H,.} — H=H—-H,
H — G Transformation Generators,
16) |0).

The last correspondence is the same for quantum systems as well.
The vacuum state of the quantum system is written as

Yo = e_%(XQ + )?2) - e‘%(aﬂ +y?) _ /dpeipye—H(:mp)

where H(z,p) = 4 (x*+p?). This solution corresponds to a classical system in ther-
mal equilibrium at § = 1. The obvious solution of the classical Liouville equation
is

, 10,2, 2
eaH¢0:/dpelpye_(1+a)§(x +p7),

The following two generators

¢ +p*+0; 402
q0q + poy

ad +atat — { ,
however, do not generate any new class of solutions. The obvious solution is ob-
tained by the use of polar coordinates p = rcosf, ¢ = rsin, L — Jp. A time
invariant solution must be of the form f(r?) = f(p* + %) which is independent of
6.

In TFD, the canonical transformations are, as a matter of fact, a restricted class
of transformations. If we write

676 a GG _ Bll B12 a
at Boy By ) \a' )’

then we have the constraint that By Bo; = (0|afal0) be positive. A closer examina-
tion reveals that the solution e® v with real « is actually forbidden in the quantum
case. However there is no such constraint in the classical system. Therefore any
solution f(x? + p?) is a valid solution in the classical case.
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22.7 Non-relativistic symmetries in the Schénberg-Fock space

A unitary representation for g is derived here using the Fock space (F) defined by
the tensor product of H(T"); that is

F({) =&,HD)®™, m=0,1,2..,.

The elements of g are assumed to be defined in the Schonberg-Fock space, F(I).

Let (q,p) and (g, p) be the basic field operators satisfying the commutation
relations at equal times

[W(ap; 1), 97 (9 1))+ = 6(g — a)s(p — ),
[W(g,p; ), (a0 )]+ = [0 (403 1), 0T (¢, '3 1)) = O,

where — (+) in the brackets defines the classical bosons (fermions). For simplicity,
we use in this section the notation: 7 = (p,q), ¥(7) = ¥(g,p) and 6(7 — 7') =
5(q— ¢ )d(p —p'). We also assume that the particle spin is S; = 0.

In the space F(T') there is a vacuum state, |0), such that ¢(7)|0) = 0, (0]0) =1,
and T (7;)|0) = |x;). A general vector in F(I') is defined by

wa»=ea%m>+;;;%i/euhaf~nﬂwm@ww, (22.104)

where d"7 = dridrs - - - dry,

Ixn) = %/JT(TlWT(Tz) T ¢T(Tn)|0>7

and (71, 72, - - - T3 t) are symmetric or anti-symmetric functions in the Hilbert space
H(T"), such that

1 1 -
9(7-177—27 o 'Tnvt) = W<Xn|x> = ﬁ<o|g¢(ﬂ)|x>
In addition
(XIX') = 650, + 2/9*(7'1, Toy o Ty t) 0/ (71, T2, - T t)d" T
i=1

Therefore, for each operator A(ry,7s,---7,) defined on H, and depending sym-
metrically on the variables 7, 73, - - - 7, We introduce a corresponding operator act-
ing on F(T")

A= [6ln) 0l () Alriom) wlm) - o(md'r. (22109

A representation for g is obtained with this type of operator when n = 1. Using
Egs. (22.70)-(22.76) and n = 1 in Eq. (22.105), the non-null commutation relations
for the thermal Galilei group are now written as
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)

[T:, Tj) = ieiwTe, 1T Tj) = [Tin Tj] = iijn T,
\7iPj) = ieijPe, 170 Pi) = [0, Pj) = deijuPr,
7, Kj) = ieijukn, (T3, Kj) = (73, Kj] = igijnkx,
K, H] = iP; [Ki, H] = [Ki, H] = iPy,

]

where N, the number operator, is defined by

N = / N()dr = / W (1) (F)dr, (22.106)
such that
Nan> = n|Xn> (22.107)
A dynamical variable A has its average in a state |x) defined by
(A) = (dAP). (22.108)
On the other hand, the temporal evolution of A is given by
(xo exp (itH) Aexp(—itH)|xo) = (xolA(t)|x0)- (22.109)

Thus, we have defined a Heisenberg picture for the temporal evolution of the dy-
namical variables, and from Eq. (22.109) we obtain

i A= [AH|. (22.110)
In the Schrodinger picture, the equation for the evolution of the state is
i0h|x (1)) = HIx(t)), (22.111)
which leads to
1000(71, 72, Tnit) = Lr(T1, 72, 7o) O(T1, T2, - T 1), (22.112)

where
Lr(mi,72,+ Tp) = H

is the Liouvillian for n particles. Therefore, Eq. (22.112) is the Schénberg-Liouville
equation describing n classical bosons. To get a physically consistent interpretation
of the theory, we define f(71, 7o, Tn; t) = |0(71, 72, - Tn; t)|? as the n-particle dis-
tribution function in I'. The field operators ¢ (7;t), in the Heisenberg representation,
satisfies the equation of motion

i0p(75t) = Lr(7) ¥ (7;1)(7;1).
We can define a general vector in F(T") by

IXE (1) = 6°(t)o10) + ; \/% /95(71, T, Tns t) [ Xn)d" T, (22.113)
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such that

) = <= O T o)

i=1

95(7-177-27 o T’nat) =

-

n!

and
<X(17£)|X/€> = 9(()1_5)*965 + 2/0(175)*(7'1, To,+ Tn; t) 0'5(7'1,7'2, s T t)d" T
=1

The average of an observable A is
(A)e = (X' AIXS).
For the case of £ = 1, we can take (71,72, - Ty;t) as real, so that the substitution
O0(m1, 72, Tnst) = f(71, 72, Taj 1)

is allowed. In this case, we use the Schonberg-Fock space describing classical parti-
cles fulfilling the Boltzmann statistics. Then the state is described by a probability
density, not an amplitude. This aspect opens the possibility to use quantum field
theory tools to treat a broad class of stochastic problems. This was explored by Doi
to deal with reaction-diffusion processes [341]. In this realm, the creation and an-
nihilation field operators describe, for instance, the reagents in a chemical reaction.
For this purpose, different methods have been developed, exploring functional meth-
ods [342-345], which have been extended and applied to different systems [346-354].
Some formal aspects about this method have been addressed by Grassberger and
Scheunert [348] and Andersen [349]. One of the difficulties to improve this kind of
theory is that, the Fock space and concepts such as indistinguishability of particles
have been paradigmatical ingredients of quantum theories. However, as we have
observed, the Fock space is taken as a representation vector space of kinematical
groups describing classical systems. In this sense there is no A in the method, result-
ing in full consistency with classical and stochastic physics and no ambiguity with
quantum theory. The basic result here is that this kind of theory can be studied
with the support of symmetry.

22.8 Classical relativistic representation

Considering a classical theory, the thermo-Poincaré-Lie algebra, pp, is

—_ o~

[Muua Mop] = i(gNO'Mpl/ + gpuMou + gupMua + gaVMup)a
(M, Pp] = i(gupPo — gupPp),
[Muua Mop] = .(gMO'Mpl/ + gpuMou + gupMua + gaVMup)a
]

i
= [M,u, Ps]l = i(9p0 Py — guoPu)-
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The commutations relations among non-hat operators are zero, since we have (clas-
sical) abelian observables. Three invariants are immediately identified as

I = P*P,, (22.114)
I, = P*P, (22.115)
Is = P"P,. (22.116)

Since the non-hat operators form an invariant abelian algebra, we can take such
operators and the invariants I, I, I3 to build a Hilbert space basis. In order to do
so, first we notice that

P p P’ _p (22.117)
P N P ML 4o P, — a, Py, (22.118)
e—E}wM‘“’PUeE;wM‘W =P, + Z’(eoUP” — 5VUP”). (22119)

Therefore, we find P, and M,, as natural candidates for describing linear and
angular momentum, respectively. On the other hand, Pt and M* can be taken as
the generators of translations and rotations, respectively. That this interpretation
is consistent can be verified, for instance, from Eq. (22.119) which establishes that
under rotations the linear momentum transforms as a 4-vector. This interpretative
aspect is a direct consequence of the fact that the algebra of non-hat operators is an
invariant subalgebra of pr. Now we assume the existence of a Hilbert space H(T")
on which the elements of pr are defined and introduce a non-hat operator, say @,
, through the condition

e~ P Qe = Q4+ ia,

where « is a constant. Then the operator ), describes generalized coordinates.
Therefore, a phase space frame for the Hilbert space H(I") can be introduced since
[P,Q] = 0. Let us define |g,p) € H(T') such that

Plq,p) = ple,p), Qla,p) = dqla,p),

with ¢ and p being real 4-vectors, and (g, p|¢) = ¢(q,p) being an L? (Lebesgue)-type
function, that is [ |¢(q,p)|*dgdp < co. This last condition is used to impose the
normalization condition. In this way, we obtain a unitary representation for pr as

Mp.l/ - P,qu/ - PuQ,u; (22120)
My = P.Q, — P,Qu + Q,P, — Q,P,, (22.121)
where
p -2 Q _..2 p =1p,, and Q,=1q (22.122)
3 8%’ M apu’ 3 o I3 we :

A general association between a hat and a non-hat operator, consistent with
Egs. (22.120)-(22.122), is thus introduced. Consider an arbitrary function of the
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phase space, say A(q, p), then we have two mappings, (i) ¢: A(q,p) — A =1-A(q,p),
giving rise to c-number operators, and (ii) ”* : A(q,p) — A, such that, now we have,

-~

A= (pAlg,p)7 + a(qA(g, p))P + B7(PA(g, ),

where o and 3 are constants. Taking o = 1 and g = 0, the association is such that
A — A=1i{A(¢g,p), -} , where { -, - } is the Poisson bracket. In this case, we have

(yA+ B)" = v(A+ B), (AB)" = AB+ BA, ()" =0, (22.123)

where v is a constant. This result is useful to derive another set of Casimir invariants
of pr. Defining w, = 3e,,0,M"? P, the Pauli-Lubanski vector, we find the
following invariants W = ww,, and W = 2w"@,. Hence, we write Eq. (22.120) and
(22.121) respectively as: M, — Ju = M, + S, and ]/W\W — j;w = ]/W\W + §W,
where the variable S, and §;w are related to the spinor index of the representation,
which is taken to be zero here (scalar representations).

We assume that the average of an one-body diagonal operator is given by

(A) = (¢|Alo)
= /dqdpdq’dp’wlq,p><q,plzlq’,p’><q’,p’|¢>

= / dqdpdq'dp’ ¢*(q,p)A(q,p,q',p')6*(q — ¢')6*(p — P)d(d . P')
= / dqdpe* (q,p)A(q, p)(q. p),

where the notation A stands for either a c-number operator, A, or a hat operator,
A A= A, then the average of A reduces to (A) = [dqdpf(q,p)A(q,p) where
fla,p) = lo(a, ).

Let us now write down an equation of motion for ¢(q, p). The invariant I3, given
in Eq. (22.116), has a fixed value in this phase space representation. Considering
then I3 = 0, from Eq. (22.122) we write

0
p“a—qu (¢,p) =0, (22.124)

which is a collisionless transport equation, also furnished by the positive-defined
real quantity f(q,p). Then we can interpret ¢(g,p) as a probability amplitude in
phase space and f(q,p) as a classical probability density.

For the completion of physical interpretation of this formalism, as well as for
practical purposes, let us define the tensor

—w 1 a3 i
" (q) = 32n)? /p—fﬁ(q,p)P“P ?(q;p)-

Taking in particular P = P, we get the usual definition of the energy-momentum
tensor
1

™ =T (q) =
—T"(q) Ik

43
/ p—g)p“p”f(qm),
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where T (q) is the average value of the energy per particle, T%(q) is the average
value of the energy flow, T%(q) is the macroscopic momentum flow and T%(q) is
the pressure tensor. This result shows the compatibility of our approach with the
usual kinetic theory [360, 319].

22.9 Boltzmann equation and non-relativistic limit

In order to derive a collision term in Eq. (22.124), we use the notion of propaga-
tor in the Hilbert phase space H(I'). Consider the (pointwise) collision between
two particles (1) and (2) with initial (i) and final (f) momenta specified, respec-
tively, by pj, Py, Py, and ps,. Define now an amplitude of transition at a point
q, say W(q,ps1,ps2, Di1pi2) is the propagator of the system, from a initial state
¢, pi1; 4, pi2) to a final state |q,ps15q,py2), that is
W(q,ps1,pr2lPirs piz) = (¢ Ps13 4, Pr2ld, Pirs 4, Pi2)-
Then the amplitude of transition for any point g of space-time is

W (ps1,pralpir, piz) =/d4q (49,0515 4, Pr2ld Pir; ¢, Piz),
such that we can write
(¢ pi1; ¢, pi2| = /d4pf1d4pf2 W (pi1, pizlps1, pr2){q: 11 4, Pr2l,
and so we have
(¢: pin; 4, Piz| P12) =/d4pf1d4pf2W(pi1,p¢2|]9f1,pf2)<q7pf1;qapf2|¢12>~

Using the indistinguishability of particles, an intrinsic ingredient in our for-
malism since we are considering amplitudes, and the Hartree approximation

(@: P13, Pp2|d12) = ¢(q,pf1)d(q: pf2), We can compute the change in the prob-
ability amplitude, say ¥4 (q,pi1), due to particles leaving the collision at ¢ with
momentum p;1, that is

2
The same reasoning is used to compute the effect of particles leaving the collision
at ¢ with momentum other than p;;, that is

1
Vo (g.pn) = 5 /d4p¢2d4pf1d4psz(pu,pizlpfl,pfz)¢(q,pf1)¢(q7pf2)-
Therefore, we obtain the following transport equation
p"0ud(a,p) = C(g, p); (22.125)

1
U, (q,pin) = —/d4p¢2d4pf1d4pf2W(pf17Pf2|pi17Pi2)¢(q7pf1)¢(qapf2)-

where
C(g,p) = ¥4(q,p) — ¥_(q,p)

1
= 5/d4pi2d4pf1d4pfz[W(pf1,plep,pm)«ﬁ(q,pﬂ)qﬁ(qmm)

_W(pa p12|pf1 ) pf?)d)(qa pf1)¢(Q7 pr)] .
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As a consequence, we have derived a relativistic Boltzmann equation, but for
probability amplitudes in phase space [361]. An alternative way is to derive the
Boltzmann equation for the density, f(q,p). This is accomplished by the fol-
lowing substitutions in Eq. (22.125): ¢(q,p) — f(q,p) and W (ps1,pr2|p, pi2) —
|W (ps1,pr2|p, piz)|?, such that now W (¢,pi1) (Y- (g, pi1)) is increasing (decreasing)
in the probability density due to particles leaving a collision at ¢ with momentum
(other than) p;;.

Let us analyze the non-relativistic limit of this approach. Considering
Egs. (22.120) and (22.121), we have that the components of the Lorentz boost
generators are written as

Lo =&=i(£i—p 0 0 im0,
" c 2 0p, “TOH 0qn, c2ot”
Therefore, proceeding to the contraction, considering formally ¢ — oo, we have

PN . 0 0
Ko = i am”

where K, is the generator of usual Galilean boost transformation. On the other
hand, for the energy we have

H 1 )
lim — = lim —y/m2c? +p;pi=m, j=1,2,3.
c—00 C c—00 C

The remaining components of the total angular momentum operator reduce as well
to the Galilean counterpart. Besides, with the above representation for the total
energy operator, in the non-relativistic limit the generator of time translation ]30
becomes H = i8;. Such operators are just the ones previously employed in this
chapter. Observe also that we can introduce a Fock space representation via H(I') ®
H(T) ® - - ® H(T) such that the amplitude ¢(g,p) can be taken as field operators
in phase space.



Chapter 23

Real-Time Method for Nonequilibrium
Quantum Mechanics

Most natural phenomena, widely scoping from quark-gluon plasma in particle
physics to biology and to cosmology, proceed via nonequilibrium (far from equi-
librium) processes, though our understanding is still limited to physics of equilib-
rium. In spite of complicacy and model-dependence of nonequilibrium processes,
most systems eventually settle down to equilibrium states that are characterized by
a few variables. Statistical mechanics and thermodynamics describe the states of
systems in equilibrium remarkably successfully. At a more sophisticated level, the
processes not far from equilibrium belong to an area pretty well understood, where
the linear-response theory and the dissipation-fluctuation theorem hold good and
are useful tools to understand the processes towards equilibrium states.

Nonequilibrium phenomena are believed to involve two facets: kinematics and
dynamics. Kinematics concerns about the states of a system and dynamics cares
about how the system evolves from an initial state to a final one via various possible
intermediate states. For instance, quark-gluon plasma, is a typical nonequilibrium
physics, where the initial state of heavy ions with extremely high velocities and
the final product of hadrons and mesons from quark pairs and gluons are pretty
well understood. However, the intermediate states from the hadronic states to the
quark-gluon plasma are not understood yet, except for some characteristic features.

Another arena where nonequilibrium physics would play an important role is
the phase transition itself. Symmetry breaking has been a central concept in our
understanding of phase transitions from condensed matter to particle physics. The
electroweak (EW) phase transition and the QCD phase transition that would have
occurred in the early universe relies on the spontaneous symmetry-breaking with the
Higgs boson. The formation of topological defects also depends on phase transitions.
Though we understand what would happen after the phase transition, that is, what
the final state would look like, we do not have yet a complete comprehension of
the transition process. In particular, the critical phenomena at the onset of phase
transitions, in which the correlation length extends infinitely and thermal relaxation
slows down infinitely, prevents one from directly applying the physics of equilibrium.
Further, another puzzling issue is the last stage of thermalization toward the final
state of equilibrium.

403
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An aspect common to nonequilibrium phenomena is that they proceed dynami-
cally in time. One conservative approach to nonequilibrium physics is to adopt the
contemporary laws for the dynamics. Quantum theory has proved to be the most
precise law of nature, at the subatomic particle scale and the atomic scale. From
this view point, quantum field theory may be employed to describe nonequilibrium
processes involving phase transitions unless an entirely new physics is required.
This stratagem has been used in phase transitions in the past half a century. It is
surprising that the progress in understanding phase transitions has been at a crawl
in comparison to their universality and utmost importance.

In order to treat nonequilibrium problems like phase transitions, the closed-time
path method [67] is one of the options. The development of TFD [67, 70, 51] as
an operator formalism with real-time was motivated to consider such problems. In
general it has not met with much success, since it is not easy to find a point providing
an anchor to the physical development. Unlike the case of of systems in equilibrium,
that have to be normalized to a distribution function, the nonequilibrium problems
do not provide any such point.

In this chapter, we shall introduce another real-time formalism for quantum
mechanical models for phase transitions. The quantum law is prescribed by the
Schrodinger equation [363, 364, 63, 365, 366], but the density operator obeys the
Liouville-von Neumann equation. Some time back, it was found that for an os-
cillator with time-dependent mass or frequency, the so-called invariant operator
satisfying the Liouville-von Neumann equation may also be used to find the ex-
act quantum states of the time-dependent Schrédinger equation [367]. This ob-
servation led us to the Liouville-von Neumann method for nonequilibrium quan-
tum fields, where the Liouville-von Neumann equation is to be combined with
the (functional) Schrédinger equation, so both the density operator and quan-
tum states are found exactly from the knowledge of the invariant operators
[368, 65, 66, 369].

23.1 Schrodinger, Heisenberg and Liouville pictures

A simple nonequilibrium process is prescribed by a time-dependent Hamiltonian, for
which time enters explicitly through coupling constants or physical constants such as
mass and frequency, etc. For a system interacting with a thermal bath, interactions
may have both local and nonlocal effects on the system itself and may lead to a time-
dependent Hamiltonian, when the system is separately handled and the nonlocal
effects from the thermal bath are neglected. Let us denote the Hamiltonian by H ().
Then, it describes a nonequilibrium process because it is not static and e 77 ®) ig
not truly a density operator from the LvN equation.

As far as the time-dependent Hamiltonian is concerned, all the information
about the nonequilibrium evolution is carried by the evolution operator (in unit of
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h=1)

)
iU = HOU(). (23.1)

The evolution operator has a formal expression

U(t) = Texp(—i / tH(t’)dt’), (23.2)

where T denotes the standard time-ordered integration, and in the static case,
it takes the familiar form, U(t) = e~**. In the Schrédinger picture, the time-
dependent state is given by

() = U(t)|¥)s, (23.3)

for any initial state |¥)g.
On the other hand, in the Heisenberg picture, the time-dependent operator
defined as

Onu(t) =UT(t)OsU (1), (23.4)
obeys the Heisenberg equation
.0
ZEOH@) + [Hu(t), Ou(t)] = 0. (23.5)

Here, Hy(t) = UT(t)H(t)U(t) is the Heisenberg operator of the Hamiltonian. In
the Heisenberg picture, the expectation value with respect to a pure or mixed state
ps takes the form

(0) = Tr(psOnu(t)) = Tr(p(t)Os), (23.6)
where p(t) is the density operator
p(t) = U(t)psU'(t). (23.7)

However, as the task of evaluating the evolution operator Eq. (23.2) is not trivial,
we have to rely on some analytical scheme such as the perturbation theory. Here,
we shall follow the Liouville-von Neumann method, which is based on an invariant
operator,

O(t) = U(t)OsUT(t). (23.8)

Note that the invariant operator evolves backward in the same way as the density
operator Eq. (23.7) in contrast to the Heisenberg operator. Indeed, the invariant
operator satisfies the Liouville-von Neumann equation

.0

zaOL(t) + [OL(¢), H(t)] = 0. (23.9)

Another reason to use the invariant operator is that any eigenstate of the invariant
operator,

OL()|\ ) = A\ 1), (23.10)
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having a constant eigenvalue A, yields an exact quantum state [367]
(W (t)) = Cet ] AN —HOING |\ ), (23.11)

where C is a constant. From now on we shall work in the Liouville picture and omit
the subscript L.

The most advantageous point of the Liouville picture [368] [66] is that the
Liouville-von Neumann equation itself can provide all the quantum and statistical
information of nonequilibrium systems. For a time-dependent system, the invari-
ant operator Op,(t), whose eigenstates are exact states, may also be used for the
density operator p(t) = e POL(®) thus unifying quantum statistical mechanics with
quantum theory. The Liouville-von Neumann method treats the time-dependent,
nonequilibrium system exactly in the same way as the time-independent, equilib-
rium one and is applied to nonequilibrium fermion systems [65].

23.2 Linear model for phase transition

Quantum mechanics is a (14-0)-dimensional field theory. As a quantum mechanical
model for the second-order phase transition, let us consider the time-dependent
harmonic oscillator [368]

1, 1
H(t) = 5p* + 5m*()g*, (23.12)

where m?(t) has the asymptotically positive value m? far before and the asymp-
totically negative value —m? far after the quench. The oscillator executes a stable
motion about g = 0 before the quench but rolls down from ¢ = 0 after the quench
because it is an unstable equilibrium.

In the Liouville picture, we find a pair of time-dependent annihilation and cre-
ation operators defined as [66, 368, 370]

at) = ifp*(t)p — ¢*(t)a], a'(t) = —i[p(t)p — H(t)d], (23.13)
where p and ¢ are Schrodinger operators. These operators satisfy the Liouville-von
Neumann equation when ¢ satisfies the classical equation,

@(t) +m2(t)p = 0. (23.14)
Further, the Wronskian condition
¢ (t)e(t) — " (H)p(t) =1, (23.15)
makes the equal-time commutator hold,
[a(t),a’(t)] = 1. (23.16)

Far before the phase transition, the complex solution to Eq. (23.14) satisfying
Eq. (23.15) is given by

pi(t) = : (23.17)
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According to Eq. (23.13), the Fock space is now constructed from the annihilation
and creation operators

B eimit ) imgt
alt) = <= (ip+mig) = "™ "as,
m;
—im;t .
al(t) = 62—m (—ip + miq) = e Mty (23.18)

Note that the Liouville-von Neumann operators a(t) and af(¢) have the opposite
phase factors of the Heisenberg operators ap(t) = e~ "ag and aly(t) = e"™*al.
Though the Hamiltonian has the standard representation in all the three pictures

H; =m; (aT(t)a(t) + %) =m; (a;as + %) =my (a;f{(t)aH(t) + %), (23.19)
the phase factors, which follow from Eq. (23.8), are necessary for a(t) and af(t)
to satisfy the Liouville-von Neumann equation (23.9) and, similarly, for au(t) and
CLL (t) to satisfy the Heisenberg equation (23.5). The vacuum minimizes both the
uncertainty relation AgAp = 1/2 and the energy (H) = m;/2.

On the other hand, at later times far after the quench, the solution to Eq.
(23.14) is given by

er(t) = 2—\1/5 [(Cl - z‘Cg)emft - (01 + icg)e*mft], (23.20)

where C},j = 1,2 depend on the intermediate process toward the final state. The
kinetic and potential energies contribute equally to the vacuum and thermal expec-
tation values so that (Hy) = 0. The uncertainty

1
(Aq)(Ap) = 3 [mef cosh?(m¢t) + mC? sinh?(m t)|, (23.21)

exponentially grows, suggesting the classicality of the phase transition out of equi-
librium [364]. However, the phase transition depends on the whole process, how it
evolves out of equilibrium from the initial equilibrium state.

To show the process dependence of the phase transition, we consider an exactly
solvable model, describing a finite smooth quench [368],

t
m2(t) = m? —m3 tanh(—). (23.22)

T
2 = m2+m? at earlier times (t = —o0) and has —m?@ = -—mi+m? <
0 at later times (¢t = co). 7 measures the quench rate, i.e. the rate of change of the

mass. The instantaneous quench corresponds to the (7 = 0)-limit. The solution to
Eq. (23.14) is found to be

The mass has m

e—mit

(t) = Z—mF(—g(zml —my), —%(imi +my); 1 —iTmy; —th/T), (23.23)
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where F' is the hypergeometric function. At earlier times this solution has the
correct asymptotic form Eq. (23.17). On the other hand, at later times ¢(¢) has the
asymptotic form

|1 (—D)I(1 — im;7)T(myT) -
r(t) = /2m; Z(im; — m )2 (=% (im; — mf)] e
1 (—1)F(1 — imiT)l—‘(me) e—mft

Thus, the coefficients Cy, Cs of Eq. (23.20) depend on the mass parameters m;, my
and the quench rate 7. In other words, the final asymptotic state of nonequilibrium
evolution depends on the intermediate processes.

23.3 Nonlinear model for phase transition

We consider the nonlinear model for phase transition [368, 66]
2

H = %pQ + %qz’ n %q4. (23.25)
The model with the upper (positive) sign has the global minimum at ¢ = 0, while the
model with the lower (negative) sign has the global minimum at ¢ = :I:\/ém/ VA,
now with ¢ = 0 being a local maximum, and exhibits a symmetry-breaking of
the phase transition. Even for such a simple nonlinear model, there is no known
method yet for exact quantum states except for perturbative methods. Further,
the instability of a localized quantum state near ¢ = 0 for the symmetry-breaking
model causes another problem of the convergence of perturbation series.

As we do not know the Hilbert space for a nonlinear system, our stratagem here
is first to find a suitable Fock space of all multiparticle or number states and then to
represent an exact state of the nonlinear model (23.25) in the Fock space. Thus, this
method is a time-dependent perturbation theory in the Fock space. To guarantee
the stability of the perturbation method, we shall not truncate the Hamiltonian by
the quadratic term only but include part of the nonlinear effects at the lowest order.
As far as a nonlinear effect at the lowest order is concerned, the idea is similar to
the Gaussian approximation method for static systems [371-374].

In the oscillator representation, the position and momentum operators are given
by

g = ¢(t)a(t) + " (t)al(2),

p = p(t)a(t) + ¢* (t)al(t). (23.26)
The normal-ordering of operators, where all annihilation operators stand to the right
of all creation operators, is particularly useful for evaluating expectation values

with respect to the vacuum. The normal-ordering of operators appearing in the
Hamiltonian is such that ¢> =: ¢? : +(¢?) and ¢* =:¢* : +6: ¢ : ¢> + 3(¢?)?,
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where : : denotes the normal ordering and () is the expectation value with respect
to the vacuum. The normal-ordered monomial of the position takes the form

= n!
Y x(n—k) k_ t(n—k) k 23.97
q kzzoik’("—k)’@ pral gk, (23.27)

and a similar expression holds for the momentum. So the Hamiltonian H can be
divided into two parts:

H = Hy + \Hp, (23.28)
where
1 m? A
HO = 5 :p2 . i? : q2 : +Z<q2> : (]2 : +E07 (2329)
1
Hp = gt (23.30)

Here, the c-term from the normal ordering is the energy expectation Ej
1 m? A
By = 5(0°) £ —-(¢%) + Z{a*)?
1 2

* m * )‘ * 2
=590 E 2@@+8(s0 ©)°. (23.31)

Up to c-number terms, Hy and Hp are equivalent to those of the Hartree method
14 A

2

m
+ 2, A2y 2
5P 2q+4<Q>q,

- T2\ ,2
Hp = 54" = 7(¢)q" (23.32)

At this stage, the Gaussian vacuum is not necessarily the energy-minimizing state
since ¢ is not fixed yet except for Eq. (23.15). The minimization of the energy with
respect to ¢ or ¢* leads to

Hy

B(t) 4+ (£m? + %(p*go)go(t) =0. (23.33)

In fact, Eq. (23.33) makes a(t) and af(¢) the invariant operators for the Liouville-
von Neumann equation. The coherent state, a state more general than the Gaussian
vacuum, will be considered now.

23.3.1 Correlation functions in coherent state

The coherent state shifts the center of the vacuum to a classical trajectory. As the
time-dependent annihilation and creation operators a(t) and af(t) construct the
Fock space of the system, they can be used to define the coherent state and other
states. Following the definition of [375], the coherent state is an eigenstate of a(¢),

a(t)|a, t) = ala, t), (23.34)



410 Thermal Quantum Field Theory: Algebraic Aspects and Applications

with a complex eigenvalue «. It is a displaced state of the vacuum ,

la,t) = D (a)]0,2) = e~ /2 HZ:O %In,t% (23.35)
for the displacement operator
D(a) = e~ (Dta"a(®) (23.36)
The position expectation value,
d = (o, tlqla, t) = ap(t) + a*p*(t), (23.37)
is real and satisfies the same equation as ¢, while the momentum expectation value,
P = {a, t|pla, t) = ap(t) + o™ @* (1), (23.38)

satisfies the classical relation p = ¢. From the subtracted 2-point correlators

9aq(t) = (. tg*|a, ) — G = @* (t)p(t),
gpp(t) = (e t|p?|e t) — p* = ¢* (1) (D),
9ap(t) = (o, tlgple, t) — gp = ¢* () (1),
9pa(t) = gg, (1) = @™ ()2 (1), (23.39)

we obtain the evolution equations
Jaq(t) = ggp(t) + gpq(t),

. A
Gpp = —(£m* + 59(1(1)(9@ + 9pq),

A
quq)gqq- (23.40)

In contrast with the first order linear differential equations for a harmonic oscil-
lator, the subtracted 2-point correlators for the nonlinear model satisfy nonlinear
differential equations.

The wave function for the coherent state is the Gaussian vacuum whose center
moves around (g, p). In fact, the coherent state expectation of the full Hamiltonian

1 A, 11 s A 3\,
Heg = 5]9 + TQ + 4'q + 59vp + §9qq(im + 54 )+ IRLCR
is a function of (g, p), (¢, p, = ¢*) and (¢*, p,- = ¢). The variation of the effective

Hamiltonian with respect to ¢ leads to

Jap = Gpp — (£M” +

(23.41)

A A
P(t) + (Fm* + S8 + S940)0(t) = 0, (23.42)
and, similarly,
. s A, A
q+ (£m* + 64 + §gqq)q =0. (23.43)

Note that when ¢ satisfies Eq. (23.42), a(t) and a' are the invariant operators for
the Hamiltonian

7‘12 + %(zf +{*)q* (23.44)
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This Hamiltonian is nothing but that of the Hartree method, where the position
and momentum are divided into classical part and quantum part, ¢ = ¢ + gy and
p = p+py, and only quadratic terms of ¢y and gy are kept. The subtracted 2-point
correlators now follow the evolution equations

9gq = Yap T Ipa>

) A A
gpp = —(£m* + 5‘]2 + §gqq)(9qp + 9pq),

) Ao A
Yap = Gpp — (£m® + §q2 + quq)gqq- (23.45)

23.3.2 Correlation functions in thermal state

The nonlinear model with the unbroken symmetry in a thermal equilibrium may be
described approximately by the coherent-thermal state

pcT = ZLT exp[—B(Qal(t)a(t) + dal(t) + 5*a(t) + )], (23.46)

where ) is determined by the gap equation, Q% = m? + \/(4), and ¢y = /2 +
|6]2/€2. As a(t) and af(t) satisfy the Liouville-von Neumann equation for Hy, this
operator is the density operator for Hy. Using the unitary transformation by the
displacement operator, we get

D(a)a(t)D' (o) = a(t) + a, D(a)a’(t)D(a) = al(t) + a*, (23.47)

for « = —§/9Q, the coherent-thermal density transforms to a thermal one
1 1
D(a)pct D (a) = 7 exp[—BQ(a’ (t)a(t) + 5)] = pr. (23.48)

The correlators are given by
Q
()er = Tr(pord®) = 7 + coth (50 )" (D0 (1),

¥ or = Tr(perp?) = 7 + coth(%)gb*(t)cp(m (23.49)

where ¢ and p are given in Eqgs. (23.37) and (23.38), and ¢ satisfies Eq. (23.42).
The corresponding thermal 2-point correlators are then given by

graa(t) = (@) — 7 = coth(Z1)e (D01,
gron(t) = P)er — 7 = coth( T3 (1)(0)
gran(t) = (apor — a5 = coth( S )& (0(0),
g1 (t) = 914, (1) = coth( )" (15(0), (28.50)

2
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from which we obtain the evolution equations for the thermal 2-point correlators
9Tqq (t) = 9Tqp (t) + ngq(t)a

) A
grpp(t) = _(imQ + 590 ©)(gTap + 9Tpq)s

. A,
91ap(t) = gpp — (imQ + 580 ©)9Tqq- (23.51)

In the T = 0 limit, Egs. (23.50) and (23.51) reduce to the evolution equations
(23.42) and (23.45).

23.4 Beyond the Hartree approximation for nonlinear model

The most advantageous point of the Liouville-von Neumann method for the non-
linear model is that the Fock space for Hj enables us to find the exact state by
including the perturbation Hp. Thus, the Liouville-von Neumann method can go
beyond the Gaussian approximation [66]. Since it includes A(¢?)¢® in Hp, the Fock
space itself is the Hartree approximation and, for a static system, is equivalent to
the Gaussian effective potential method [371-374]. In this section, we follow Ref.
[66].

The Fock space will be constructed by the time-dependent annihilation and
creation operators, the invariant operators for Hy, such that

da da'
e +[a,Ho] =0, i Y +[a', Ho] =0, (23.52)

where ¢ in Eq. (23.13) satisfies the mean field equation

B(t) + (£m? + g@*@)w(t) =0. (23.53)

Note that the mean field equation above can also be obtained by minimizing Ey in
Eq. (23.31). The time-dependent Gaussian vacuum is annihilated by a(t)

a(t)|0, t>(0) =0, (23.54)
and the number states are obtained by applying a'(#)
a(t)
In, t)(0) = T 10,%)(0)- (23.55)

In fact, each number state is the solution of the time-dependent Schréodinger equa-
tion for Hy

.0
Z§|n, t>(0) = H, (t)|n, t>(0). (23.56)
Then, the number states constitute a Fock space of orthonormal basis
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23.4.1 Beyond the Hartree approximation

To go beyond the Hartree approximation, the perturbation
1
Hp = 4 (@*4aT4 + 4 3pata + 6p 2 p?a?a® + 4p*p3ala® + pla ) (23.58)

has to be included in the solution. As the Fock space for Hy is now known, we may
follow the time-dependent perturbation theory by expanding the exact state as

In,t) ZZ ACQ) ()|m,t) (o). (23.59)

=0 m=0

Here, the lowest order coefficient is
CO) =G m. (23.60)

n;m

The time-dependent Schrodinger equation for the full Hamiltonian in Eq. (23.25),
is equivalent to the set of equations,

Z Z Xl (#)m, o i i AT () Hp |m, t) o), (23.61)

=0 m=0 =0 m=0

leading to a hierarchy of differential equations
Com( ZC O () 0y (m tHp (8)]5, ) (0)- (23.62)

The hierarchy of coefficients may be found in a compact form in the represen-
tation of af(t) and a(t). By summing over I

=> Nch, ), (23.63)
1=0
Eq. (23.59) may be written by introducing an operator, Uy as
n,t) =Y Coim(t)lm, t) (o) = Urlal(t), a(t);t, \l|n, ) (o). (23.64)
m=0
Then, the Schrodinger equation for the full Hamiltonian Eq. (23.25) leads to

(i%UI(t, N) -+ (U5, X), Ho) — AH ) [, th0) = 0. (23.65)

Note that the operator Uy is a functional of a(t), a(t) and depends on ¢ explic-
itly. However, as a(t), af(t) already satisfy Eq. (23.52), for which linearity holds,
the time-dependence of U through a(t), af(t) will be automatically satisfied. So
Eq. (23.65) explicitly depends on time itself and becomes an interaction picture-like
equation

Z%Ul(t A) = AHpUi(t, N). (23.66)
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The formal solution is given by
Ui(t,\) = Texp(—i/\ / det). (23.67)

Here, T denotes a time-ordering for the integral and a'(t) and a(t) are fixed for
each time.

The improved vacuum can be found up to any desired order either by solving
Eq. (23.62) or by acting with the operator in Eq. (23.67) on the Gaussian vacuum.
For instance, the improved vacuum to order A? is given by

|0t>2)—|0t0)+/\201) |mto)+/\220(2 (B)m, By,  (23.68)

where the only nonvamshmg coefﬁaents are

cit =i [ ). (23.69)

P [ / o

\/7— / / t <lp*4(t”),
% [ [ e

CiA(t) = / / ' e ("),

Oé?3<t>=<—i>24! / At / o). (23.70)

The non-Gaussian nature of the vacuum state (23.68) can be exploited by calculat-
ing the kurtosis (higher moments). The two-point and four-point correlators with
respect to the Gaussian vacuum state are

and

clAt) = (-

0;8

00, tl¢*In, t) ) = ¢* ¢,
{0, t]g*]0,)(0) = 3(")?, (23.71)
whereas those with respect to the improved vacuum state given by Eq. (23.68) are
2(0,11%10, 1)z = ¢ + N [V2(C52¢" + Clia ™)
HCE +C8) +9Ci i) ot el + 0N, (23.72)
(2(0,11¢*10,8)2) = 3(¢"9)” + VANCGde* + Ol "™)
+NVANCE 0" + CE ™)
HEVACER (0"0)¢” + C53 (7 0)e™)
+(123C57 O8N +3CE) 4+ 3CEN (07 0) 2 + O (23.73)
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23.4.2 Stability of the Liouville-von Neumann method

The stability of a series solution is an important issue in the time-dependent per-
turbation theory, since there usually occur secular terms in coefficient that grow in
time. These secular terms should be removed systematically to insure the physically
meaningful solution.

To compare the Liouville-von Neumann method with the standard perturbation
theory, let us first consider the well-known nonlinear model with unbroken symmetry
(m? in Eq. (23.25)). In that case, the mean field equation (23.53) has the solution

o(t) = \/;_Qe—i“t, 0% =m? + %. (23.74)

The improved vacuum, corrected to O(\?),

0 A
0,t) 2y = exp(—z(g ~ 50 )t)
A2 A2 A V32
14+i———=1t)[0 ———12)0) — —
XA+ s 3 0I00 + 575520 ~ (575 ~ 30 5
¥ JTON? ,

+27 . 32Q)6 16)0) + 212,306 |8>(0)} +0O(),
now has a secular term in the coefficient of |0) ). This term, C’é?g, originates from
the four quanta creation and the subsequent annihilation. This is a consequence of
the time-dependent perturbation theory in the time-dependent basis. In fact, the
secular terms of [0, ) gy, which are the first two terms of exp[iA?/(2?-3Q°)¢], correct
the energy up to O(\?),

)14) (o)

2

E) = % - 32—?22 - 29)\73(25 +O(N?). (23.75)

The higher order terms arising from the creation of even number of quanta and

its subsequent annihilation of equal quanta or vise versa also contain secular terms

proportional to powers of ¢ depending on the number of such processes. All these
terms will provide the correct energy to the Schrodinger equation.

The origin of secular terms may be understood directly from the formal solution

given by Eq. (23.67),

Ui(1. ) = exp(~iA / Ho(t) + (—iN)?] / A H (), / t " Hy (1")] + O(N)).
(23.76)

The term for creation and annihilation of equal number of quanta arises from the
commutator

Nt e [T a4 s A2
_ ! ! ", _x " .
exp( (4!)2/ dt'p (t)/ dt" ™ (t")[a", a ]) —>exp(229_395t). (23.77)

Now the time-dependent vacuum state to O(\?) does not involve any secular term
as shown , Vi

; 22 A A 3\
0,)(9) = e L@[0) ) + e st (— 2 192) gy — _
10,%)2) [I )(0) (27.3\/§QGI )(0) (25\/693 EWOTG

A2 VT0A2

3
+ 2732006 |6>(0) + 212,300 |8>(0))} + O(\°). (23.78)

)14 (0)
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The Liouville-von Neumann method not only perturbatively improves the state
but also systematically removes the secular terms of time-dependent perturbation
theory. The idea of removing the higher order secular terms by absorbing them into
the improved energy is equivalent to removing the secular terms by renormalizing
the energy in the multiple-scale perturbation theory [376]. The Liouville-von Neu-
mann approach proves accurate since the lowest order vacuum state is a Gaussian
state that extremizes the Hamiltonian and the corrected vacuum state is expanded
in the Fock basis [377]. In Ref. [369], the secular terms are eliminated by using
multiple-scale perturbation theory.

The Hartree approximation cannot be applied to phase transitions when the
dynamical instability grows sufficiently after the quench. After the phase transition,
the symmetry is broken, and thus the mean field equation for Eq. (23.25)

. AL
G+ (—m? + 3¢ ©)p =0 (23.79)

has the solution that exponentially grows as ¢ ~ e™!//2m so that it does not
take long for (Ap*p/2) to get larger than m?2. After this moment of time, the
perturbation Hp that exponentially grows as powers of ¢ and ¢* should be treated

on an equal footing as Hy in finding the state for the phase transition.

23.5 TFD for time-dependent boson system

We close this chapter by discussing briefly a possibility to construct a time-
dependent TFD from the Liouville-von Neumann approach. We start once again
with the Hamiltonian

1 1
H(t) = h[wo(t)aTa + sws(B)a? + Zwia, (23.80)
where a and a' are the Schrodinger (time-independent) annihilation and creation

operators, and wq is real and w4 is complex. We may find the time-dependent
annihilation operator, an invariant operator, of the form

a(t) = f)a+ fO(t)al (23.81)
and its Hermitian conjugate af(¢), and impose the Liouville-von Neumann equations
in229 |t B () =0

ot
f(t
in?CO i), B ) =0, (252

The time-dependent creation operator af(t) is another invariant operator. The

pair {a(t),a’(t)} form a complete set. Therefore any invariant operator can be

constructed out of them. Observe that this provides equations for f(=) and f(*).
Using the tilde conjugation rules, the tilde Hamiltonian reads

_ 1 1
A(t) = h[wo(t)&Td + 5w at + sw.a). (23.83)
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Let us introduce the time-dependent annihilation operator for the tilde operators
as

a(t) = fO*wa+ fH*t)al. (23.84)
The operators a(t) and its Hermitian conjugate a'(t) satisfy the equations
in280 |G, —fw) = o,
ot
ihad;t(t) + [af(t), —H(t)]- = 0. (23.85)
The equal-time commutator also holds
[a(t),a’(t)]- = 1. (23.86)
The number states
N(@)|n,t) = a'(t)a(t)|n, t) = a|n, t) (23.87)

are the exact quantum states for the Hamiltonian, Eq. (23.83).
The generator of time translations is

H(t) = H(t)— H(t), (23.88)

where the operators of the boson and their tilde operators commute with each other,
that is,

[@,a]_ = [a,a']_ = [al,a]_ = [a',a]- =0, (23.89)
and
[a(t), a(t)]- = [a(t), a' ()]- = [a'(t),a(t)]- = [a (¢),a(t)]- = 0. (23.90)

The boson operators a(t), af(t), @(t) and af(¢) are the invariant operators satisfying
the Liouville-von Neumann equations for the hat Hamiltonian, Eq. (23.88). A basis
element in the doubled Hilbert space is

at™(t) at™(t)

n,m,t) = |n,t) ® |m,t) = 0,0,t). 23.91
| ) =In,t) @ |m,1) Tl T 10,0,2) (23.91)
The density operators are
1
p(t) = Eefﬁhwa*“)“(f), (23.92)
1 U
ﬁ(t) — Ee‘i’ﬁhwaf(t)a(t)’ (2393)

which obviously satisfy the Liouville-von Neumann equation. Here § and w are
constants that may be fixed by the initial temperature and frequency. The density
operator in the doubled Hilbert space is given by

1 .
plt) = p(t) @ p(t) = ﬁe—ﬁm(a%)a(t)—ﬂ(t)a(t)). (23.94)



418 Thermal Quantum Field Theory: Algebraic Aspects and Applications

The thermal expectation value of an observable A takes the form
(4) = Tr[p(t)A] = (0(8), t|A]0(B), 1), (23.95)

where the thermal vacuum state is given by
-a™™(£)a'™ (1)[0,0, )

1
- = E —Bhwn/2
|O(ﬂ)at> - Zl/Q € n!

= /1= e Bhwee 2l ®at ()| 4, (23.96)

with |0,¢) = ]0,0,t). The thermal state is an exact eigenstate of the Schrodinger
equation for the total system, Eq. (23.88). The thermal state is also written as a
time-dependent two-mode squeezed state of the vacuum state

0(8),t) = e D]0,2), (23.97)

1 -

where
G(t) = —if(B)[a(t)a(t) — al(t)al(t)). (23.98)
As the density operator involves a constant 3, we find the time- and temperature-
dependent annihilation and creation operators through the Bogoliubov transforma-
tion
a(B,t) = cosh8(B)a(t) — sinh 8(3)a' (),
a(B,t) = cosh@(B)a(t) — sinh O(B)a’ (t). (23.99)

The inverse transformation of these relations are

a(t) = cosh6(B)a(B,t) + sinh 6(8)a’ (B, 1),

a(t) = coshB(B)a(s,t) + sinh 8(8)a’(B,1). (23.100)
We obtain similar equations for af(3,t), a'(3,t), af(t) and af(t) by using the Her-
mitian conjugate of these equations. As 6(f) is a constant, a(8,t), a(3,t) are also

invariant operators. Then the thermal state is the time- and temperature-dependent
vacuum

a(B,1)[0(8),t) = a(B,1)|0(3),t) = 0. (23.101)

The thermal state |0(5),t), as an eigenstate of the invariant operators a(f3,t) and
a(p,t), is an exact eigenstate of the total system. At each moment, the boson still
keeps the same boson distribution since the expectation value of the time-dependent
number operator yields

(0(8), tla’ ()a(1)[0(B), t) = sinh® (B)

Using the Bogoliubov transformations from {a(t), a'(t)} to {a(83,t),a’(3,t)}, we
find

1

(F(a(t),a' (1)1 = (0(8),t|F(cosh (B3)a(B,t) + sinh 6(B)a’ (5, 1),
cosh6(B)at (8,) + sinh 6(3)a(s, £))|0(8),1).  (23.103)
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This provides the basic rule for calculating matrix element of any operator in TFD.
For instance, using the position representation

g = Vheosh0(8)[v(t)a(B, ) + v* (t)a' (5,1)]
+Vhsinh 0(8)[v* (t)a (6, t) + v(t)at (3, 1)), (23.104)

we obtain
(O 108).6) = 1 3= () 0.l cosk? 08 o(0)a(5, ) + v () 5. 0]
k=0
x sinh?" 2k 0(B)[v*(t)a(B,t) + v(t)&T(ﬂ, t)]2”_2k|0, t).
(23.105)

After normal ordering, it results in

(@) = (0(8), tlg*"10(8), 1)
= (22”72; [7v* (£)o(#)]" (1 + 2 sinh” 6(5))". (23.106)

Consider a time-dependent interaction from initial w;’s at t = ¢; to final ones,

wy’s at ty. That is, all w’s change from w;’s to wy’s. From the constants wy’s, we
find a Bogoliubov transformation of the form

a; = pag + Va},
al = pal +v7ay, (23.107)

where {a;,al} for w;’s and {ay, a}} for wy’s. Here p and v, which should be deter-
mined by f(&) carry all the information about the history of interaction and may
take the form

= pti, trwi,wy), v=uv(t;,trw,wy), (23.108)
and satisfy
wu—viv=1. (23.109)

If the boson is initially in thermal equilibrium with the inverse temperature 8 and
has the boson distribution n; = 1/(e™ — 1), then the final state is such that

1+ 2v*v

(0(8) tslalail0(8), t) = v'v + ——. (23.110)

The first term originates from the particle production by vacuum fluctuations [378],
<O,tf|a3ai|0,tf> = v*v, and the second term is a purely thermal result, having an
overall amplification factor, (1+2v*v), to the boson distribution. Thus the evolution
of the time-dependent system leads to a distribution quite different from the boson
distribution function. The extension to fermion can be performed accordingly [64].
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Chapter 24

Dressed and Bare State Approaches
to the Thermalization Process

A thermalization process occurs in some cases for a system of material particles
coupled to an environment, in the sense that as it evolves after an infinitely long
time, the matter particles loose the memory of their initial states. This study is,
in general, not easy from a theoretical point of view, due to the complex nonlinear
character of the interactions between the matter particles and the environment. To
get over these difficulties, linearized models have been adopted. An account on
the subject of the evolution of quantum systems on general grounds can be found
in [379-384]. Besides, the main analytical method used to treat these systems at zero
or finite temperature is, except for a few special cases, perturbation theory. In this
framework, the perturbative approach is carried out by means of the introduction
of bare, non-interacting objects (fields, to which are associated bare quanta), the
interaction being introduced order by order in powers of the coupling constant.

In spite of remarkable achievements of perturbative methods, there are situa-
tions where they cannot be employed, or are of little use. These cases have led
to attempts to improve non-perturbative analytical methods, in particular, where
strong effective couplings are involved. Among these trials there are methods that
perform resummations of perturbative series, even if they are divergent, which
amounts in some cases to extending the weak-coupling regime to a strong-coupling
domain [145-149, 144]. In chapter 10 we have described one of these methods, the
Borel resummation of perturbative series.

In this chapter we follow a different non-perturbative approach: we investi-
gate a simplified linear version of a particle—field or particle—environment system,
where the particle, taken in the harmonic approximation, is coupled to the reser-
voir, modelled by independent harmonic oscillators. We will employ, in particular,
dressed states and renormalized coordinates. Using this method non-perturbative
treatments can be considered for both weak and strong couplings. A linear model
permits a better understanding of the need for non-perturbative analytical treat-
ments of coupled systems, which is the basic problem underlying the idea of a
dressed quantum mechanical system. Of course, the use of such an approach to
a realistic nonlinear system is an extremely hard task, while the linear model pro-
vides a good compromise between physical reality and mathematical reliability. The

421
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whole system is supposed to reside inside a spherical cavity of radius R in thermal
equilibrium at temperature T = B~!. In other words, we consider the spatially
regularized theory (finite R) at finite temperature. The free space case is obtained
by suppressing the regulator, (R — o0). For a detailed comparison between this
procedure and the one considering an a priori unbounded space, see [387].

24.1 The model

Let us start by considering a particle approximated by a harmonic oscillator, having
bare frequency wy, linearly coupled to a set of N other harmonic oscillators, with

frequencies wy, k = 1,2,...,N. The Hamiltonian for such a system is written in
the form,
1 N N
H=3 pE+wias + Y (0F +wiad) | — a0 Y cnan, (24.1)
k=1 k=1
leading to the following equations of motion,
N
o + wigo = Z ciqi(t) (24.2)
i=1
Gi + wiqi = ciqo(t). (24.3)

In the limit N — oo, we recover our case of the particle coupled to the environment,
after redefining divergent quantities, in a manner analogous to mass renormalization
in field theories. A Hamiltonian of the type Eq. (24.1) has been largely used in the
literature, in particular to study the quantum Brownian motion with the path-
integral formalism [379, 380]. It has also been employed to investigate the linear
coupling of a particle to the scalar potential [387-391].

The Hamiltonian is transformed to principal axis by means of a point transfor-
mation,

N N
Q= thQr, pu=Y 1Py
r=0 r=0
p=(014k}), k=12.,N; r=0,..N, (24.4)

performed by an orthonormal matrix T = (t;) The subscripts © = 0 and p = k
refer respectively to the particle and the harmonic modes of the reservoir and r
refers to the normal modes. In terms of normal momenta and coordinates, the
transformed Hamiltonian reads
|
H = 23 (P2 +02Q2), (24.5)
r=0
where the €2,.’s are the normal frequencies corresponding to the collective stable
oscillation modes of the coupled system. Using the coordinate transformation in
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the equations of motion and explicitly making use of the normalization

N
> ()P =1,
pn=0
we get
c N c? ~4
r k r r k
th=—=—5to, t 1+ , (24.6)
2 5 105
with the condition
N
wi— 2= _ G (24.7)
' k=1 wp =0

We take ¢, = n(wi)", where 7 is a constant independent of k. In this case
the environment is classified according to u > 1, u = 1, or u < 1, respectively as
supraohmic, ohmic or subohmic. This terminology has been used in studies of the
quantum Brownian motion and of dissipative systems [380-384]. For a subohmic
environment the sum in Eq. (24.7) is convergent in the limit N — oo and the
frequency wq is well defined. For ohmic and supraohmic environments, this sum
diverges for N — oo. This makes the equation meaningless, unless a renormalization
procedure is implemented. From now on we restrict ourselves to an ohmic system.
In this case, Eq. (24.7) is written in the form

N

1
2 2 2 202
—dw” — Q% =n°Q E R 24.8
Wo w r n r - w]% — ng ( )
=1
where we have defined the counterterm
dw? = N, (24.9)

There are N +1 solutions of €2,., corresponding to the N +1 normal collective modes.
Let us for a moment suppress the index r of Q2. If w? > dw?, all possible solutions
for 2 are positive, physically meaning that the system oscillates harmonically in
all its modes. If w? < dw?, then a single negative solution exists. In order to prove
this let us define the function
N
1) = wj — 6w = =% )
k=1
so that Eq. (24.8) becomes I (2?) = 0. We find that

1

— 24.1
wi — 02’ (24.10)

I(Q%)—o00 as Q2 — —oco and I(0) = wi — dw? < 0,

in the interval (—oo,0]. As I (Qz) is a monotonically decreasing function in this
interval, we conclude that I (QQ) = 0 has a single negative solution in this case.
This means that there is a mode whose amplitude grows or decays exponentially,
so that no stationary configuration is allowed. Nevertheless, it should be remarked



424 Thermal Quantum Field Theory: Algebraic Aspects and Applications

that in a different context, it is precisely this runaway solution that is related to
the existence of a bound state in the Lee-Friedrichs model [392]. This solution is
considered in the framework of a model to describe qualitatively the existence of
bound states in particle physics.

Considering the situation where all normal modes are harmonic, which corre-
sponds to the first case above, w3 > dw?, we define the renormalized frequency

@ =wi - 6w’ = Nlim (wg — Nn?), (24.11)

Then Eq. (24.8) in the limit N — oo becomes,
2 2_ .2 5
0t —Q° = g —. 24.12

In this limit, the above procedure is exactly the analog of the mass renormalization
in quantum field theory: the addition of a counterterm —dw?¢Z allows one to com-
pensate the infinite component in w? in such a way as to leave a finite, physically
meaningful renormalized frequency @. This simple renormalization scheme has been
introduced earlier [394]. Unless explicitly stated, the limit N — oo is understood
in the following.

Let us define a constant g, with dimension of frequency, by

n?
= 24.13
9= 5A0 (24.13)
where Aw = m¢/R. The environment frequencies wy, are given by,
wk:k%, k=1,2,... (24.14)

where R is the radius of the cavity that contains the whole system. Then, using
the identity

> kg; - [i - %Cot (m)} : (24.15)

Eq. (24.12) is written in a closed form,

RQ Q c Riw?
— | =—+ == -— . 24.1
cot( - ) p + e (1 wgc) (24.16)

The solutions of the above equation with respect to € give the spectrum of eigen-
frequencies 2, corresponding to the collective normal modes.

In terms of the physically meaningful quantities €2, and @, the transformation
matrix elements turning the particle-field system to the principal axis are obtained.
They are

r nsdy
th = - :
V(@2 - 027 + £(302 - 02) + 72702
T Wk r
k T

These matrix elements play a central role in quantities describing the system.
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24.2 The thermalization process in bare coordinates

We now consider the thermalization problem using bare coordinates . For the model
described by Eq. (24.1), this problem was addressed in an alternative way in [393]
with the canonical Liouville-von Neumann formalism. We consider the initial state
described by the density operator,

p(t=0)=po®pp, (24.18)

where pg is the density operator of the particle, that in principle can be in a pure or
in a mixed state and pg is the density operator of the thermal bath, at a temperature
B~1, that is,

_ > 1
p3 = Zﬁ 1 exp [—ﬂ;wk (a,iak + 5) , (24.19)
with Zg = Hszl z’g being the partition function of the reservoir, and
k= Ty, [e—m(ai%“/?)} S — (24.20)
B
2sinh (22 )
Creation and annihilation operators are given by
o i
ay =\ —qu, + — 24.21
7 o In \/ﬁpﬂ ( )
al, = /2 ’ (24.22)

n 9 qu \/ﬁpu )
where @, = (@,wy). The thermalization problem is addressed by investigating the
time evolution of the state p(t).

The thermalization problem concerns the time evolution of the initial state to
thermal equilibrium. The subsystem corresponding to the particle oscillator is de-
scribed by an arbitrary density operator py. As we will show, the expectation value
of the number operator corresponding to particles will evolve in time to a value that
is independent of the initial density operator py, the dependence will be exclusively
on the mixed density operator corresponding to the thermal bath.

Our aim is to obtain expressions for the time evolution of the expectation values
for the occupation number and in particular for the one corresponding to particles.
We will solve the problem in the framework of the Heisenberg picture. It is to be
understood that when a quantity appears without the time argument it means that
such quantity is evaluated at ¢ = 0. The Heisenberg equation of motion for the
annihilation operator a,(t) is given by

%a#(t) =i [H a#(t)] . (24.23)
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Due to the linear character of our problem, this equation is solved by writing a,,(t)

as
o0

an(®) = > (Bun ()i + Bun (i) (24.24)

v=0
where all the time dependence is in the c-number functions B,,(t). Then,
Eq. (24.23) reduces to the following coupled equations for B,,, (¢):

oo

Buo(t) + @ Buo(t) = Y nwiBuk(t) = 0, (24.25)
k=1

Buk(t) + wiBuk(t) ank =0. (24.26)

These equations are formally identical to the classwal equations of motion,
Egs. (24.2) and (24.3), for bare coordinates g,. Then we decouple Egs. (24.25) and
(24.26) with the same matrix, {t],}, that diagonalizes the Hamiltonian Eq. (24.1).
In an analogous manner, we write B, (t) as

Z tC(t (24.27)

such that from Egs. (24.25) and (24.26), we obtain the following equations for the
normal-axis functions C7,(t),

r 2 1 _

CL(t) +Q.C(t) =0, (24.28)
which gives the solution

T r it T —i t
CLt) = age™ " +be

Then substituting this expression into Eq. (24.27) we find

Buy(t) =Y 1] (a4 bre”" ). (24.29)
r=0
The time independent coeflicients aj,, bj, are determined by the initial conditions
at t = 0 for By, (t) and B, (t). From Eqb. (24.21) and (24.24) we find that these
initial conditions are given by

B,uu = Zdﬂf )
V20,
Buu = %5;11/ . (2430)

Using these equations, we obtain for aj, and bj,,

it? w
[ g— L i ) 24.31
CL,u \/@ ( Qr) ( )

1+ 2. (24.32)
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We write a,(t) and aL(t) in terms of a, and aL using Eqgs. (24.21), (24.22) and
(24.24),

o0

a,(t) = (0 ()i + B (t)al) | (24.33)
v=0

al,(t) =Y (85, (Day + aj, (t)al) (24.34)

v=0

where o, (t) and 5, (t) are the Bogoliubov coefficients given by,

1 . L jwy
au(t) = mBW(t) — i/ EBW(t) (24.35)
and
1 . Cjwy
B (t) = mBW(t) +1 7BW(t) . (24.36)
Using the definition of B, (t) we get
V 1% QT’ ) —1
awj w M {_ [(wu _ Qr)eiﬂrt + (wu + Qr)e zQTt]
wp 4
Q —w, )t 4+ (Q 4+ wy)e Y (24.37)
and
[y thtl (€, } B
6}“’ Z {_ [(wﬂ _ Qr)elg%t + (wﬂ + Qr)e zﬂrt}
;L
[ Q — w )™t 4 (Q, —l—wu)e*m”” . (24.38)

Now we study the time evolution of n,(t), the expectation value of the number
operator N, (t) = aL (t)a,(t), that is,

nu(t) = Tr [a, (D, (D)po © ps] - (24.30)
Using the basis |ng, n1,ne, - - -, ny) we obtain,
n(t) = i (v (817 + B (8] s + Z 1B ()2 (24.40)
v=0
where
ng = i n{n|po|n) (24.41)
n=0

is the expectation value of the number operator corresponding to the particle and
the set {nj} stands for the thermal expectation values corresponding to thermal
bath oscillators, given by the Bose-Einstein distribution,

1

T (24.42)

ne =
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In Eq. (24.40) there appears a term that does not depend on the temperature
of the thermal bath . This term has its origin in the instability of the initial bare
vacuum state, |0, 0, ---,0). To see this, we compute the expectation value of the time
dependent number operator Ny, (t) = af,(t)a,(t) in this vacuum state. Thus all the
terms containing operators different from the identity give a zero contribution. The
only term, that gives a non-zero contribution, arises from the normal ordering and
is just the last one in Eq. (24.40). This term leads to the creation of excited states
(particles, in a field theoretical language) from the initial unstable bare vacuum
state.

We are interested in evaluating the expectation value of the number operator
corresponding to particles. Thus taking u = 0 in Eq. (24.40) and using Eq. (24.42),
we obtain

- 1
no(t) = [laoo()|* + 1Boo(1)]?] no + Z [evor (8)[* + [ Box (t)]?] Bon — 1
k=1
+HBoo(®)[* + > 160k (D) (24.43)
k=1
where the coefficients of this expression are [393],
ago(t) = e T [(2@ + 2K — img)2 et — (20 — 2k — img)? ei“t] (24.44)
0o\t) = Teok 9 g ) .
—mgt/2 ) )
Boo(t) = 7rg€85m [(mg + 2iKk) e """ — (g — 2iK) "] | (24.45)
ook (t) = wi (@ + wi )V gAw e~ wrt . wr V29Aw
TNV 2w (W2 — @2 + imgwy) O 4k
Xe*ﬂgt/Q (2/€ + 20— ’L7Tg) e int + (2‘:} — 2k — ’L7Tg) it (2446)
(2k — 2wy, — img) (2K 4 2wy, + img)
and
Wi (w — @)v/ghAw etwrt wr V29Aw
60]@ (t) = 2_, 2 —5 B - I
0 (wp —@? —imgwy) @ 4k
Xefﬂ'gt/2 (2‘:} + 2k — Zﬂ—g) efint + (2‘:} — 2k — Zﬂ—g) eint 7(2447)
(2K + 2wy, —img) (2K — 2wy, + img)
such that
Kk =\/@? —m2g%/4. (24.48)

The parameter x measures the strenght of the interaction: if k2 >> 0, i.e

g << 2w/, we are in the weak coupling regime. On the contrary if xk? << 0,
ie. g >> 2w/m, the system is in the strong coupling regime. Here we will restrict
ourselves to the weak coupling regime. This case includes the important class of
electromagnetic interactions, ¢ = aw, with « being the fine structure constant
a = 1/137 [388].
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In the continuum limit Aw — 0, sums over k become integrations over a con-
tinuous variable w and we obtain for ng(¢),

—mgt 2.2 3,3
no(t) = 6,2 2 L‘J‘L + 17 (2w — m°g?) cos(2kt) — TIn
K

sin(2kt) | ng

7r292677rgt

1602 K2

g [~ F(w,®,g,t) _
—1—@/0 dw [7(65“) _y +G(w7w7g7t)] , (24.49)

(2w + (20° — 7°¢?) cos(2kt) — 2mgr sin(2kt)]

[40? — w2 g? cos(2kt)

W(w2 + @2) - e~ gt
(@2 — @2)2 + m2g2w?] 1r2
w2 — @2 . e*ﬂ'gt/z
_2wgnw sin(2kt)] —
dwi? . W2 — o2 .
+7(w2 e sin(wt) sin(xt) —wgw cos(wt) sm(;—zt)]}

(24.50)

[2k cos(wt) cos(kt)

and

[(W? = @?)? + 72g%w?] w)?

—\2 77rgt
Glw,@,9,1) = 22— 2) { [4w+ gt
2, 52
+o) W sm(2f~@t)}

E |

2 2(
e
—mgt/2

cos(2kt) — 2mgk (

2 (w

)
[2k cos(wt) cos(kt) — 2@ sin(wt) sin(kt)
K
(w+ )
(w—w)
It is to be noted that the second and the third lines in Eq. (24.49) are indepen-
dent of the initial distributions. Also the integral on G(w,w, g,t) in the third line
of Eq. (24.49) is logarithmically divergent. We can understand the origin of this
divergence in the following way: suppose that initially, in the absence of the linear
interaction, we prepare the system in its ground state, that is, at ¢ = 0 we have
|0,0,---,0). Then, we can compute, in the Heisenberg picture, the time evolution

for the expectation value of the number operator corresponding to the particle, that
s (0,0, - -,0la} (£)ao(t)[0,0,- - -, 0), takes the value,

E |

e

—mg

cos(wt) sin(rzt)]} . (24.51)

(0,0, 00ah (a0 (0/0,0,--,0) = [Boo (O + 3 |Gn(D . (2452)
k=1
which in the continuum limit gives the second line of Eq. (24.49). Then, the origin
of the divergence appearing in Eq. (24.49) is interpreted as the excitations pro-
duced from the unstable bare (vacuum) ground state, as a response to the linear
interaction.
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Fig. 24.1 Time behavior for fig(t) given by Eq. (24.53) for (¢t > 1), no =1, @ =1, =2 and
g=0.1.

As we are interested in the thermal behavior of ng(t) only, the second line and
the term G(w,w,g,t) in the third line of Eq. (24.49) can be neglected. This is a
renormalization procedure. Thus we write the following renormalized expectation
value for the particle number operator,

_ _ g [* Flwo,gt)
ty=K t = dw———""= 24.
o(t) = K@.gutio+ £ [ a2l (24.53)
where
—mgt 2.2 3,3
K(@,9,t) = —— |o* + =L (20% — 7%¢%) cos(2kt) — T " sin(2nt)| . (24.54)

W2K2
In the limit ¢ — oo, 79(t) has a well-defined value, that is, the system reaches
a final equilibrium state. Also, since K(w,g,t — o0) — 0, this final equilibrium
state is independent of ng. The equilibrium expectation value of the number oper-
ator corresponding to the particle is independent of its initial value, and the only
dependence is on the initial distribution of the thermal bath, that is, the particle
thermalizes with the environment. Before the interaction enters into play for ¢t < 0,
n(t < 0) = ng, then we have that K (w,@, g,t < 0) = 1. Taking ¢t = 0 in Eq. (24.54)
we obtain K (w,®, g,t = 0) = ©?/k?+72¢%(20? —12¢?)/(8w?K?). Thus K (w,w, g,t)
is a discontinuous function of ¢; the discontinuity appearing just at ¢ = 0. From the
physical standpoint this discontinuity can be viewed as a response to the sudden
onset of the interaction between particles and the environment.
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Although the integral in Eq. (24.53) cannot be computed analytically, we can
perform numerical calculations. We display in Fig. 1.1 the time behavior for ng = 1,
w=1,4=2and g =0.1; (t > 1). In the next section we develop an alternative
approach based on the notion of dressed particles. We will find that, in this new
realm, no renormalization is needed.

24.3 Dressed coordinates and dressed states

Let us start with the eigenstates of our system, |ng,n1,n2...), represented by the
normalized eigenfunctions in terms of the normal coordinates {Q. },

¢n0n1n2...(Q,t) = H l\/ %Hns <\/%Qs>‘| Foefizsnsﬂst’ (2455)

where H,,_ stands for the ns-th Hermite polynomial and I'g is the normalized vac-
uum eigenfunction,

To = Ne 2 720 207, (24.56)

We introduce dressed or renormalized coordinates g and {q,} for, respectively,
the dressed particle and the dressed field, defined by,

Vo, = S H0Q. (2457)

valid for arbitrary R and &, = {®@, w;}. In terms of dressed coordinates, we define
for a fixed instant, t = 0, dressed states , |ko, K1, Ka...) by means of the complete

Orthonormal set Of funCtiOnS
P !1]/{# A q# 05 ( . )

¢Kol€1m(q/) = H
"
where ¢;, = {q), ¢;}, W, = {@, wi}. Notice that the ground state I'g in the above
equation is the same as in Eq.(24.55). The invariance of the ground state is due to
our definition of dressed coordinates given by Eq. (24.57). Each function ¢,x,...(¢')
describes a state in which the dressed oscillator qL is in its s ,-th excited state.

It is worthwhile to note that our renormalized coordinates are new objects, differ-
ent from both the bare coordinates, ¢, and the normal coordinates ). In particular,
the renormalized coordinates and dressed states, although both are collective ob-
jects, should not be confused with the normal coordinates @), and the eigenstates
Eq. (24.55). While the eigenstates ¢ are stable, the dressed states ¢ are all unstable,
except for the ground state obtained by setting {x, = 0} in Eq. (24.58). The idea is
that dressed states are physically meaningful states. This can be seen as an analog
of the wave function renormalization in quantum field theory, which justifies the
denomination of renormalized to the new coordinates ¢’. Thus, the dressed state
given by Eq. (24.58) describes the particle in its ko-th excited level and each mode
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k of the cavity in the ki — th excited level. It should be noticed that the introduc-
tion of the renormalized coordinates guarantees the stability of the dressed vacuum
state , since by definition it is identical to the ground state of the system. The fact
that the definition given by Eq. (24.57) assures this requirement can be easily seen
by replacing Eq. (24.57) in Eq. (24.58). We obtain I'g(¢’) o I'¢(Q), which shows
that the dressed vacuum state given by Eq. (24.58) is the same ground state of the
interacting Hamiltonian given by Eq. (24.5).

The necessity of introducing renormalized coordinates can be understood by
considering what would happen if we write Eq. (24.58) in terms of the bare co-
ordinates g,. In the absence of interaction, the bare states are stable since they
are eigenfuntions of the free Hamiltonian. But when we consider the interaction
they all become unstable. The excited states are unstable, since we know this from
experiment. On the other hand, we also know from experiment that the particle
in its ground state is stable, in contradiction with what our simplified model for
the system describes in terms of the bare coordinates. So, if we wish to have a
nonperturbative approach in terms of our simplified model something should be
modified in order to remedy this problem. The solution is just the introduction of
the renormalized coordinates qL as the physically meaningful ones.

In terms of bare coordinates, the dressed coordinates are expressed as

=> Gy, (24.59)
where
= \/_ PRV (24.60)

If we consider an arbitrarily large cavity (R — 00), the dressed coordinates reduce
to

5 = Aoo(@, 9)qo, (24.61)
4 = i, (24.62)
with Ago (@, g) given by,

" 2992/ Qd
00(@, 9) \/—/ (2 — 02)2 + m2g2Q02
In other words, in the limit R — oo, the particle is still dressed by the field, while
for the field there remain bare modes.

Let us consider a particular dressed state |T'{'(0)), represented by the wave-
function vgo...1(u)0-.(¢"). It describes the configuration in which only the dressed
oscillator QL is in the first excited level. Then the following expression for its time
evolution is valid [387]:

(24.63)

T () = Z fr () IT7(0))
() st —idst, (24.64)



Dressed and Bare State Approaches to the Thermalization Process 433

Moreover we find that

SO =1. (24.65)
v
Then the coefficients f#¥(t) are simply interpreted as probability amplitudes.

In approaching the thermalization process in this framework, we have to write
the initial physical state in terms of dressed coordinates, or equivalently in terms of
dressed annihilation and creation operators aj, and a)] instead of a, and af,. This
means that the initial dressed density operator corresponding to the thermal bath
is given by

1
ps =25 exp[ 6} g Wk <aga;€ 2) (24.66)
where we define

I QN / 7/ /
a, =\ —=+q, + —p (24.67)

n o Iu TR
Y TP (24.68)

s 2w,

Now we analyze the time evolution of dressed coordinates.

24.4 Thermal behavior for a cavity of arbitrary size with dressed
coordinates

The solution for the time-dependent annihilation and creation dressed operators
follows similar steps as for bare operators. The time evolution of the annihilation
operator is given by,

%a;(t) =i [#,a,0)] (24.69)

and a similar equation for a/f(t). We solve this equation with the initial condition
at t =0,

’ . [Yp )
a,(0) =/ —- 5 u + —\/2_]9“ , (24.70)
which, in terms of bare coordinates, becomes

N
Qr . t’r‘t’r
a,(0)= > (,/7t#tyqy+ \/gvpy> . (24.71)

r,v=0

We assume a solution for aj,(t) of the type

@, () =Y (B ®)d + B,y - (24.72)

v=0
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Using Eq.(24.1) we find
= ty (ar et + bre ) (24.73)

In the present case the time independent coefficients are different from those in the
bare coordinate approach, Eq. (24.29). The initial conditions for B, (t) and By, (t)
are obtained by setting ¢ = 0 in Eq. (24.72) and comparing with Eq. (24.71); Then

> taty,

_sz

Z \/? e (24.75)

Using these initial conditions and the orthonormahty of the matrix {t],} we obtain
ayy =0, by =it} /v/2Q,. Replacing these values for aj; and b); in Eq. (24.73) we
get

(24.74)

>N bty

—zzm e it (24.76)

We have

a(t) = Zt’"f( Tt pr)

r,v=0
Wy . j _ = .
= tr t;, q, + —pl,> et — faw®)al, ,  (24.77)
3 (i gamt) =S

where
Fu(t) Ztrtr it (24.78)

For the occupation number n;,(t) = <ag (t)ay,(t)) we get

n),(t) = Tr (] (t)al, (t)p) @ pj3) - (24.79)
where pp is the density operator for the dressed particle and pj; is the density
operator for the thermal bath, which coincides with the corresponding operator for
the bare thermal bath if the system is in free space (in the sense of an arbitrarily
large cavity) [387, 388].

To evaluate n;,(t) we choose the basis |ng,n1,- -, ny) = HZOZO |n,.), where |n,)
are eigenvectors of the number operators a/fa/,. From Eq. (24.77) we get

S
~
—F
—~
~
~—
S
~
—~
~
~—

= Z Fro(®) (D)l 1,

v p*O

Zlfw ®Pafa, + 3 fi,(0) fur(t)arfal, . (24.80)
v#p
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Then we obtain
() = | Fuo () *ng + Z | fur(8)* 1 (24.81)

where n(, and nj}, are the expectation values of the initial number operators, respec-
tively, for the dressed particle and dressed bath modes. We assume that, dressed
field modes obey a Bose-Einstein distribution. This can be justified by remember-
ing that in the free space limit, R — oo, dressed field modes are identical to the
bare ones, according to Eqs. (24.61) and (24.62). Now, no term independent of
the temperature appears in the thermal bath. This should be expected since the
dressed vacuum is stable, particle production from the vacuum is not possible. Set-
ting p = 0 in Eq. (24.81) we obtain the time evolution for the occupation number
of the particle,

no(t) = | foo(t) +Z|f0k (t)[*n), (24.82)

24.5 The limit of arbitrarily large cavity: unbounded space

In a large cavity (free space) we must compute the quantities foo(t) and for(t) in
the continuum limit to study the time evolution of the occupation number for the
particle.Remember that in Eqs. (24.17), wx, = knc/R, k = 1,2, ... and = /2gAw,
with Aw = (wi+1 —w;) = me/R. When R — oo, we have Aw — 0 and AQ — 0 and
then, the sum in Eq. (24.78) becomes an integral. To calculate quantities f,, (t) we
first note that, in the continuum limit, Eq. (24.17) becomes

Q—0 \/ _ w2 + 7-(-29292

(24.83)

w\/2gAw
02

In the following, we suppress the labels in the frequencies, since they are continuous
quantities.

We start by defining a function W(z),

o0
2y " Sy 24.85

kzl 2 (24.85)
We find that the Q’s are the roots of W(z). Using n?> = 2gAw, we have in the
continuum limit,

t — tVAQ. (24.84)

E I

*
W(z) = 2% — &%+ 2922/0 szQ : (24.86)

For complex values of z the above integral is well defined and is evaluated by using
Cauchy theorem, to be

2 4 o 2
W(z) = {z 2—|— igmz —w?, Im(z) >0 (24.87)

22 —ignz — %, Im < 0.
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We now compute foo(t) = > re(th)2e~ ¥t which, in the continuum limit, is
given by

foo(t) = / (t)2e 8 dQ . (24.88)
0
We find that,
1
)2
= 24.
and since the (2’s are the roots of W(z), we write Eq. (24.88) as
1 dze~ %t
=—¢ ——— 24.
Joolt) it Jo W(z) ’ (24.90)

where C is a counterclockwise contour in the z-plane that encircles the real positive
roots of W(z). Choosing a contour infinitesimally close to the positive real axis,
that is z = o — i€ below it and z = « + i€ above it with a > 0 and ¢ — 0T, we
obtain

1 [ ; 1 1

N L [T dage—iot - . 24.91

foo?) i /0 aac {W(a —i€)  W(a+ie) ( )

In the limit e — 07, Eq. (24.87) gives W («a + ie) = o — &? + igma which leads to
where

o a? cos(at)
t,w,g) =2 d 24.
Cl( ,w7g) 9/0 a(ag _@2)2 +7r2g2042’ ( 93)
o a? sin(at)
S1(t; @ =-2 d . 24.94
1( 7w7g) gA a(a2—a}2)2—|—ﬂ'2920[2 ( )

Notice that Ci(t = 0;,9) = 1 and S1(t = 0;,9) = 0, so that foo(t = 0) =1
as expected from the orthonormality of the matrix (¢},). The real part of foo(t) is
calculated using the residue theorem. For x? = @? — 72¢?/4 > 0, which includes
the weak coupling regime, one finds

Ci(t;@, g) = e~ ™2 | cos(kt) — % sin(kt)| (k% > 0). (24.95)

Although S;(t; @, g) cannot be analytically evaluated for all ¢, however for long
times, i.e. t > 1/@, we have

_ 4q 1
S1(t;0,9) ~ Si (t> 5) (24.96)
Thus, we get for large ¢
2 1692
| foo(£)[2 ~ e 79t [cos(/ct) - % sin(nt)] + @836. (24.97)

Next we compute the quantity for(t) = Y oc, thtre”“* ! in the continuum limit.

It is
00 (t(()z)267iﬂtd9 nwy{ Zefizt
» t — —_—— = — 5 oNtxrr/ N\ 24‘
Jou(t) 77‘*’/0 (w2 — 02) in Jo (W2 —22)W(z) (2499
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where = /2gAw. Taking the same contour as that used to calculate foo(t), we
obtain

nw oS} ae—iat ae—iat
fou(t) = ——— da ; 2 2] - 2 2
i Jo W(a —ie)[(a —i€)? —w?]  W(a+ie)[(a +i€)? — w?]
(24.09)
Thus, taking € — 07, fo,,(t) is written as
fow(t) = wVAW [Ca(w, t; @, g) + iS2(w, t; @, g)] , (24.100)
where
3 a? cos(at)
)2 24.101
Co(w, t;0,9) / da w2 — a?) [(a2 — @?)? + n2g2a?]’ (24.101)
3 a? sin(at)
)2 . (24.102
S2(w, 6, 9) / do (@2 — a?) [(a2 — @22 + n2g%a?] (24.102)

Notice that the integrals defining the functions Cs and Sy are actually Cauchy
principal values.
The function Cj is calculated analytically using Cauchy theorem; we find

— —mgt/2 wQ B ('DQ
Co(w,t;@0,9) = /29 {e {(w2 57 T i cos Kt
g w? + @? sin kit
ink
2k (W2 — ©?)? + 12 g2w?
Tgw )
+ =50 1 gt smwt} . (24.103)

The function S5 cannot be evaluated analytically for all ¢, it has to be calculated
numerically. For long times, we have

429./9
w243
In the continuum limit, we get the average of the particle occupation number,

no(t) = [CF(tw, g) + STt @, 9)] Ny

+ / dww? [C3(w, £:2,9) + S3(w, @, 9)] N'(w),  (24.105)
0

1
Sa(t;w, g) =~ (t> ). (24.104)

where n/(w) = 1/(e’% — 1) is the density of occupation of the environment modes,
the functions Cy and Cj are given by Eqs. (24.95) and (24.103) while the functions
S1 and Sy are given by the integrals Eqs. (24.94) and (24.102), respectively. In
Fig. 24.2 we display the behavior of n{(t) in time for ng = 1, ® = 1, § = 2 and
g=0.1.

In summary, we have considered a linearized version of a particle-environment
system and we have carried out a nonperturbative treatment of the thermalization
process [395]. We have adopted a physicist’s point of view, in the sense that we
have renounced an approach very close to the real behavior of a nonlinear system,
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0.8 1
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Fig. 24.2 Time behavior for n{(t) given by Eq. (24.105), for (¢t > 1), no =1, @ =1, 8 =2 and
g=0.1.

to study instead a linear model. As a counterpart, an exact solution has been pos-
sible. We have presented an ohmic quantum system consisting of a particle, in the
larger sense of a material body, an atom or a Brownian particle coupled to an en-
vironment modelled by non-interacting oscillators. We have used the formalism of
dressed states to perform a non-perturbative study of the time evolution of the sys-
tem, contained in a cavity or in free space. Distinctly to what happens in the bare
coordinate approach, in the dressed coordinate approach no renormalization proce-
dure is needed. Our renormalized coordinates contain in them the renormalization
aspects.

For weak (electromagnetic-type) coupling, this formalism could be used to study
situations in plasma physics; in this case we would take the cavity radius R, as the
average dimension of a tokomak device. The precise formulation of this problem
could be the subject of further research work. For microscopic values of R, since the
model also applies for strong coupling, the system can be seen as a simplified linear
model for confined quarks and gluons inside a hadron. In this case all coordinates
would be effectively dressed, in the sense that they are all collective, both field modes
and the particle could not be separated in this language. Of course the normal
coordinates are also collective, but they correspond to stable eigenstates, no change
in time exists for them. If we ascribe physical meaning to our dressed coordinates
and states, matter and gauge quanta inside hadrons, could not be individualized
as quarks and gluons, instead we would have a kind of quarkgluon magma. Since
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quarks and gluons are permanently confined, we could think that, in the context
of our model, quarks and gluons should not really exist, they would be actually an
artifact of perturbation theory. As far as the thermalization process is concerned
from a formal viewpoint, both bare and dressed approaches are in agreement with
what we expect for this process. Both curves in Fig. 24.1 and Fig. 24.2 approach
steadily to an asymptotic value of the bare and dressed ocupation numbers of the
particle. For long times, all the information about the particle occupation numbers
depends only on the environment.
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Epilogue

This book was planned to be a monograph that would bring the central ideas of
symmetry in connection with thermal field theories and its applications to phys-
ical systems. We have accomplished this goal by putting forward the notion of
thermo-algebra, that has its origin in the representations of Lie groups associated
with kinematical symmetry based on a physical distinction among observables and
generators of symmetry describing thermal systems. This procedure provides a
clear idea about the connection among theories, such as the imaginary time ap-
proach of Matsubara, the analytical formalism in the complex plane of Schwinger
and Keldysh, and the real time finite temperature (TFD) method due to Taka-
hashi and Umezawa. The latter two methods require a duplication of the Hilbert
space, either through a specific contour in the complex plane or as a fundamental
ansatz. However, the representations of the Lie groups provide the proper connec-
tion between the three diverse approaches to the finite temperature quantum field
theory.

An analysis of the Green function by Kubo, Martin and Schwinger had estab-
lished a periodicity (anti-periodicity) condition for the case of bosons (fermions).
This may be viewed as a statement on the compactified status for the time variable
that is considered as the temperature in the Matsubara method. The notion of
thermo-algebra suggested a generalization of this idea to space coordinates, thus
leading to a description of quantum fields in compactified space and time. The rep-
resentations of Lie groups lead directly to the Liouville-von Neumann equation for
different fields and to the duplication of the Hilbert space. Since the temperature
effects are introduced by a Bogoliubov transformation, this leads us immediately to
generalize the Bogoliubov transformation to compactifying both time and space co-
ordinates. Such an extension of these notions have physical implications. We have
shown applications of the generalized Bogoliubov transformation to the Casimir
effect, that is often considered for some compactified geometry since the effect
decreases rapidly for large separations between the boundaries. This generalized
notion is used to treat systems in a (S')? x RP~? topology. Further applications
are in superconductivity in confined space regions.

441
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There are domains not covered due to lack of space. After all we cannot pretend
to cover completely such a large and growing field. In particular, several of these
subjects are treated extensively in excellent books by Umezawa [72], Umezawa,
Matsumoto and Tachiki [73], Kapusta [50], Le Bellac [51] and Das [52], among
others. Only a brief space is devoted to considering problems in open systems,
i.e. systems in nonequilibrium state. It is suggested that a combination of the
Schrodinger approach and TFD may provide a viable alternative to studying open
systems. Details of this need to be pursued. Other topics have not found a great
deal of attention by us. Let us comment on some of these.

Phase transitions. Approaches to phase transition and beyond are not fully
covered. Instead, we choose to examine the subject of phase transitions in confined
systems, since it is a theme not yet very well explored. There are dynamical aspects
that remain elusive to detailed analysis. This is true for systems in the laboratory
as well as to the early evolution of the universe which cooled down very rapidly,
such that the quark-gluon plasma reached a point to make a transition to hadrons.
The quark-gluon plasma is believed to be formed in heavy ion collisions. However,
the whole question of its formation and the hadronization is not yet really under-
stood. This requires a full theory that will allow a microscopic understanding of
the dynamical processes that are responsible for their behavior.

Galilean physics. The role of temperature in Galilean theories is not fully un-
derstood if dynamical processes have to be taken into account. For instance, how do
condensed systems become liquid and vice versa? No doubt there are many books
that deal with this topic, but no consistent dynamical theory for these transitions
exists. Nuclear physics, as another example, is likely a system with Galilean sym-
metry. The presence and behavior of collective states, a consequence of spontaneous
symmetry breaking as a function of temperature, would be an important feature in
trying to understand the properties of excited nuclei and reaction processes. Can we
find the answers within representations of the Galilei group? If so, a theory based
on Galilean covariance [396, 397] at finite temperature might be needed to study
these properties in detail. In classical contexts, as in stochastic lattices, there have
been in the literature numerous methods enunciated in this book. In many cases,
however, some developments have been carried in an ad hoc fashion. Hopefully, the
present approach, addressing these problems from a symmetry point of view, would
stimulate more coordinated activity in various different fields, providing a unifying
feature that would give a sound basis for many of them.

Quantum optics. We have touched on the various possible states that may be
useful to developments in quantum optics. However, the use in, for example, cryp-
tography, encryption and teleportation have not been considered. Developments
along these directions may provide further impetus to new ideas and notions in
this fertile area of research, to treat the temperature effect, a central aspect in the
experimental context.
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Symmetry restoration at high temperature. It is believed that spon-
taneous symmetry breaking at low temperatures is restored as the temperature is
raised to a critical point and beyond. At present, it is not known in detail how
this happens and what is the behavior of systems as this is occurring, mainly in
nonequilibrium situations. We have considered the problem, in part, by choosing to
examine systems in compactified spaces that are not currently analyzed carefully.

We are rather hopeful that the ideas based on symmetry presented in this book
would find a wider class of applications. We could envisage considering confined
systems, where other type of topological confinement, other than the ones studied
here, would be described by Bogoliubov transformations.
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